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PLANE THIGONOMETKY, 



CHAPTER I. 

genehaIj frinciples oe plane tkigokometry. 

1. Trigonometry is tlie science wliicli treats of angles ai]d- 
triangles. 

2. Plane Trigonometry freats of plane triangles. fB. p. 
36.*] 

3. To solve a Ti'iangle is to calcnlate certain of its sides 
and angles when others are known. 

It has been proved in Geometry that, when three of the sis parts 
of a triangle are given, the triangle can be constructed, provided one 
at least of the given parts is a side. In these cases, then, the un- 
known parts of the triangle can be determined geomettically, and it 
may readily be inferred that they can also be determined algebrai- 
cally. 

But a great difficulty is met with on the very threshold of the 
attempt to apply the calcvdus to triangles. Jt arises from the cir- 
cumstance, that two kinds of quantities are' to be introdticed into the 
same formulas, aides, and angles. These quantities are not only of 
an entirely diiferent species, but the law of their relative increase 
and decrease is so complicated, that they cannot be determined from 
each other by any of the common operations of Algebra. 



!s between Tirackets, preceded by the letter B., refer lo the pages 
n the stereotype edilbn of Bowditcli's Navigator. 
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4 PLANE TIlIGO«OMETE¥. [cH, I. 

4. To diminish the difficulty of solving triangles as much 
as possible, every method has heen taken to compare triangles 
with each other, and the sohition of all triangles has been 
reduced to that of a Limited /Series of Right Triangles. 

a. It is a well known proposition of Geometry, that, in all triangles, 
which are equiangular with respect to each other, the ratios of the 
homologous sides are also equal. [B. p. 13.] If, then, a aeries of 
dissimilar triangles were constructed containing every possible variety 
of angles; and, if the angles and the ratios of the sides were all 
known, we should find it easy to calculate every case of triangles. 
Supp<Be, for instance, that in the triangle ABC (fig. 1), the sides of 
which we shall denote hy the small letters a, b, e, respectively oppo- 
site to the angles A, B, C, there are given the two sides i and c and 
the included angle A, to find tho side a and the angles B and C. 
We are fo look through the series of calculated triangles, till we find 
one which has an angle equal to A, and the ratio of the including 
sides equal to that of h and c. As this triangle is similar to ABC, 
its angles and the ratio of its sides must also he those of the triangle 
^jBC, which is therefore completely determined. For, to find the 
side a, we have only to multiply the ratio which we have found of 

i to a, that is, the fraction - by the side A, or the ratio - by the side c. 

b. A scries of calculated triangles is not, however, needed for any 
other than right triangles. For every oblique triangle is either the 
sum or the difference of two right triangles ; and the sides and 
angles of tho oblique triangle are the same with those of the right 
triangles, or may he obtained from them by addition or by subtrac- 
tion. Thus the triangle ABC is the sum (fig. 2), or the difference 
(fig. 3), of the two right triangles ABP and BPG. In both figures 
the aides AB, BC, and the angle A belong at once to the oblique 
and the right triangles, and so does the angle 5C.il (fig. 2), or its 
supplement (fig. 3) ; while the angle J BC is tho sum (fig. 2), or 
the difference (fig. 3), of ABP and PBC; and the side AC is the 
sum (fig. 2), or the difference (fig. 3), of AP and PC. 

c. But, as even a series of right triangles, which should contain 
every variety of angle, would be unlimited, it could never be con- 
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PLANE TEIGONOMETRY. [CH. II. 



CHAPTER 11. 

SINES, TANGENTS, AND SECANTS. 

5. GoNFiNiNu ourselves, for the present, to right triangles, 
we proceed to introduce some terras, for the purpose of giving 
simplicity and brevity to our language. 

The Sine of an angle is the quotient obtained by dividing 
the leg opposite it in a right triangle by the hypothenuse. 

Thus, if we denote (fig. 4) the legs BC and AC hy the letters a 
and &, and tlio hypoiheniise AB by the letter li, we have 



'A' 



(1) 



6. The Tangent of an angle is the quotient obtained by 
dividing the leg opposite it in a right triangle, by the adja- 
cent leg. 

Thus, (fig. 4), 

tang. ^=|, tang. £ = -. (2) 

7. The Secant of an angle is the quotient obtained by 
dividing the hypothenuse by the leg adjacent to the angle. 

Thus, {fig. 4), 

sec. A=:ij, sec. B :=-. (3) 

8. The Cosine, Cotangent, and Cosecant of an angle are 
respectively the sine, tangent, and secant of its compieraent. 

9. Corollary. Since the two acute angles of a right tri- 
angle are complements of each other, the sine, tangent, and 
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£1NES, TANGENTS, AKD SECANTS. 



§10.] 

secant of the one must be the cos 
of the other. 

Thus, {fig. 4), 



tang. A ^ cotan. B = 

cotan. A :rz tang. B =: ■ 

sec. A =z cosec. B r=. ■ 

coseci A = sec. B ^ ■ 



, cotangent, and cosecant 



(4) 



10. Corollary. By inspecting the preceding equations (4), 
we perceive that, the sine and cosecant of an angle are recip- 
rocals of each other ; as are also the cosine and secant, and 
also the tangent and cotangent. 



jseo. A X siQ. A=z^ Xj = ~ = 
a k ah 

, h I Ih 
,c. ^Xcos. A=^X-^ = ^^~- 

mg. AXcot.n.A=lx\^~^l\ 



I 



cosec 
1 


A 


1 


A 



(8) 
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8 FIiAME TRIGONOMETRY. [cH. 11. 

As soon, then, as the sine, cosine, and tangent of an angle are 
known, tlieir reciprocals, the cosecant, secant, and cotangent, may 
easily be obtained. 

11. Problem. To find the tmigent when the sine and co- 
sine of an angle are known. 

Solution. The quotient of sin. A divided by cos. A is, by equa- 
tions (4), 

sin. A ^a , i __ah _a 

cos.jI h ' h Ih h' 
But by (4), 

hence 

l.ng. 1 = 1^4. (7) 

13. Corollary. Since the cotangent is the reciprocal of the 
tangent, we have 

13. Problem. To find the cosine of an angle when Us sine 
is known. 

Solution. We have, by the Pythagorean proposition, in the right 
triangle ^BC (fig. 4), 

a3 -j- 59 _ jfi_ 
But by (4), 

(,i„,A}''+{co,.Ay=l, (9) 

that is, the sum of the squares of the sine and cosine is equal 
to unity. 

Hence (coa. Af — \ — (sin. A)\ 



COS. J. — VI — (sin. Af. (10) 
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§ 16.] SIXES, TANGENTS, AND SECANTS. 9 

14. Corollary. Since 

h"' — a^— b% 
we have by (4), 

or {sec.^)3-tang.^)a = l; (11) 

whence {sec..d)2 ;= 1 + (tang.^)^. 

15. Corollarij. Since 

we have by (4), 

/ .in / J . ^ ''^ ^^ A*^ — i^ , 
(coscc. AY — (cofan. jl)^ — ~ -= j— — I, 

or (cosec. Af — {cotan.A^ = 1 ; (12) 

whence (coscc. A)^ =: 1 -[" (cotan. Ay^. 

16. Scholium. The whole difficulty of calculating the 
trigonometric tahles of sines and cosines, tangents and co- 
tangents, secants and cosecants is, by the preceding propo- 
sitions, reduced to that of calculating the sines alone. 

17. Examples. 

1. Given tlie sine of the angle A, equal to 0.4568, calculate its- 
cosine, tangent, cotangent, secant, and cosecant. 
Solution. By equation (10) 



COS. A = VI.— .(sin- Af = V(l 


+ ' 


in..l)(l-!i, 


1.^), 


1 -i- sin. A — 1.4568 




0.16340 




1 — sill. A = 0.5432. 




9.73496 




(CO.. A)' 




219.89836 




COS. A — 0.8896 




9.94918 




(V) and (8), 
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PLANE TIUGOHOMETIIY. [cH, 1 



sin. A = 0.4568 


9.65973 {ar. co.) 10,34027 


30S. A = o.esae {n-T. 


CO.) 10.05083 9.94918 


tang. A ~ 0.5135 


9.71055 {sir. CO.) 10.28945 




cotan. A - 1.9474. 


By (6), 




COS. A 


— =,1^ 



log. sec. A = — log. COS. A — 0.05082, 
sec. A~ 1.1241, 
log. cosec. A — — log. .sin. A = 0.34037, 
cosec. ^ — 2.1891. 

3. Given sin, A ^^ 0.1111 ; find the cosine, tangent, cotangent, 
'secant, and cosecant of A. 

Ans. COR. A — 0.9938 
lang. ^ — 0.1118 
cotan. A = 8.9452 
sec. ^=1,0063 
cosec. A — 9.0010 

3. Given sjn. A ^= 0.9891 ; find the cosine, tangent, cotangem, 
secant, and cosecant of A. 

Ans. COS. A ^1§.1472 
tang. A ~ 6r|l73 
cotan. ^ — 0.1489 
sec. A = 6.7935 
cosec. .d — 1.0110 

IS. 7'kcofem. 'I'/ie sine of an angle is equal to ihe perjfen- 
dictdar let fall from one extremity of the arc, which measures 
it in the circle, w/tose radivs is unity, vpon ihe raditis passing 
through the other extremity. 

Proof. Let BCA (fig, 5) he the angle, and let the radius of the 
circle ABAA be 

AC — unity — 1. 
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§ 21,] SIN 

Let fall, on the radius AC, the pei-penclicular BP, and we have by 
^5 5, in the right triangle SCP, 



19. Theorem. In the circle of lohich the radius is tmiiy, 
the cosine of an angle is equal to ike portion of ike radius, 
which is drawn perpendicular to the sine, included bettveen the 
sine and the centre. 

Proof. For if BCA (fig. 5) is the angle, we have, hy '^ 9, 

'"^ ^ CP. 

20. Theorem. In the circle of which the radius is unity, the 
secant is equal to the length of the radius drawn through one 
extremity of the arc which measures the angU, and produced 
till it meets the tangent drawn through the other extremity. 

The trigonometric tangent is equal to that portion of the tan- 
gent, drawn through one extremity of the arc, which is inler- 
1 the two radii which teitninate the arc. 



sec. BCA = 



Proof. If CB (fig. 5) is produced to meet llie tangent A at T, we 
have, by (3) and (3), in the right triangle -iCT, 
CT CT „_, 

-AC-T-"^^- 

21. Scholium. The preceding theorems (18—30), have 
been adopted by most writers upon trigonometry, as the 
definitions of sine, cosine, tangent, and secant, except that 
the radius of the circle has not been limited to unity. [B. 
p. 6.] 

By not limiting the radius to unity, the sines, &c. have not been 
fixed values, but have varied with the length of the radius ; whereas 
their values, in the system here adopted, are the fixed ratios of their 
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12 PLANE TRIGONOMETKY, [OH. II. 

values aa ordinarily given to the i"a(3ius of tbe circle in which they 
are measured. Thus, if E is the radius, we have 

sin., COS., &c. in the common system := R X sin., cos., &c, 
in this system, 

22. Corollary. If the angle is very small, as C {fig. 6), the arc 
AB will he sensibly a straight line, perpendicular to the two radii 
CA and CB, drawn to its extremities, and will sensibly coincide with 
the sino and tangent ; while the cosine will sensibly coincide witii 
the radius CA, and the secant with the radius CB. 

Hence, the sine and tangent of a very small angle are nearly 
equal to the arc which measures the angle, in the circle the 
radius of which is unity ; and i/s cosine and secant are nearly 
equal to unity. 

23. Problem, To find the sine of a very small angle. 

Solution. Let the angle C (fig. 6) be the given angle, and sup- 
pose it to he exactly one minute. The arc AB must in this case be 
Ttfinff '^^ ^^ semicircumference, of which unity or CA ia radius. 
But the value of the semicircumference, of which unity is radius, has 
been found in Geometry to be 3.1415926. Therefore, by § 22, 

.in. l' = JJ! = Hi^ = 0.000290888. (13) 

In the same way we might find the sine of any other small angle, 
or wa might, in preference, find it by the following proposition. 

24. Theorem,. The sines of very small atigles are propor- 
tional to the angles themselves. 



Proof. Let thero be the two small angles, BCA and B'CA 
(fig. 7). Draw the arc ABB' with the centre C, and the radius 
unify. Then, as aogles are proportional to the area which measure 
them, 

BCA:B'CA = BA:B'A. 
But, by § 22, 

sin. BCA = BA, sin. B'CA =B>A; 
whence 

BCA : B'CA = sin. BCA : sin. B'CA. 
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^ 26,] SIHES, TANGENTS, AND SECANTS. 13 

a. This proposition is limited to angles so small, that their area 
may be cousidored as straight lines. It is found in practice, that the 
angles may be as large as two degrees, provided the approximations 
are not carried beyond five places of decimals. The investigation 
of the sines of larger angles requires the introduction of some new 
formulas. 

25. Corollary. It follows from the preceding theorem, that 

sin.« = «™.r, (U) 

provided that tc in the second member is expressed in minutes. But 
if se is expressed in seconds, we have 

Sim a; -a^ sin. 1"; (15) 

and if x is expressed in terms of the arc which measures it in the 
circle, whose radius is unity, 

sin. 3ir^x\ (16) 

and each of these different notations may be used at pleasure. 

26, Examples. 

1. Find the sine of 12' 13", knowing that 
sim 1' =; 0.00039. 
Solution. By (14) 

1' : 12' 13" : : sin. 1' : sin. 12' 13", 





60 


■ : 733- 


:: 0.00029 -.sin. 


12' 13". 




Hence 












.i, 


1.12' 


13" = 


733 X 0.00029 
60 


-=0.00354. 


Am. 


3. Find the 


=he. 


of 7' 15' 


', knowing that 
,. 1' = 0.00029. 












Am. 


sin. 7' 15" = 


0.00210. 



, Find the sine of 2' 31^', knowing that 
sin. 1' = 0.00029. 

Ans. sin. 2' 31" = 0.00073. 



d by Google 



14 FLAKE TRIGONOMETST. [CH. II. 

97. Problem. Given the sine of any angle, to find the sine 
of another angle which exceeds it by a very small quantity. 

Solution. Let the given acgle be BCA (fig. 8), wliich we will 
denote by the letter M\ and let the angle whose sine is required be 
B'CA, exceeding the former by the small angle B'CB, which we 
will denote by the letter m ; so that 

M=BCA, m = B'CB, 

M~i-m= B'CA. 

From the vertex C as a centre, with the radiua unity, describe the 
arc ABB'. From the points B and B', let fall BP and B'P' per- 
pendicular to AC. 

We have, by ^ 18 and 19, 

sm.M^BP 
sin. B'CA^sm. {M-\-m)^B'F' 
COS. M = -PC; 
Draw BR perpendicular to B'P', and 

B'F' = BP-\-B'R, 
or 

sin. {M. ■i-m) = sin. M-{- B'R. 
The triangles BCP and BB'R, having their sides perpendicular 
each to each, are similar, and give fhc proportion 
BC:BB'=CP:B'R. 



But, by ^ 22, 
Hence 



BB'. 



1: sin. m = cos.M:B'R; 
and B'R ^ sin. m . cos. M, 
which gives, by substitution, 

sin. {ilf + m) = sin. Jtf + sin. m. cos. M. (17) 

28. Corollary. If m were 1', (17) would become by (13) 
.sin. (ilf + V) = sin. M-\- sin. 1' . cos. M, 

= sin. ilf + 0,00029 cos. Jlf. (18) 

We may, by this formula, find the sine of 2' from that of 1', 
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SINES, TANGENTS, AND SECANTS. 



thence that of 3', then of 4', of 5', &c. to the sine of an angle of any 
number of degrees and minutes. 



39. Corollary. We can, in a similar way, deduce the \ 


cos.(M + . 


>i}. 




For, by § 


19, 






cos. 


{M~\- m) = F'C = PC—PP', 
= cos.M— BR. 


But the ai 


milar tr 


iangles BB'R and BCP give tlie proporti 
BC : BB' ^ BP : BR, 


or 




I : sin. m = sin. M: BR. 


Hence 




BR = sin. m . sin. M, 


whence 







COS. (M+m) = co3. M — sin. m.sin. M, (19) 

and, if we malte m := V, this equation becomes 

COS. (Ml') ^ COS. iff— sin. 1' . sin. ilf, 

™ COS. M— 0.00029 sin. M. (30) 

30. Examples. 

1. Given the sine of 33° 28' equal to 0.39822, to find the sine of 
33° 39'. 

Solution. We find the cosine of 23° 28' by (10) to be 
cos. 23" S8' — 0.91729. 
Hence, by (18), making JtT^ 23° 28' 
sin. 23° 29' — sin. 33° 28' -{- 0.00029 cos. 23° 28', 
= 0.39832 -J- 0.00036, 
— 0.39848. 

Arts. sin. 33° 29' ^ 0.39848. 

2. Given the sine and cosine of 46° 53' as follows, 

sin. 46° 58' =^ 0.73096, cos. 46° 58' — 0.68243, 
find the sine and cosine of 46° 59'. 

Arts. sin. 46° 59' = 0.73116, 
COS. 46° 59' = 0.68221. 
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16 PLANE TKICONOMETRY. [cH. II. 

3. Given, tbe sine and cosine of 11" 10' as follows, 

ain. ir 10' = 0.19366, cos. 11= 10' = 0.98107, 
find the sine and cosine of 11° II'. 

sin. 11° 11' ^0.19395. 
Am. COS. 11° 11'^ 0.98101. 

31. By the formulas here given, a complete table of sines 
and cosines might be calculated. Such tables have been 
actually calculated ; and table XXIV. of the Navigator ia 
such a table ; their logarithms are given in table XXVII. of 
the Navigator. 

The sines, cosines, &c. of tahla SXIV. are called naiwral, to 
distinguish them from their logarithms, which are sometimes called 
their artiJirAal sines, cosines, &c. 

The radius of table XXIV. is 

106 — 100000, 
so that this table is, hy ■§ 21, reduced to the present system hy 
dividing each number by 100000, that is, by prefixing the decimal 
point to each of the numbers of the table. 

The radius of tabic XXVII, is 

lO'o = 10,000,000,000, 
so that this table is reduced to the present system by subtracting 
from each number the logarithm of this radius, which is 10, that is, 
by subtracting 10 from each characteristic. 

The method of using these two tables is fully explained In pp. 33 - 
35, and p. 390, of the Navigator. 
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CHAPTER III. 

RIGHT TRIANGLES. 



32. Problem. To solve a right triangle, when the hypoth- 
enuse and one of the angles are known. [B. p. 38.] 

Solution. Given {fig. 4) the iiypotheniise h and the angle A, to 
solve the triangle. 

First. To find the other acute angle B, suhtract the given angle 
from 90°. 

Secondly. To find tlie opposite side a, we have by (I), 



which, multiplied by h, gives 

a = /isin.J; (21) 

or, by logarithms, 

log. a ^= log, h -\- log. sin. A. 
Thirdly. To find the side 5, wo have by (4) 

which, multiplied by 7t, gives 

i — k COS. A ; (22) 

or, by logarithms, 

log. i ^ log, h ~\- log. COS. A. 

33. Problem. To solve a right triangle, when a log ami t!is 
opposite angle a?'e known. [B. p. 39.] 

Solution. Given (fig. 4) the leg a, and the opposite angle A, \i> 
solve the triangle. 

First. The angle B is the complement of A. 
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18 PLANE TRIGOHOMETRY. [cH. 111. 

Secondly. To find the hypothcnuse ft, we have by (21) 
a=.h sill. A, 
which, divided by sin. A, gives by (6) 

A — ^-% — a coscG. A ; (23) 

am. A ' ^ ' 

or, by logariiJims, 

log. /[ =1 log. a -\- (ar. co.) log. sin. A 
^ log. a -\- log. cosec. A. 
TTiirdlff. . To find the other leg J, we have by (4) 

COfan, A :^ -, 

which, multiplied by «, gives 

i = a cotan, A ; (24) 

or, by logarithms, 

log. h ^= log. a -|- log. cofan. A, 

34. Problem. To solve a right triangle, when a leg and the 
adjacent angle are known. [B. p. 39,] 

Solution. Given (Jig. 4) the leg a and the angle B, to solve the 
triangle. 

First. The angle A is the complement of B. 

Secondly. The other parts may be found by (23) and (24), or 
from the following equations, which are readily deduced from 
equations (4) and (6), 

''-^^^-«sec.i;, (25) 

S=^ataiig. B; (26) 

or, by logarillims, 

log. h = log. a -[- log. sec. B, 
log. I = log, a + log. tang. B. 

35. Problem. To solve a right triangle, when the hypothe- 
nuse and a leg are knoum. [B. p. 49.] 

Solviion. Given (fig. 4) the hypothenuse h and the leg a, to solve 
the triangle. 
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§ 37.] RIGHT TEIABGLES. 19 

First. The angles A and B are obtained from equation (4), 

sin. ^=cos. S^|; (27) 

or, by logarithms, 

log. sin A = log. COS. B — log. a + (ar. co.) log. It. 
' Secondly. The leg b is deduced from the Pythagorean property 
of the right triangle, which gives 

a^J^l^ = }fi, (38) 

whence 

I = vc' - «») = V[(» + «) (4 - «)] ; (29) 

by logarithms, 

log. S = 1 log. (*•-»») = i [log. (4 + ,.) + log. (4 -a)]. 

36. Problem. To solve a right triangle, when the two legs 
are known. [B. p. 40.] 

Solution. Given (fig. 4) the legs a and S, to solve the triangle. 
First. The angles are obtained from (4) 

tang. A = cotan. B=.~; (30) 

or, by logarithms, 

log. tang. A := log. cotan, B =■ log. a -}- (ar. co.) log. 6. 
Secondly. To find the hypothenuse, we have by (28) 

i = ^{a' + l'>). (SI) 

Tliirdly. An easier way of finding the hypothenuse is to make 
use of (23) or (25) 

h = a cosec. A = a sec, B; (32) 

or, by logarithms, 

log. h = log. a -\- log. cosec. A ^^ log. a -j- log. sec. B. 

37. Examples. 
- 1. Given the hypothenuse of a right triangle equal to 49.58, and 
one of the acute angles equal to 54° 44' ; to solve the triangle. 

Solution. The other angle = 90° — 54° 44' — 35" 16'. Then 
making h — 49.58, and A = 54" 44' ; we have, by (21) and (22), 
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30 PLANE TRIHOXOMETKY. [CH. III- 

/( = 49.58 1.69531 1.69531 

A = 5i''4i' *sm. 9.91194 cos. 9.76146 

a = 40.481 1.60725; S = 28.627 1.45677 

Ans. The other angle — 35^ 16' ; 

„, , ( 40,481 

The legs ^{ggg^^ 

2, Given the hypotheouae of a right triangle equal to 54.571, and 
one of the legs equal to 33.479 ; to solve the triangle. 



Solution. Making h = 54.571 


a = 23.479 ; 


e have, hy (37), 




a = 23.479 


1.37068 


h = 54.571 


(ar. CO.) 8.26304 


A = 25° 29' , sin. 
B = 64° SV COS. 


J 9.63373 


By (29), 




ft + a = 78.050 


1.89237 


h — a — 31.092 


1.49265 


&a 


2 1 3.38502 


h ^ 49.262 


1.69251 


Ans. The other leg = 49.262 


Theai 


,^ ( 25° 39' 


3. Given the two legs of a i 


■ight triangle equal to 44.375, ancl" 



22.165;to solve tlie tridngle. 

Solution. Malting a ^ 44.375, 5 zr: 22.165; we have 

a =z 44.375 1.64714 1.64714 

b ~ 22.165 (ar. co.) 8.65433 



R^Sfi^l^^^?"^^-'! 10.30147; '=°^^'='l 10.048Sr 
Ji ^i 26 32' 32" cotan. J ' sec, ) 

h — 49.603 1.69551 

Ans. The hypothenuse — 49.603 

TK^ „„„!== ^ I 63" 97' 28" 



* To avoid negative characteristics, the logarithms are retained as in 
tables, accordiog to the usual practice with, the logarithms of decimals, s 
B., p. 29. 
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'5 37.] KIGHT TRIANGLES. 31 

4, Given the hypothcnuse of a right triangle equal to 37.364, anil 
one of the acute angles equal to 12° 30' ; to solve the triangle, 
Ans. The other angle = 77' 30' 



The lees 



\ 36.478 



5. Given one of llie legs of a right triangle equal to 14.548, anrl 
tlie opposite angle equal to 54° 24' ;_ to solve the triangle. 

Ans. The hypothenuse =i 17.892 
The other log — 10.415 
The other angle = 35° 36' 

6. Given one of the legs of a right triangle equal to 11.111, and 
the adjacent angle equal to 11° 11'; to solve the triangle. 

Ans. The hypothenuse — 11.326 
The other leg ^ 2.197 
The other angle — 78° 49' 

7. Given the hypothenuse of a right triangle equal to 100, and 
one of tlie legs equal to 1 ; to solve the triangle. 

Am. The other leg = 99.995 

^x , ( 0°34'23" 

The angles = {89.35,37. 

8. Given t!ie two logs of a right triangle equal to 8.14S, and 
10.864 ; to solve the triangle. 

Ans. The hypothenuse — 13,58 

rp, , ( 36° 52' II" 

The angles rz | ^g, ^, ^^„ 
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! THlBONOMKTi 



CHAPTER IV. 



GENERAL TORIIULAS. 



8R The solution of obliq le ti an^k^ r qiiiics the irtrodiicl oii nf 
TOveial tiigoDometrical foniiulas, whicli it I'l coaveniPiit to bi n^ 
togethei and investigate all it once 

39 Problem To find the sme of the turn of luo anglp^ 
'Solution Let the two angles be BAC and B AC (fig 9), lepie 
•-eiiied by the letter'* M iwA N At any point C, in the 1 nf A( 
ere^t the peipendicul-u BB From B let fall on AE thi. pLiptn 
(licnlai BP Then repiesent the several ) nta is follow, 
a = Sr, a = BC,l = AC 
h = AB, h- = AB', 3:=BP 
M := BAC, N — B'AC. 
Then, by (4), 

sm. BAC = sin. M=~, sm.N — ^, 



Now tha triangles BPB' and B'AC, being right-angled, 
liiiving the angle B' common, are equiangular and similar. 
Whence we derive the proportion 

AB': BB' = AC : BP, 



.(Mi-N)=j=~ 
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The second member of this equation, may l>o se])aralcd 
faclors, as follows. 



h'h' h' h' ' 
whence, by substitution, wc obtain 

sin. (M+N) = sill. M COS. JV + cos. M sin. N. (33) 

40. Problem. To find the sine of the dijfereiico of tivo 
angles. 

Solution. Let the two angles be BAC and B'AG (fig. 10), repre- 
sented by M and N. At any point C In the line AG erect tlie 
perpendicular BE'C. From B let fall on AB' the perpendicular 
BP. Then, using the notation of ^ 39, we have 

~AB~h ■ 



. BAB ^ sm. [M — N) :: 



The triangles B'AC and BB'P are similar, because they are right- 
angled, and the angles iit B' are vertical and ec|nal. 



Whence 



AB':BB = AC:Br, 



a h I a! 



and by substitution, 

sin. (iU-™^■)=■.■ 
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41. Problem. To find the cosine of the sum of two angles. 
Solution. Making use of (fig. 9), with the notation of § 39, and 
also the following 

we have 

But 

y = AB' — PB' = l' — %. 

The similar triangles BPB' and B'AC, give the proportion 
AB':BB-^B'C:B'P, 







/t':a+(i' = <t':K; 


whence 




/i' ' 




imd 












y~,,>—t-I,'—'l^ 


+ «■» 






4' 






h'^ — n'^ — a. 


%' 






h' 




But, frorr 


ithe 


right triangle AB'C, 




r 




a'' = {AB'f — (B'Cy-. 


= (AC)' 


whence 




is — art' 




and 












coM*+AT=f = - 


hh' 
















h" 



whence by sobstltution, 

COS. (Jf + N) ^. COS. M COS. N — sin. M sio. A', (Sf.) 
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§ 43.] CENEEAL FOUMIfLAS. 25 

42. Problem. To fmd ike cosine of the difference of two 
angles. 

Solution. Making use of (fig. 10) with ilie notation of the pre- 
ceding section, we have 

COS. BAB' — COS. (M — i¥) r= ^ ^ ^. 

But y — AB' + PB' ziz k' + ^. 

The similar triangles BB'P and B'AC give tlie proportion 





AB- : BB' = B'C : B'P, 


or 


h':a — a' = a':%; 


whence 


aa' — a'^ 


^~ h' ' 


and 


a a' a'2 

y^U' + z =.!.' + — ^- 




h'^ — a'^-{.aa' 



But h'^ — a'3 = &a. 



Hence 



cos. {M— JV) =f=' 



s + a 



hk' 



^ h h' "^ h h' 
_l_ h a a: 
h h' ~ h W ' 

or, by siihstitution, 

COS. (M—N) - COS. Mcos. iV+ sin. if sin. iV. (36) 

43. Corollary, The similarity, in all hut the signs, of tlic for- 
mulas (33) and (34) is such, tliat they may hoth he written in the 
same form, as follows, 

sin. (Jf i: W) ~ sin. Mcos. iV± cos. Msln. N, (37) 
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[CH. IV. 

in which the upper signs correspond with each otlier, and also the 

In the same way, by the comparison of (35) and (36), we are led 
to the form 

COS. (M±N} = COS. Mcos. N^sm. M sm. N, (38) 

in which tlie upper signs correspond with each other, and also the 
lower ones. 

44. Corollary. The sum of the equations (33) and (34) Is 

sin. (JJf + JV) + sin. (M — N) = 2 sin. M cos. N. (39) 
Their difference ia 

sin. {M-\-N) — sin. {M — N) = 2 cos. JIf sin. N. (40) 

45. Corollary. The sum of (35) and (36) is 

cos. (J17+ JV)+cos. (Jlf— iV) — 2 COS. ilf COS. IV. (41) 
Their difference Is 

COS. (M — N) — COS. (Jlf + JV) — 2 sin. M sin. iV. (42) 

46. Corollary. If, in (39-42), wc make 

M-\-N—A, andM— ff— if; 
that is, 

M=l{A:\-B), N^i(A-B)-, 

they become, as follows, 

sin. A + sin. B — 2 sin. J (tI + £) cos. ^ {A — B) (43) 
sin. A — sin. B = 2 cos. ^ {A Ar B) sin. ^^{A — B) (44) 
COS. A + COS. B-'l COS. i{A-{-B) cos. ^ {A — B) (45) 
COS. B — COS. A = 2 sin. i{A-\-B) sin. ^{A — B). (46) 

47. Corollary. The quotient, obtained by dividing (43) by 
(44), B 

sin. A + sin. B _ sin, j [A -\- B) cos, j {A — B) 
sin. A ~ sin. B ~ cos. J { J + S) sin. J (/I — B) ' 
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Reducing the second membei- by means of equations (6), (7), (8), 

si'n^i-sill ^ *^"S- * (^ + -^) ''°^''"- ^> (^ - -^) 

_ tang. i{A- \-B)_ cotaii. ^ ( ^ - fl) 

- Ung. X (^ _ if) - cotan. ^ (^ + B)' ^*'' 

48. Corollary. The quotient of (46) divided by (45) is, by re- 
duction, 

= tang. i{A-^ E) tang. ^ (A — B) 



COS. if + COS. ^ 

_ tang. i{ A+B) ^ 

cotan. X (i — S) cofan. i (A ^- B)' 

49. Corollary. Puttivig in (33) and (35), JIf and IV each equal to 
A, we obtain 

sin. 2 ^ = sin. A cos. + sin. A cos. ^ = 2 sin. ^ cos. A (49) 

COS. 2 -4 = COS. A COS. ^ — sin. A sin. 4 

=. (cos. Af - (sin. 4)^. (50) 

50. Corollary. The sura of (50), and of the following eqiiation, 
which is the same as (9), 

1 = (cos. Af + (sin. AY, 
is 1 + COS. 2 4=2 (cos. Af. (51) 

Their difference is 

1 — COS. 2^ — 2 (sin. Af. (52) 

51. Corollary. Making 2 4 = C, or C = J- 4, in (49-52), we 
obtain 

sin. C^2sin. J- C cos. ^ C (53) 

COS. C=(cos.^C)3-(sin.JC)3 (54) 

1 + COS. C = 2 (cos. J Cf (55) 

1 — cos. C = 2 (sin. ^i Cf. (56) 
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The equations (55) and (56) give 

COS. JC = VB(1 + ™'.C)] (57) 

sin. }C = V[J(l-o"-C)] (58) 

, ^ , / 1 —COS. C\ ,,,, 

taiig.JC^x/^^-^-^^^j. (59) 

52. Problem. To find the tangent of the sum and of the 
dij/^erence of two angles. 

Solution, First. To find the tangent of tlie sum of two angles, 
which we will suppose to be M and IV, we have from (7), 

Substituting (33) and (35), 

^^ ^ J~C03.Mcos. JV— sin. JIf.sin. JV 

Divide every term of both numerator and denominator of the second 
member by cos. JVTcos. JV; 



tang. 


[M+N) 


cos 


:.M, 


ZO..N 


1 COS.MC08.JV 


C05 


:. M 1 


30S. JV 


sin. M sin. JV 




cos 


.M 


cos.JV 


COS. m COS. JV 






^ 


.M 


_l_sm. 


JV 
JV 






1- 


_Bin 


. M sin, 
Lilfoos 


JV' 
.JV 


which, rcduc 


;ed by mea 


nsof ( 


;7), becomes 






tang.{M+iV) 


^ r 


ng. M + tang. N 




— tang. 


JKtonB.JV- 


Secondly. 


To find ■ 


ihc tan gem 


; of the 


dilTerence of ili 


Since by (7; 


1 












tang. (M- 


-N) 


=c! 


n. (K- 


-JV) 
-JV)' 



(60) 
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a bare inspection of (37) and (38) shows that we have only to 
change the signa, which connect the terms in the value of tang. (M 
+ N) to obtain that of tang. {M — N). This cliange, being made 
in (60), produces 

_tang. Jlf — tang.JV 



53. Corollary. As tho cotaiigont is merely the reciprocal of the 
tangent, we have, by inverting the fractions, from (60) and (61), 

1 _ tang. M tang. IV 



"' '■-■" ' "' tang. M + tang. iV ' 


^ ' 


J + fang. JW" tang. JV 

cotan. (il/— JV) — ■ ^ ■■„,■ ^ ,, . 

' ' tang. M ~ tang. N 


(63) 


54. Corollary. Make M—N — A, m (GO) and (62). 
become 


They 


„ . 2 tang. A 

tang. 2 A— ^ — J— , 

^ 1 — (lang.^)a' 


(64) 


„ . 1 — [tang. ^}2 
:i tang. A 


(65) 
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CHAPTER y. 

VALUES OP THE SINES, COSINES, TANGENTS, COTANGENTS, 
SECANTS, AKD COSECANTS OF CEETAIN ANGLES. 

5S, Problem. To find the sine, ^c, o/O^ and 90°. 

Solution. It is evident, from ij 23, that the sine and tangent of 
zero are, each of them, zero, while its cosine is unity. Hence, and 
from the consideration that 0" and 90° are complements of each 
other, we have 

sin. 0= — COS. 90° = 0. (66) 

COS. 0° - sin. 90' - 1. (67) 

From (6) and (7), we have 



s.O" ' 



(68) 



ootan. 0= = tang. 90" ~ — ^ — -J — oo (69) 

.wc. 0' - coscc. 90' — '^^^^ = i — 1 (70) 

cosec. 0" - sec. 90' — -^^ =i J- = <» . (71) 

56. Problem. To find ihe sine, i^-c. of 180" . 

Solution. Make A = 90°, in (49) and (50) ; iiiey become, by 
means of (66) and (67), 

sin. 180° = 2 sin. 90' cos. 90' = (72) 

von. 180° =^ (cos. S0°)'^ -- (sin. 90')^ == — 1. (73) 
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Hence from (6) and (7), 
tnng. ISO" - 



cotan. 180^ - 



sin. 180' 
COS. ISO- 


cos. 180" 


sin. 180" 


COS. 180" 


sin. 180° 







(74) 
(75) 
(76) 
(77) 



57. Prohl&m. To find the sine, ^c. 0/270". 

Solution. Make M= 180" and W— 90° in (33) and (35). They 
become, by means of (66, 67, 72, 73), 

sin. 270= =: sin. 180° cos. 90" + cos. 180" sin. 90° := — 1 (78) 

COS. 270° = COS. 180" cos. 90" — sin. 180= sin. 90" — 0. (79) 

Hence, from (6) and (7), 

sin. 270= —1 



tang. 270" z 
cotan. 270° z 
sec. 270° z 
cosec. 270° = 



08.270" "" 

OS. 270" 
in. 270° " 







(81) 
(62) 






58. Problem. To find ike sine, ^c. of 360=. 

Solution. Make A — 180" in (49) and (50) ; and tlicy become 
by (72,73,66,67) 

sin. 360° = = sin. 0° (84) 



= 1^ 



3S. 0°. 



Hence the sine, ^'c. o/350" are the same as those o/0=. 
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69. Problem. To find the sine, ^c. o/45'. 

Solution. Make = 90° in (57) and (58). They become, by 
noaus of (66), 

cos.45» = V[Kl + o»»-90')]=VJ (86) 

sin. 46° = V[J (1 — COS. 90')] = v'J = oos. 45". (87) 
Hence, fi-om (6) and (7), 

'"S- «" = ^^^ = 1 (88) 

J- = 1 = tang. 45" (89) 

(90) 



COS. 45° 
1 


tang. 45" 

1 



). 45° V^ 



cosec.45'> = ■ ■ . = —^ ^ V2 — soc.45°. (91) 

60. Problem. To find the sine, ^c. of 30° and 60°. 

Solution. Make j1 = 30° in (49). It becomes, from the consid- 
eration tliat 30° and 60° are complements of eacli other, 
sin, 60° = COS. 30'' = 3 sin. 30° oos. 30°. 
Dividing by cos. 30°, we have 

1=3 sin. 30°, 
or sin. 30° = J = cos, 60° ; (92) 

whence, from (6), (7), and (10), 



CO.. 30" = sin. 60"=V(1— -i) = }VO 


(93) 


'"!!■ "-"""■8°--iV3-V3 ^* 


(94) 


cotan. 30° — tang. 60° — —p- ^ ^?. 


(95) 


.ec. 30- = co.cc.60-=ji3=-Aj 


(96) 


cosoc. 30° =. sec. 60° = i = 2. 


(97) 
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61. Problem. To find the sine, SfC. of Ihe supplement of an 
angle. 

Solution. Make M= 180° in (34) and (36). They lieeome, by 

means of (72) and (73), 

(sin-ieO"— iV) = sin.l80"cos.A^— cos.ieO'sin.IV^sin.W (98) 

COS. (ISO" — JV) =:co3. 180° COS. iV-|- ain. ISCsiii. iV= — COS. ff, (99) 

whence, from (6) and (7), 

tang. (180° — iV) — — lang. N (100) 

cotan. (180" — ff ) — — coian. JV (101) 

sec. (180° — iV) = — sec. iV (102) 

cosec. (180° — N) ~ cosec. N; (103) 

that is, the sine and cosecant of the svpplement of an angh 
are the same with those of the angle itself; and (he cosine, tan- 
gent, cotangent, and secant of the supplement are the negative 
of those of the angle. 

62. Corollary. Since, when an angle is acute its supple- 
ment is obtuse, it follows, from the preceding proposition, that 
the sine and cosecant of an obtuse angle are positive, while its 
cosine, tangent, cotangent, and secant ai e negative. 

Thi9 proposition must be caiefully borne m mind in using the 
tngonometiic tables, as it uffoids the means of discriminating be- 
tween the two angle's which aie given m B Table XXVII, and of 
deciding which of these two angles is the required one. 

63. Corollary. The pvecediug corollary might also have been 
obtained from (33) and (35). For by making M = 90% we have 
by (66) and (67) 

sin. (30° + JV) = cos. IV (104) 

CQS. (90° + N) = — sin. N; (105) 
whence, by (6) and (7), 

lang. (90^ + JV) = — colan. JV (106) 
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cotan. (90° -f N) = — tang. N 
,SGG. (90° -J^N)^ — cosec. N 
cosec. (90' + J\') — sec. N; 



[cir. V. 
(107) 
(108) 
(109) 



that is, Ihe sine and cosecant of on angle, which exceeds 90°, 
are equal io the cosine and secant of ils excess above 90°, while 
Us cosine, tangent, cotangent and secant are equal to ihe nega- 
tive of the sine, cotangent, tangent, and cosecant of (his excess. 

64. Problem. To find the sine, S^'c. of a negative angle. 

Solution. Make JV ^ 0° in (34) and (36). They become, by 
means of (66) and (67), 





sin. 


— JV) = — .in. JT 


(110) 




CO,. ( 


— N)= COS. N; 


(111) 


whence, fro 


I (6) nnd (7), 








tnng. 


— W) = — tnng. N 


(112) 




cotan. 


— JV)= — cotan. JT 


(113) 




■ec. 


— N) ^ sec. N 


(114) 




co«e. 


— JV) = _ cosec. JV; 


(115) 



SO that the cosine and secant of the negative of an angle are 
the same with those of the angle itself; and the sine, tangent, 
cotangent, and cosecant of the negative of the angle are the 
negative of those of the angle. 



65, Problem. To find the sine, Sfc. of an a 
ceeds 180°. 



"•le which e 



Solution. Make M ^ 180" in (33) and (35). They become, by 
means of (73) and (73), 



(180° + H) — —sin. N 
. (180°+ N) = — co^. N; 



(116) 
(117) 
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whence, from (6) and (7), 

tang. {180"-hiV)~ tang. JV (119) 

cotan.(180°+A') — cotan. JV (119) 

sec. (180- + JV) — — sec. JV ( 120) 

cosec.(180'' + JV)z= — cosec.JV; (121) 

that is, the tangent and cotagent of cm ang-le, which exceeds 
180'^, are equal to those of its excess above ISO'^ ; and the sine, 
cosine, secani, and cosecant of this angle are the negaiive of 
those of its excess. 

6Q. Corollary. If the excess of the angle above 180*' is 
less than W, the angle is contained between 180° Eind 
270*^ ; so that the tangeni and eotamgent of am angle which 
exceeds 180°, amd is less than 270**, twe positive ; while its 
sine, cosine, secant, amd cosecant are negative. 

67. Corollary. If the excess of the angle above 180" is 
greater than 90" and less than 180", the angle is contained 
between 370° and 360" ; so that, by § 65 and 62, the cosine 
and secant of an angle which exceeds 270" and is less than 
360", is positive ; while its sine, tangent, cotangent, and cose- 
cant are negative. 



68. Corollary. The results of the two preceding corollaries might 
have been obtained from (34) and (36). For by making M= 360°, 
we have, by f^ 58, 


sin. (360° — JV) ::^ — sin. JV 




(122) 


COS. (360" — i\'") = COS. N; 




(123) 


whence, by (6) and (7), 






tang. {360" — JV) in; — tang. JV 




(124) 


ootan. (3(50° — JV) — — cotan. JV 




(125) 


sec. (360° — JV)— sec. JV 




(126) 


cosec. (360" _ JV) = — cosec. J\' ; 




(127) 
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that is, the cosine and secaM of an angle are the same with 
those of tlte re'rmmder after subtracting- the angle from 360" ; 
while its sine, tangent, cotangent, and cosecant are the negative 
of those of this remainder. 

69, Problem. To find the sine, ^c. of an angle lohich ex- 
ceeds 360°. 

Solution. Mako M~ 360° in (33) and (35). They become, by 
means of (84) anci (85), 

sin. (360° + N) = sin. N (128) 

COS. (360° + iV) — COS. N; (129) 

that is, the sine, ^c. of an angle ivhich exceeds 360'^ are equal 
to those of its excess above 360'*. 

70. Tlieorem. The sine, tangent, and secant of an acute 
a/ngle increase with the increase of the angle; the cosine, co- 
tangent, and cosecant decrease. 

Proof. I, The excess of the sine of Jlf + m over the sine of M 
is, by (17), equal lo sin. m cos, M, which is a positive quajitlty when 
M is acute ; and, therefore, the sine of the acute angle increases 
with the increase of the angle. 



II. The excess of cos, M over cos. (If + m) is, by (19), equal to 
sin. ni sin. M, which is a positive quantity ; and, therefore, the cosine 
of ihe acute angle decreases with the increase of the angle. 

III. The tangent of an angle is, by (7), the quotient of its sine 
divided by its cosine, h is, therefore, a fraction whoso numerator 
increases witli the increase of the angle, while its denominator de- 
creases. Either of these changes in the terms of the fraction would 
increase its value ; and, therefore, the tangent of an acute angle 
increases with the increase of the angle. 

rV. The cosecant, secant, and cotangent of an angle arc, by (6), 
the respective reciprocals of the sine, cosine, and tangent. But the 
reciprocal of a quantity increases with the decrease of the quantity, 
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and Ihe reverse. It follows, then, from the preceding c 

tions, that its secant increases with the increase of the acute angle, 

while its cosecant aad cotangent decrease. 

71. Theorem. The absolute values {neglecting their signs) 
of the sine, ta-ngent and seccmt of an obtuse angle decrease 
with the increase of the angle; while tliose of the cosine, co- 
tang-eitt, and cosecant increase. 

Proof, The supplement of an obtuse angle is an aenie angle, of 
which the absolute values of the sine, &e. are, by ^ 61, the saitie as 
those of the angle itself. But this acute angle decreases with the 
increase of the obtuse angle, and at the same lime its sine, tangent, 
and secant decrease, while its cosine, cotangent, and cosecant in- 
crease. 
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CHAPTER, VI. 



OBLIQUE TRIANGLES. 



72. Theorem. The sides of a triangle are directly propor- 
tional to the sines of the opposite angles. [B, p. 13.] 

Proof. In the triangle ABC (figs. 2 and 3), denote the sidns op- 
posite the angles A, B, C, respectively, by the letters a, h, c. Wc 
ore to prove that 

sin. A : sin. B : sin. C = a : h : c. (130) 

From the vertex B, let fall on the opposite side the perpendicular 
BP, which we will denote by the letter p. Then, in the triangle 
BAP, wo have by (1) 

sin.^z.^-^, 

or p=cs\n.A. (131) 

Also, in tlie triangle BPC, we have, by (!) and (98), and from tlic 
consideration that BCP is the angle C (fig. 9), and its supplement 
(fig. 3), 

sm.BCP_sm.C^-^_-, 

or j> = «sln. C. (132) 

Comparing (131) and (1^), wo have 

c sin. A = a «in, C, 
which may be converted into tlic following proportion, 

sin. A : sin. C = a : c. 
In the same way, it may be proved that 

sin. A : sin. B = a:h; 
and these two proportions may bo written in one as in (130). 
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73. Problem. To solve a triaiigle, when one of its sides 
and two of its angles are known. [E. p. 41.] 

Solution. First. The third angle may bo found by subtracling 
the sum of the two given angles from 180". 

Secondly. To find either of the other sides, wc have only to malte 
use of a proportion, derived from § 73. As the sine of the angle 
opposite the given side is to the eino of the angle opposite the re- 
quired side, so is the given side to the required side. Thus, if a 
(fig. 1) were the given and 6 the required side, we should have the 
proportion 

sin. A : sin. B = a : i ; 



(m) 



1, Given one side of a ti-iangle equal to 2^.191, and the adjacent 
angles equal to 32° 41' and 47° 54' ; to solve the triangle. 



Solution. The other angle : 



- (33M1' + 47" 54') ~ 



By (133) 






95" 25' oosec. 




10.00589 10.00589 


S2" 41' sia. 




9.73239 47" 54' sin. 9.87039 


23.791 




1.3&776 1.35776 


12.475 




*1.09604; 17.141 *1.33104 




Am 


:. The other angle ™ 99° 25' 



is subtracted from each of these clmra<iteristics, because tlie two sines 
ccanl were taken from the tables withoat any (iiminulion, as required 
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2. Giveu oue side of a triangle equal to 'A21.Q6, and the adjacent 
angles equal to 154° 22' and IT" 36' ; to solve the triangle, 
Ans. The other angle = 8° 3' 

The otlier aides =: J 705'5 

75. Problem. To solve a triangle, when two of its sides 
awid an angle opposite one of the given sides a/re known. 
lB.p.42.] 

Solution. First. The angle opposite the otiier given side is found 
by the proportion of § '12. As the side opposite the given angle is 
to the other given side, so is the sine of the given angle to the sine 
of the required angle. Thus, if {fig, 1) a and 5 are the given sides 
and A iho given single, the angle B is found, by the proportion 

«: J — sin. ^:Hin. B; 
whence 

s\„.B=:'^^^^. (134) 

Secondl}/. The third angle is found by subtracting the sum of llie 
two known angles from 180°, 

Thirdly. The third side is found by the proportion. As the sine 
of the given angle is to the sine of the angle opposite the required 
aide, so is the side opposite the given angle to the required side. 
That is, in the present case, 



in.^ '■ 



(135> 



76. Selwlium. Two angles are given in the tables corrcspon(ling 
to the same sine, which are supplements of each other, one being 
acute and the other obtuse. Two values of B (134) are then given 
in the tables, and both these values may be possible, when the given 
value of h is sreater tlian that of a, and tlie civen value of A is less 
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than 90° ; for, in fliis case, there may be two triangles, ABC (fig. 11) 
and AB'C, which satisfy the data, 

77. Scholium. The problem is impossible, when the given value 
of 6 is greater than that of a, aad the given value of A is obtuse. 
For the greater side of an obtuse-angled triangle must always be 
opposite the obtuse angle. 

78. Scholium. The problem is impossible, when llie given value 
of & is so much greater thau tliat of «, that we have 

I sill. J. > n ; 

for, in this case, the given value of a is less than that of the perpen- 
dicular CP (fig. 11) from C upon AP. 

79. Scholium. The obtuse value of B does not satisfy (ho 
problem, when h is less than a ; for the obtuse angle of a triangle 
cannot be opposite a smaller side. In this case, therefore, the 
problem admits of only one solution. 

80, ExAMrLEE. 

1. Given two sides of a triangle equal to 77.245 and 93.341, and 
the angle opposite the first side eijual to 55° 2S' 13" ; to solve the 



Solution. Making 






I — 98.341, <tzz 


; 77.245, A — 55' 


28' 12", 


wchavc, by (iy4), 






a = 77.245 


(ar. CO.) 


8.1)313 


6 - 93.341 




1.96540 


^ zzz 55° 28' 12" 


sin. 


9.91584 


B—m°v 


or = 99' 59' sin. 


9.99337 


^ + 5—135° 29' 12" 


orz=: 155° 37' 12' 




C — 44" 30' 48" 


or— 24° 33' 48'' 




Then, by (135), 
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a = 77.245 1.88787 1.88787 

C = 44° 30' 48" sin. 9.84576 or — 24° S2' 48" sin. 9.61850 
A = 55° 38' 12" cosec. 10.08416 10.08416 

C— 65.734 1.81779 or — 38.952 1.59053 

Am. The) third side — 65.734 or =2 38.952 

,„. ,. , ( 80° 1' ( 99° 59' 

rho other angles = | ^, g^, ^9,, or = J ^^. 33, ^g„ 

S. Given two sides of a triangle equal to 77.245 and 92.341, and 
the angle opposite the second side equal to 55° 28' 12" ; to solve the 
triangle. 

A)is. The third side = 110.7 

Tic other .ngles={g:g«:; 

3. Given two sides of a ti'ianglo equal to 40 and 50, iind the angle 
opposite the fii-st side equal to 45° ; io solve the triangle. 

Ans. The third side = 54.061 or = 16.65 

™ ,, . (62" 7' ( 117=53' 

The other angles ~ j ,20 53, or ^ -J j^„ ^, 

4. Given two sides of a triangle equal to 77.245 and 92.341, and 
Ihe angle opposite the second side equal to 124° 31' 48" j to solve ihe 
triangle . 

Ans. The third side = 23.129 - 

„, ,, , ( 43° 33' 44" 

The other angles = J jp 5^, 3g„ 

5. Given two sides of a triangle equal to 77.245 and 92.341, and 
the angle opposite the first side equal to 124° 31' 48""; to solve the 
triangle. 

Ans. The question is impossihle. 

6. Given two aides of a triangle equal to 75.486 and 92.341, and 
the angle opposite the first aide equal to 55° 28' 12" ; to solve the 
triangle. 

Ans. The question is impossible. 
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81. Theorem. The mm of two sides of a triangle is to 
their difference, as the tangent oflwifthe sum of the opposite 
angles is to the tangent of half their difference. [B. p. 13. j 

Proof. Wc have (fig. ]), 

a:i:=^ sin. A : sin. B ; 
whence, by the theory of proporlions, 

a -|_ B : u _ S — sill. A -\- sin. B : sin. A — sin. S, 
which, ex pi 



But, by (47), 



fractionally. 


,i. 


. + s. 


,m.A + ,m.B 


a—h' 


sin.^ — sin.iJ' 


in. J + sin. 
in. A — sin. 


B tang. J (A + B) 


a — i 


long. i{A+B) 
long. J (J- B)' 


I — h=^ lanf 


>■. iiA-^B): tang. J {J. 



(136) 



-B). 

82. Problem. To solve a triamgle, when tivo of its sides 
and the included angle are given. [B. p. 43.] 

Solution. Let the two sides a and h (fig. 1) be given, and the 
included angle C ; to solve the triangle. 

First. To find the other two angles. Subtract the given angle 
C from 180°, and the remainder is the sum of A and B, for the sum 
of the three angles of a triangle is 180" ; that is, 

A + J5 = 180° — C, 

J (A -|- S) = 90°— J C = eomplcraem of J C. 
The difference of A and B is then found by (136) 

a-\-i:a — h^ tang. J. {A -\- B) : tang. ^ (A ~ B). 
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But we have 

tang. J- {A -j- B) zi: cotan. j- C; 
whence 

taiig.;^ (j1 — B)~ '-^^ tang, i (.4 4-iJ) = 

The grealer angle, which must be opposite the greater side, is 
then found by adding their half sum to their half difference ; and 
Ihe siaatler angle by subtracting tbe half difference from the half 

Secondly. The third side is fomid by the proportion 
sin. A : sin. C =: a: c; 
whence 

— ?^5 
"^ '^ sin. A ' 



83. Ex. 

1. Given two sides of a triangle equal to 99.341 and 1.234, and 
their included angle equal to 169" 58' ; to solve the triangle. 
Solution. Making a = 09.341, 5 = 1,234; and 
C ^ 169" 58', \ C — 84° 59' ; 
wehavo, by (137), 



a-l(- h=. 100.575 




;ai', c 


.0.) 7.99751 


a—h^ 98,107 






1.99 no 


-^ {A + Ji) =z 5' V 




tEl 


ng. 8.94340 


)^(A — B) = 4° 53' 39" 




tai 


iig. 8.93261 


A =9^ 54' 39" 




if - 0° 7' 21" 








a - 99.341 






1.99713 


C =169' 5S' 




sii 


11. 9.24110 


A = 9° 54' S3" 




cose. 


c. 10.76419 


c ^ 100.56 






2.00241 


Ans. The 


third 


side 


— 100.56 


The other ; 


n^gle 


i 9° 54' 39' 
— 10" 7'21' 
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2. Given two aides of a triangle equal to 10.131 and 15.421, and 
the included angle equal to 41° 2' ; to solve the triangle. 

Ans. The other side = 10,236 



The other angles z 



( 98° 29' 33" 
\ 40° 28' 28" 



84, Tlieorem. One side of a triangle is to the sum of the 
other two, as their difference is to the difference of the seg- 
meMs of the first side made by a perpeTtdicida/r from the 
opposite vertex, if the perpendicular fall tuithin the triable; 
or to the sum of the distances of the exbremiUes of the base 
from the foot of the perpendicular, if it fall without the tri- 
angle. [B. p. 14.] 

Proof. Let AC (figs. 12 and 13) be the side of triangle ABC 
on which the perpendicular is let fall, and BP the perpendicular. 

From i? as a centre with a radius equal to BC, the shorter of the 
other two sides, describe the circumference CC' E'M. Produce 
AB to E' and ilC to C, if necessary. 

Then, since AO and AB arc secants, we have, 
AC : A.E' = AE : AC. 
But 

AE' :^ JB -{- BE' ^ AB -}■ BC 

AE — AB — BE :^AB — BC, 
and 

(fig. 13) AC =AP — PC = AB — PG 

{fig. 13) AC — AP H- PC " JP + PC ; 
whence 

{fig. 12) AC : AB -\-- BC = AB — BC : AP — PC 
(fig. 13) AC : AB -\- BC — AB — BC : AP -\- PC. 

85. Problem. To solve a triangle, when its three sides are 
given. [B, p. 43.] 
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Solution. On the side h (figs. 2 iind 3) let fall tlie perpendicu- 
lar BP. 

Then, by § 84, 

(fig. 2) I : c + a — c — a : PA — PC 

(fig. Z)b:c-\-a = e-~a:PA-\-PC. 

These propoi-tions give the diJference of the segments (fig. 2), or 
their sum (fig. 3). Then, adding the half difference to fhe half 
sum, we obtain tbe larger segment corresponding to the larger of 
the two sides a and c. And, subtracting tbe half difference from 
the Imlf sum, we obtain the smaller segment. 

Then, in triangles BCP and ABP, we have, by (4} and (99), 
ces.^^^^; 



(fig. 2) cos. C-~, 



(fig. 3) COS. C = — cos. BCP = —±^. 

The third angle B is found by subtracting the sum i 
from 180°. 

86. CoroUary. From the preceding section, wc liave 

(fig. 2) FA — PC=. (c 4- a)ic — ") ^ cs — 

{.^a){r.~a)_c^- 



(fig. 3}PJ + PC — 
|, added to 



(fig. 2)PA-\-FG~ AC^h 
(fig. 3)P.4 — PC~AC::^l 
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§ 88.] OliLJQlTE TRIANGLES. 

Hence 

and 

87. Corollary, If (138) is cleared from fractions it becomes by 
transposition 

a^ — fta_j-ca — Siccos. A (139) 

88. Corollary. Add unity to botli sides of (138), and we have 



Since the numerator of (140) is the difference of two sqiiarcs, it 
may be separated into two factors, and we have 



Now, representing lialf the sum of the three sides of a tciaiiglo 
by s, we have 

2, = « + J + c, (Ml) 

2s — 2o = 2(s — (■) = (i + J+c — 2<i = i-|-c — a. (142) 
If we substitute these values ia the above oquution, it becomes 

1 + o«. A = ^4*4^' = "''1 7° - ( "3) 

But, by (55), 

1 + cos. J = 2(cos, J^)». 
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(144) 



'■i'* = ^('-^r-)- ("^' 



which corresponds to proposition. LXI. of R., p. 14. 
In the same way, wo have 

,(,-5)\ 



= '/{'^^--) ('«) 



-i-=A'-^-) 



(147) 



89. Corollary. Sukract both sWes of (138) from unity, and w 
. , I' + e" — ,,' o"+2Jc— J= — e' 



26c 



(148) 



Since the numerator of (148) is the difference of two squares, it 
may be separated into two factors, as follows, 

i-c„..A=<ii=i+|LIi±±=l). 

But from (141) 
2s — 2i — 2(s — 6)^a + S + c--26 = «— & + C (149) 
2s_2c^2(s~c)^fl + 6 + c — 2c:^a + & — c. ( 150) 

If wc substitute these values in tlie above equations, it becomes 

1 _ „„, A = l(l=!L(i=f) = 3„(lzri)ilr_f) . (151) 

2 6c i c ~ ' 

But by (56), 

1 — CGs.^d = 2 (sin.j-^)^ 
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Hence, by reduction, 

.■,a.iA = v{^ —''ll'"^ ). (162) 

la the sarao way, we have 

sin. i iJ ^ ^/ ( ii'^^^^iSZ^ \ ( 153) 

90. Corollary. The quotients of (152, 153, and 15'1) divided by 
(145, 146, and 147), are by (7) 

tang, i^ ^ ^{^l:^M^^^ (155) 

t.ng..£ = v(^-fj:^) (156) 

tang..C^V(^-;?-i^). (157) 

91. Thoprothictof (143) by (151) is 

I - (COS. J)= = ll(^-i)X; -')<'-'). 

But from (9) 

1 — (cos.^)3 = (siii.^)2. 
Hence 

("■'*'= vV • . 

or 

.i..^=i-^Ii(i^"lt^l(;'-=l)!. (158, 



93. Scholium. The problem would bo impossible, if the given 
value of either side exceeded the sum of the other two. 
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93. Examples. 



[cir. V 



1. Given the llireo sides of a tilaiigio cqud to ]2."1S, 13.561, 
and 14.09] ; tosolvo the triangle. 



SuJuii 


m. First Method. 




Make (fig. 2] 


1 a — 13.34S b — 13.5S1 
c = 14.091. 




Then by § 91 






b = 13.561 ( 


ar. CO.) 8.86771 




c + a — 26.439 


1.42224 




e~a^ 1.743 


0.24130 




P^ — PC =z 3.3982 


0.53125 




PA ^ 8.4796 


0.928.38 




PC = 5.0S 14 




0.70598 


c = 14.091 ( 


ar. CO.) 8.85106 




a = 12.348 


(ar. CO.) 


8.90840 


A = 53° 0' 


COS. 9.77944 




C = 65" 42' 


:. 9.61438 


5 = 180° - 


(A + C) 




:= ISO" - 


■118° 42' =^61" 18'. 





Second Method. 
By (145, 146, and 147), 
a = 12.348 (ar. co.) 8.90840 (ar. co.) 8.90840 

b = 13.561 (ar. co.) 8.86771 (ar. co.) 8.80771 

c ^ 14.091 (ar. co.) 8,85106 (ar. co.) 8.85106 
s = 20.000 1.30103 1.30103 1.30103 



5-a:^7.652 


0.86£i77 






s-i^6.439 




0.80883 




s-c= 5.909 






0.77151 




sl I9.903,'>7 
9.95)79 


sl 19.86931 


2| 19,84865 


cos, 


9.93466 


9.92433 
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OBLIQUE T HI ANGLES. 

^A = 26'' SO', i £ = 30^ 39', ^ C = 32° 51' 
J = 53" 0', S — 6ri8', C = 65°43'. 



In the same way equations (152-154) would fuvnish a thircl 
method, (155- 157) a Iburth method, and (158) a fifth method. 

2. Given the three sides of a triangle equal to 17.856, 13.349, and 
11.111 ; to solve the triangle. 

(-93" 19' 111" 

Ans. The angles ~ { 48" 16' 24" 

{ 38" 2i' 20". 
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CHAPTER Til. 

LOGARITHMIC AND TRtGONOMETEICAL SEKIES. 

94. Problem. To develop the expression 

(I+i)' (159) 

in which i is an infinitesimal, into a aeries arranged accord- 
ing to powers of x. 

Solution. The binomial tlieorem gives at once 

But T is infinite, and gives, ihoreforc, 

7 — 1:=^, 4— 2=?,&c. fl61) 

which, substituted in (130), give 

(1 + ,) 7= 1 + ,. + ^ + ^3 + jjIjj + &o. (162) 

95. Corollary. When x— I 
(163) becomes 

(,+;)'-= i + i + i + -i.3 + ^3 + te (163) 



which we may denote by e 
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This quantity e is am of frequent occurrence in analysis, 
and is celebrated an account of its having been adopted by 
Napier as the base of his system of logarithms, which were 
called by him hyperbolic logarithms, but avu known as the 
Naperian logarithms. 

The value of e is easily computed, fi'om the consideration 
that it is the sum of tlte series (163), the first term of which 
is unity, a/nd each succeeding ter^n is obtained by dividing iJie 
preceding term by the number of the place of this preceding 
term. 



Thu, 




1)1.000000 
2)1.000000 

3) .500000 

4) .166667 

5) .041667 

6) .008333 

7) .001389 

8) .000198 

9) .000025 






(1 + 0' = 


.000003 






e " 2.71828 


(16-1) 


The sislh pkc 


;e is neglected, ii 


1 the sum of tho decimals, t 


IS being 



96. Corollary. The alli power of e is Ijy (164 and 163) 
.•=(l + <f =l + i + .j?g+j|^ + &c. (165) 

97. CoroTlury. The *"' power of e is 

.• = l + i. (166) 
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98. Corollary. The logarithm of (166) is 

log. (l+i)^^Iog.c, (167) 

which gives, by reversing the sign of i, 

log. (1— i}= — ilag. e. (168) 

99. Problem. To develop log. (1 — x) into a series of 
terms arranged according to the powers of x. 

Solution. Let tlie series bo denoted, as follows, 

log.(l— a') = iI + ^iK+^2a;2-j-&;c. ..+A,a;" + &.C. (169) 

30 that the nrnnhor below the letter denotes the power of x of which 
the letter is the coefficient. 

First. To find the value of A ; let 



which reduces (1C9) to 

log. 1 ^ y! = 0. 

Secondly, To find the value of j^ ^ ; let 



3 that all the powers of a except the first can be neglected in the 
ccond member of (169), and the equations (168, 169, and 170,) 



los(l — •) =^,» = — ilog. e 


(171) 


A, = -\„g.,,. 


(172) 


Thirdly. To find iho value of 7l„ ; let r, r', r" 


, &c. be the rools 


of the equation 




a^"= 1, of.T"— 1 = 0, 


(173) 



and by the theory of equations, wc have for all values of x 
a^ - 1 = (:, - r) (,. - r') (i - ,") &c. 
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Moreover the product of tlic negatives of the roots of an equation 
is equal to ihc constant term, which is, in tliia caae, — 1, that is, 

-^l^(-r){-r'){-r-')&.c. (175) 

The quotient of (174) liy (175) is 



the logavlilim of whlcl. m 

log. (I - ." ) - log- ( ' - ^) + '"S- (^ ~ .?) 

+ log. ^1— -^W&c. (177) 

But by siibstiluting x" for x in (169), and the values of ^ and j1, 

log. (1— a:") — —log. e X" + A^ x'" -{^ &.C. (178) 

and any term of the second member of (177), as the first, is 
by (169) 

log. ('l— -\ = — log. e- + &,c +A„^-. (179) 

Since *■ is a root of the equation (173), that is, since ■ 

r^^l, (180) 

the term of (179), multipUed liy i-", becomes A„ x", which is indepen- 
dent of the particular root r, r', &c., and, therefore, the same for 
each term of the second member of (177). The sum of alt the 
terms of the second member of ( 177), which are multiplied by x", is 
equal 10 cither of them multiplied by their number, which is n, that 
is, it is 

nA,,:c\ (181) 

Hence this term must be equal to the term of (178), which ia 



lultiplicd by *", or 



I A^sf^. —log. e K~ (182) 
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A„= — ~\og.e, (183) 

and the resulting value of (169) is 

los.(l-a.) = log.e(-:.-i^^-i,r3 — J.a.*-&c.) (184) 

100. Corollary. By reversmg the sign a? x (184) becomes 
log.(l+^)^log.e(^-i<«s + i^=-i.i.* + i.«.^-&e.) (185) 

101. Corollary. The reraduder of (185) diminished by (184) is 
^^g- \~ ^ ^ ^•'^- « (^ + i --^^ + r ^'^ + I ^^ + &c.) (186) 

102. Corollary. Since 

. + . = .(>+=) 

we have by (185) 

log.(a + «)=lcg-a + log. (l+^) 

^log.a+log.eQ-|j4-.J^-i^^ + &c.) (187) 

103. CoroUary. Equations (184), (185) and (186) may be used 
in calculating logarithmic tables. But, for this purpose, log. e must 
first be obtained, which is very easy, since it is, by the dcfiuition of 
logai-ithniis, the root of the equation 

10' = 6 ^ 2.71828 
which gives 

log. e = x— 0.43429. (188) 

104. Examples. 
1, Find the logarithm of 1.1, 
Solution. By making in (185), 

x — O.l 
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we have 

j- ,t2 — 0.005 
i i>:-'^ — 0.000333 
1 ai = 0.000025 
■J «s ^ 0.000003 

vvhenco w — i s^ -|~ -^. ic^ — -J a-'* = 0.09536 

log. (l-f-a') = (0.09536) (log, e) = 0.09536 X 0.434-:;9 — 0.04139 

2. Find the logarithm of 625, knowing that 

log. 624 = 2.79518. 

Solution. Iq this casts we have in (187) 

and - is so small, that ils siiuarc and higher powers may he neg- 
eeted in (187), whence 

log. 625 =- lo2. 624 + -^^°ll 

I. 

" 624" 
:= 3.795ES. 

3. Find the logarithm of .9. ^ws.— 0.04576 or 9.95434. 

4. Find the logarithm of 1.01. Atis. 0.00433. 

5. Find the logarithm of 1.095. Ans. 0.03941. 

6. Find the logarithm of 1.003. Ans. 0.00130. 

7. Find the logarithm of 463, knowing that 

log. 462 z=: 2.66464. 

Ans. 2.66558. 
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8. FiiiJ the logarithm of 1291, knowing that 

log. 1290 — 3.11059. 

Ans. S.n093. 

9. Find tlic logarithm of 12^.6, Iniowiiig that 

log. 123 — 2.08991 

Ans. 2.09202. 

105. Problem.. To express sines and cosines by means of 
exponential functions. 

Solution. The first memher of tho equation 

cos.^ z + sin.2 - 1 (!89) 

may be written cos.^ x — ( — sln.^ x), that is the dilfcrence of the 
two squares cos.^ x and ( — sin.^ a:), of which the roots are cos. x 
and sill, x h/ — 1. This first member is, therefore, the product of 
the sum and difference of these two roots, or (189) may he written 

(cos.x-j-sin.rV-l){cos.,i^sin.^.V-!)-l- 
The logarithm of this equation is 
log, (COS. «, + ™...V-l) + log- (■>«■«-">"■• V-1) = 
or 

ll,g.(0OB..+ sill.»V~l) = -log.(CO8.j;.-sil,.jV-!)-(™) 

Denote either member of 190 by y, so that 

log. (cos.i + sm.,...v/-l) = S, 

log. (eos. ^■-sm..T.V— 1)=-!, (191) 

COS. i + siii. «. V- 1 = !»'. cos. I — sin. x.^—\ = M-'. (192) 
Tile Slim of the two last equations is 

2 eos. at = 10* + 10-'. (193) 
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Hence by (55 and 56) 

of which the square rools arc 

COS. ^.r — ^ (10''" + 10"^") 

sin. ^x'Z — l-i (10*" — 10^'") 

and the sum of these two equations is 

COS. ix-^ sin, ■ a^. v" — 1 = lO"^^- (^94) 

Tlio comparison of (194) with the firat equation of (192) shows that 
K may he changed into J x, provided that jf is changed into ^ y. The 
same changes may, ihereforo, also be made in (194), or i x may be 
changed into its half, that is, into J x, provided J 3/ is changed into 
I y, which gives 

COS. J. a^ -f sin. J ,1; . V — 1 — 50''^ (1S5) 

A repetition of this change gives 

COS. i ^ + sin. i ^ . V - 1 -= 10^". (196) 

By continuing this process, x may be divided by any power of 2, 
however great, provided y is divided by the same power. Let, 
ihon, 



COS. — + sin.-'-. ^—1= 10 . (198) 

The logLiritlim of wlilcli is 

log. { COS. ~ + sin. ^ v* — 1 ) " -^- (199) 

But if in ( i97) n is made infinite, m will also he infinite, and — will 
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be an infinitesimal, whoso cosine is utiiiy and sine oqual to Its arc, 
that is, (199) becomes 

log. (I+|V-1)=£. (200) 

But, again, since — is an infinitesimal, (200) becomes by means of 
(167) 

log. e. ^^—1=1, OY ij - w a/ — 1 log. e, (201) 

which substituted in (191) gives 

log.(cos.^ + sin.a:.V-l)^^V-I-log.e = log./^-' 

log.(cos..7._sin,.V-l) = -^V-ll"g-''-loS-^"''^'"' (202) 
or 

cos. s; -j- sin. .-c . V — 1 ^^ c^'^~ 

cos.«~sin.^.^/-l^€-^-'-'■ (203) 

106. Corollary. Half the sum of (203) is 

COS. K— ^(e^^-i + e-^^'-^-i), (204) 

and half their difTerencc, multiplied by v* — li 's 

sin. z = ~^ (eW-i _ e- w-i) ^ ._ i. (205) 

107. Problem. To develop co.'!. x and sin. x in sines 
arrcmged according- to powers ofx. 

Solution. Since we have 
{x^/—\f=—x%{x^/—^f=.-~w'i^^—U{x^/—Vf=x\&i<z.{9.m) 
the substitution of * V — 1 for k in (165) gives 
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which gives Ly reversing tlio sign of x 



-^T^ 



-&c. 



1.2.3.4.5 

Half ihe sum of (207) and (208) is, by (204), 

COS. . .. 1 _ {-! + ^ - — ^-l^g + &c. 
Half their JiiiereHee, multiplied hy ^/—l,hhy (205) 

which are the series required. But it must not bo forgotten that, in 
the second member of these equations, x is expressed in terms of 
the radius as unity, 

108. Corollary. Equations (209) and (210) can be used for cal- 
culating tables of sines and cosines. 



(209) 



(210) 



109. ExAMrLES. 

1. Find tbe sine and cosine of 13° 25'. 



SoMion. In this case w 


= (13" 25') sin. 1' = S05 sin. 1' 


iy (13) 




1 = 


z 805 X 0.0002908 — .2341G4 


i°- = 0.027419, 


-^ — 0.002140 


j;|ij= 0,000125, 


j3it_= 0.000006 


Hence cos. r — 0. 97271 


sin. X ~ 0.23203 


2. Find tlie sine and cosi) 


10 of 6" 10'. 




Arts. sill. 6° 10' izz 0.10742 




COS. 6' 10' — 0.99421 
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3. Find tho sine find co^ino of T. 

Am. sin. 3" = 0.052:M 
COS. r = 0.99863 

4. Find tho sino and ccsinn of 10" 38'. 

Ans. sin. 10' S8' = 0.1S452 
coa. 10° 38' = 0.98283 
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CHAPTER I. 

PLAINE RAILING. 

1, The daily revohition of the earlh is performed aronnd a 
slraight line, passing ihroLigh its centre, whicli is called tliR 
earlh's axis. 

The extremities of this axis on Ihe surface of the eartli are 
the terrestrial jiolos, one being the north pole, and tlie other the 
south pole. 

The section of the earth, made by a plane passing throngh 
its centre and perpendicular lo its axis, is the terrestrial equator. 
IB. p. 48.] 

3. Parallels of laliSude axe the circumferences of small cir- 
cles, Ihe planes of v/hich are parallel to the equator. 

3. MEridlnns are the circnmferenees of great circles, which 
pass from one pole to the other. 

The first meridian is one arbitrarily assumed, lo which all 
others are referred. In most countries, that hap been taken as 
Ihe first msridiau which passes through the capital of the 
eon n try. 

A. The laiihido of a place \b its angular distance from Ihe 
equator, the vertex of the angle being at Ihe ceniie of the 
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earth ; or, it is the arc of the meridian, passing through the 
place, which is comprehended between the place and the 
equator. [B. p. 48,] 

Latitude is reckoned north and south of the ef[tiator from 0° to 90°. 

5. The difference of laiilude of two places is the angular 
distance between the parallels of latitude in which they are 
respectively situated, the vertex of the angle being at the centre 
of the earth ; or it is the arc of a meridian which is compre- 
hended between the parallels of latitude. [B. p. 63.] 

The difference of latitude of two places is equal to the dif- 
ference of their latitudes, if they are on the same side of the 
equator; and to ike sum of their latitudes, if they are on 
opposite sides of the equator. B. p. 50.] 

6. The longitude of a place is the angle made by the plane 
of the first meridian with the plane of the meridian passing 
through the place ; or it is the arc of the ec[iiator comprehended 
between these two meridians. [B. p. 48.] 

Longitude is reckoned East and West of the first meridiaa from 
0° to 180° ; or it may be reckoned towards the west from 0° to 360°. 

7. The difference of longitude of two places is the angle 
contained between the planes of the meridians passing through 
the two places ; or it is the arc of the equator comprehended 
between these two meridians. 

The difference of longitttde of tioo places is equal to the dif- 
ference of their longitudes, if they are on the same side of the 
first meridian ; and to the sum, of their longitudes, if they are 
on opposite sides of the first meridian, unless their sum be 
greater than 180°; in which case the sum must he subtracted 
from 360° to give the difference of longitude. jB. p. 50.] 

8. The distance between two places in Navigation is the 
portion of a curve which would be described by a ship sailing 
from one place to the other in a path, which crosses every 
meridian at the same ansjle. [B, p. 5^,] 
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9. The course of the ship, or the bearing of the two places 
from each other, is the angle which the ship's path makes with 
the meridian. [B. p. 52.] 

10. The departui-c of two places is the distance of either 
from the meridian of the other, when they are so near each 
other that the earth's surface may be considered as plane and 
its curvature neglected. But, if the two places are at a great 
distance fcom each other, the distance is to be divided into 
small portions, and the departure of the two places is the sum 
of the departures corresponding to all these portions. 

11. Instead of dividing the quadrant into 90 degrees, navi- 
gators arc in the habit of dividing it into eight equal parts 
called poiWs; and of subdividing the points into halves and 
quarters. A point, therefore, is equal to one eighth of 90°, or 
to 11° 15'. [B. p. 52.] 

Names are given to the directions determined by the differ- 
ent points, as in the diagram (fig. 14), which represents the 
face of the card of the Mariner's Compass. 

The Mariner^s Compass consists of this card, attached to a 
magnetic needle, which has the property of constantly point- 
ing toward the north, and thereby determining the ship's 
course. 

On page 53 of the Navigator a talile is given of the angles which 
every point of the compass mates with the meridian, and on page 
169, table XXV. the log., sines, &c. are given. 

12. The object of Plane Sailing is to calculate the Distance, 
Course, or Bearing, Difference of Latitude and Departure, 
when either two of them are known. [B. p. 52.] 

13. Problem. To find the difference of latitude and depar- 
ture, when the distance and course are known. [B. p. 54.] 

Solution. First. When the distance is so small that the curvature 
of the earth's surface may bo neglected. Let JB (fig. 15) bo tlie 



d by Google 



C8 NA7ICATI0N AKD SCRYEYIKO. [CH. - 

distance. Draw through A the meridian AC, and let fall on it the 
perpendicular BC. The angle A is the eourse, AC is the difference 
of latitude, and BC is the departure. Then, by (91 and 22), 

Wff. of lat. :^ dlst. X COS. course, (211) 

Departure — dist. X sin. course. (912) 

Secondly. When the distance is great, as AB (fig. 16), then divide 
it into smaller portions, as j1 a, n 6, 6 c, &.c. Through the points 
of division, draw the meridians AN, an, bp, &c. Let fall the per- 
pendiculars a m, h n, ep, &c. Then, as the course is every where 
the same, each of the angles niA a, nah, phc, &c. is equal to the 
angle A, or the .course. Moreover, the distances. Am, an, Sy, &e. 
are the differences of latitude respectively of A and a, a and b, b and 
c, &.C. Alsonm, hn, ep, &,c. are the departures of the points ji 
and a, a and b, b and c, &c. Therefore, as the difference of lati- 
tude of A and B is evidently equal to the sum of these partial dif- 
ferences of latitude ; and as the departure of A and B is by "§ 10 
equal to the sura of the partial departures, we have 

Diff.oflat, — Am -\- a n + I p -\- &c. 

Departure z:^ am'\-bn~^cp-\- &c. 

But the right triangles viAa, nab, pbc,&La. give by (211) and 
(212) 

Am— AaX cos. course, am— AaX sin. course ; 
a « = a b X COS. course, h n ^ ah X sin. course ; 



&c. &c. 
The sums of these equations give 

Diif. of lat. ~z Am-]ran-\-hp-\- &c. 

^ (Aa+ah-\-bc^ihc.) Xc 
Departure ~ am -\. /, n -[- r. p -\- &c. 

-(./[« + «ft-f-?-c-[-&c.) X f 
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DilT. of lat. :^ (list. X ■'-O'-'' course, 
Departure — dist. X sin. Rourse ; 
precisely tlie same witli (211) and (212). 

This shows that the method of calcnlating the difference 
of latitude and departure is the same for all distances, and 
that all the problems of Plane Sailing may he solved by the 
right triangle (fig. 15). [B. p. 52.] 

Tables of difference of latitude and departure are given in pages 
1-6, Tables I. and II. of the Navigator, which might be calculated 
by (211) and (212). 

14. Problem. To find the distance and difference of latitude^ 
ivhen the course amd departure are known. [B. p. 55.] 

Solution. There are given (fig. 15) the angle A and tlio side BC. 
Hence, by (23) and (24), 

Distance — departure X cosec. course, (213) 

DifF. of lat. z= dcpai-turc X cotan. course. (^^4) 

15. Problem, To find the distance and departure, when the 
course and diffet'ence of latitude are known. [B, p. 55.] 

Solution. There are given (fig. 15) the angle A and the side 
AC. Then, by (25) and (26), 

Distance — diff. of lat. X sec. course, (215) 

Departure — diff. of lat. X tang, course. (216) 

16. Problem. To find the course and difference of latitude, 
when, the distance and departure are known. [B. p. 27.] 
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Solution. There arc given (fig. 15) the hypothcnuse AB tind tbe 
side BC. Then, by (27) and (2»), 

sin couTso = ''^P^'''"'"'^ (217) 

Diff. of lat. — rt/[(dist.s) — (depai-tme)^]. (2S8) 



IZ- Problem. To find the course and departvre, when the 
distance and difference of laiUude are known. [B. p. 56.] 

Solution. There are given (fig. 15) the hypotheniiso An and the 
leg AC. Then, by (27) and (29), 

diff. of lat. 



distance 
Departure = V[{clist.)3 — (diff. of iQt.)^]. 



(219) 



18. Problem. To find the course and distance, when the 
departure and difference of latitude ore known. [B. p. 57.] 

Solution. There are given (fig. 15) the legs AC and BG. Then, 
by (30) and (32), 

departure ,,.,. 

Dist. — diff. of lal. X sec. course. (223) 

19. Examples. 
1. A ship sails from latitude 3° 45^ S., upon a course N. by E., a 
distance of 2345 miles ; to find the latitude at which it arrives, and 
the departure which it makes. 

Ans. Latitude — 34° 35' N. 
Departure =::: 458 miles. 

3. A ship a[ f mi ul 6 10° N., upon a couse W. N. W., 
till it make I p f 1000 es ; to frnd the latitude at which 
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in Latitude — 69° 13' N. 
Distance ::::; 10S3 miles. 
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3. The bearing of Paris from Athens is N. 54° 56' W. ; find the 
distance and departure of tliese two places from each other. 

Ans. Distance = 1135 miles. 
Departure = 929 miles. 

4. A ship sails from latitude "2° 3' S,, a distance of 2000 miles, 
upon a course between the north and the west, iliat is, northwesterly, 
until it makes a departure of 100 miles ; find the latitude at which it 
arrives, and the course. 

Ans. Latitude — 43° 11' S. 

Course = N. 30° W. 

5. The distance from New Orleans to Portland is 1257 miles ; 
find the hearing and departure. 

Ans. Bearing = N. 49° 24' E. 

Departure =. 954 miles. 

6. The departure of Boston from Canton is 8790 miles ; find the 
bearing and dislanee. 

^Ins. "Bearing — N. 82° 31' E. 

Distance =. 8S65 miles. 
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TRAVERSE SAILING. 

20. A TitA¥ERSE is an irregular track made by a ship when 
sailing on several different conrses. 

The object of Traverse Sailing is to reduce a traverse to a 
single course, where the distances sailed are so small that the 
earth's snrface may be considered as a plane. [B. p. 59.] 

31. Problem. To reduce several successive tracks of a ship 
to one ; thai is, to find the single track, leading to the place, 
which the ship has actually reached, by sailing on a traverse. 
[B. p. 59.] 

Solution. Suppose the ship to start from iho point A (fig. 17), 
and to sail, first from A to B, then from B to C, then from C to E, 
and lastly fronn E io F ; to find the hearing and distance of 
F from A. Call the differences of latitude, correspondlDg to the 
1st, 2d, 3d, and 4th tracks, the Isl, 2d, 3d, and 4th differences of 
latitude; and call the coiTespoiiding departures the 1st, 2d, 3d, and 
4th departures. Then we need no demonstration to prove that 
Diff. of lat. of ^ and J" — 1st difE of lat. — 2d difF. of iat. 
+ 3d diff. of lat. — 4th diff. &c. ; 
or that the difference of latitmle of A and F is found by 
toMng the sum of the differences oflaiitude corresponding to 
Ike northerly courses, and also the swm, of those corresponding 
to the southerly courses ; and the difference of these svans is the 
required difference of latitude. 

By neglecting the earth's curvature, we also Iiavo, 

Dop. of A and F = 1st dep. — 3d dep. — 3il dep. -j- 4tli dcp. 
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or the departure of A and F is found by talcing the sum of 
the departures con'espondiiiff to the easterly courses, also the 
sum of those corresponding to the westerly courses; and the 
difference of these sums is the required departure. 

Having thns found tlie diiference of latitude and depar- 
ture of A and F, their distance and bearing are found by 
^18. 

22. The calculations of traverse sailing are usually put 
into a tabular form, as in the following example. In the 
first column of the table are the numbers of the courses ; in 
the second and third columns are the courses and distances ; 
in the fourth and fifth columns are the differences of lati- 
tude, the columns headed N, corresponding to the northerly 
courses, and that headed S, to the southerly courses ; in the 
sixth and seventh columns ai'e the departures, the column 
headed E, corresponding to the easterly coui'ses, and that, 
headed W, to tlie westerly courses. [B. p. 59.] 

23. Examples. 

1. A ship sails on several successive tracks, in the order and with 

the coiii-ses and distances of the first three columns of the following 

table ; find the bearing and distance of the place at which the ship 

arrives, from that from which it started. 



No. 


Couree, 


Dist. 


N. 


S. 


E. 


W. 


1 


N. N. E. 


SO 


27.7 




11.5 




2 


N. W. 


80 


56.C 






5G,6 


3 


West. 


60 








60.0 


4 


S. E. hy S. 


55 




45.7 


30.6 




5 


North. 


43 


1 43.0 








6 


S. by W. 


152 




149.1 




29.7 




Sum of c 


slumns. 


137.3 


194.8 
127.3 


42. J 


146.3 
42.1 



z 67.5 S. dcp. = 104.2 W. 
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Dep. =z 104.3 2.01787 

Difi". of lat. — C7.5 (ar. co.) 8.17070 1.R3930 

Bearing — 57" 4' l^ing. 0.18657 sfic. 0.36467 

Dist, = 124.3 2.09397 

Ahs. BcLiring z:=. S, 57" 4' W. 
Distiince := 124,3 miles. 

2. A ship sails on the followiDg successive tracks, South 10 miles, 
W. S. W. 25 miles, S. W. 30 miles, and West 20 miles ; it is bound 
to a port which is at a distance of 100 miles from the place of start- 
ing, and its bearing is W, by S. 

Required the bearing and distance of the port to which the ship ia 
bound, from the place at which it has ai'rived, 

Ans. Bearing — N. 57" 47' W. 
Biatancc rr 40 miles. 
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CHAPTER III. 



TARALLEL SAILING, 



94. Paeallel Sailing considers only the case where the 
ship sails exactly east or west, and therefore remains con- 
stantly on the same parallel of latitude. Its object is to 
find the change in longitude corresponding to the ship's 
track. [B. p. 63.] 

25. Problem. To find the difference of longitude in parallel 
sailing-. [B. p. 65.] 

Solution. Let A B (fig. 18) be the dislanee sailed by tlio ship on 
the parallel of latitude A B. As the course is exactly cast or west, 
the distance sailed must be itself equal to its departure. 

The latitude of the pai-allel is ADA' or A A'. The angle 
AEB = A'DB', or the ai'c A' B, is the difference of longitude. 
Denote the radius of the earth A' D = B' D ^ AD by R, and the 
radius of tiie parallel AE ^i B E by «■ ; also the circumference of 
the earth by C, and tliat of the parallel by c. 

Since jlBaiid A' B' correspond to the equal angles AEBixnA 
A' D B', they must be similar arcs, and give the proportion, 

AB:A'B'^c:C, 

or Dcp. r diff. long. — c : C. 

But, as circumferences are propoi-tional to tlicir radii, 

G-.C-r-.R. 

Hence, leaving out the couimon ralio, 

Dop. : difi'. long. = r : S. 
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Putting the product of the extremes equal to tlial of tlic meiins, 

r . (liff. of long, =1 R . lieparturo. 

But, in the triangle A D E, since 

DAE — ADA' = lutitudc, 

we have, from (33), 

r = R X COS. lat. 

which, substituted in the above equalioii, gives, if tho result is di- 
vided by E, 

riilF. long. X COS. lal. — departnro. (233) 

Hcnco, by (8), 

Diff. long. = ^"^ ^ dep. X see. kt. (324; 

° COS. lat. ' * 

26. Corollary. Since the distance is the same bs tho departure in 
parallel sailing, the word distance may be substituted foi- departure 
in (223) and (224). 

27. Corollary. It appears, from (223) and {^24,) that if ii 
right Iriangle {fig. IS) is codstnicled, the hypothenuse of whicEi 
is the difference of longitude, and one of the acute angles the 
latitude, the leg adjacent to this angle is the departure. AH 
the cases of parallel sailing ^nay, then, be reduced to the solu- 
tion of this triangle. 

28. Problem,. To find the distance between iv}o places ivhich 
are upon the same parallel of latitude. 

Solution. Tliis probiom is solved at once by (■:i23). 

29. The Table, p. 64, of the Navigator, which " shows for every 
degree of latitude how many miles distant two meridians are, whose 
difference of longitude is one degree," is readily calculated by this 
problem. 
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30. E X AMPLE H. 

1. A sliip sails from Boston 1000 miles exactly east; find tlie 
longitude at which it arrives. 

Atis. Longitude sought = 48° 33' W. 

2. Find tho distance of Barcelona (Spain) from Nantucket (Mas- 
sachusetts). 

Ans. Distance t= 3252 miles. 

3. Find the distance between two meridians, whoso difTercnce of 
longitudo is oiie degreo in the latitude of 45°, 

Ans. Distance =:: 43.43 miles. 
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CHAPTER IV. 

MIDDLE LATITUDE SAILIKG. 

31. The object of Middle LaiUude Sailing is to give an ap- 
pvoximalive method of calciiiating llie difference of loiigilude, 
■when the difference of latitude is sioall. [B. p. 156.] 

32. Problem. To find the difference of longitude by Middle 
Latitude Sailing, when the distance and course are known, 
and also the latitude of either extremity of the ship's track. 
[B. p. 71.] 

Solution. The difference of latitudo and dcparturo are found by 
(211) and (SIS), 

diff. lat. =: [list. X COS. course 
dtpailme — 1 £ X ^n cciiisr 

T!io difference of longitude nnj liPn be found bj meins of (224) 
But there is a difficulty with r^^id to the htitude tc bp used m 
(224) ■ for of the two estremitit-s of the ^-hip s ti-acl , ho latitude of 
one IS mailer wl le fl e latitude of the othei exticmity n larger 
than tie li t \e of the rest of the track Nivigitors have evaded 
ths d ftic Ity by ns ng tie Middle Latitude between the two, aa 
sufficiently accurite when the diflcionce of liiitude !« small Now 
the m dd lat tnde is the aiithmetical mean between the latitudes of 
the eftiem t so that we havo, 

M 1 io 1 — ? of the kis. of the extremities of tho 

track (235) 

and b^ (^'1) 

dilF. long. — 'J'--p'»-t"r e __ ^^^^ ^.^^ ^^^^ 

" iifta mill hi*. * ^ ' 
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or, by substituting (212), 

diff. long. = dist. X «'"■ course X sec. mid. lat. (227) 

" This method of calcolaflng the dilTereaee of longitude may be 
rendered perfectly accurate by applying to tbe middle latitude a 
correction," which is given in the Navigator, and the method of 
computing which will be explained in the succeeding chaptei'. 
[B. p. 16.] 

33. By combining the triangle (fig. 15) of Plane sailing 
with that (fig. 18} of Parallel sailing, a tnangle {fig. 19) is 
obtained, by which all the cases of Middle Latiiude sailing' 
•may be solved. 

34. Problem. To futd the distance and bearing of two 
places from each other, lohen their latitudes and longitudes 
are known. [B. p. 68.] 

Solution. From (fig. 19) we have 

departure ^ diff. long. X cos. mid, lat. (228 

departure ,^-,^, 

,„g.b»™g =,1;.,.-;;- P29) 

dist. — diff. lat. X sec. hearing. (230) 

35. Problem. To find the course, distance, and difference 
oflon^tude, when both latitudes and the departure are given. 
(B.p.70.] 

Solution. The difference of longitude is found by (226), tho 
course hy {229), and the distance by (230). 

36. Problem. To find the departure, distance, and differ- 
ence of longitude, when both latitudes and the cowse are 
given. [B. p. 72.] 

Solution. The departuro is found by the formula 

departure ~ diff. lat. X tang, course ; (231) 
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the distance by (230) ; and tlie difference of longitude may be found 
by (226), or by aubstitotiisg (231) in (226) 

diff. long. = diff. iat. X tang, course X sec. mid. lat. (232) 

37. Problem. To find the course, departure, and difference 
of longitude, when both laliludes and the distance are given. 
[B.p.73.] 

Soltilion. The course is found by the formula. 

tho departure by 

departure ~ dist. X sin. course ; (234) 

and the difference of longitude by (226). 

38. Problem. To find the difference of latitude, distance, 
and difference of longitude, when one latitude, course, and 
departv/re are given. [S. p. 74.] 

Solution. The difference of latitude is found by the formula 

diff. lal. ^^ dep. X cotau. course ; (235) 

the distance by the formula 

dist. — dep. X cosec. course ; (236) 

and tlie diffei-ence of longitude by (226). 

39. Problem. To find the course, difference of latitude, and 
difference of longitude, when one latitude, the distance, and 
departure are given. [B. p. 75.] 

Solution. The course is found by the formula. 

.i„.oon,,o=i°>;-, (237) 

dist. ^ ' 

the difference of latitude by the formula 

diff. lat. = dist. X cos. course ; (238) 

and the difference of longitude by (226). 
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MIDDLE LATITUDE SAILIKfi. 



1. A ship sailed from Halifax {iVova Scotia) a disianoe of S50!> 
miles, upon a course S. 79" 34' E. ; find llic place at which it 
arrived. 



olution 


•• By § 33, 






dlsf. 


=i2509 


3.39950 


3.39950 




3 = 79" 34' 


COS. 9.25790 


sin. 9.99276 



m. lat. iz; 454' = 7" 34' S. 9.65740 

given lilt. := 44" 3G' N. mid. lat. — 40° 49' 

required kt. — 37" 2' N. eor. it:: 7' 

cor. mid. lat. l-iz: 40° 56' i 
diff. long. = %2QW ^ 54" 26' E. 
given loiig. — 63" 38' W. 

required long. = 9° 2' W. 

Ans. The placo arrived at is 
a Portugal. 

ind dista 



) mile south of Capo Si. Vincent 



2 of Oar 



1 Washii 



2. Find the bearin 
Solution, by ^ 34, 
lat. of Washmgton — 38" 53' N. long. = 77" 3' W. 



lat. of Canton — 23" 7' N. 



loiiff. ^ 113' 14' E. 



d!ff. lat. =946'= 15" 4G^SLlm of longs.— 190" 17' 

mid. lat. i^ 31" 0' difF. long. = 169" 43'- 10183' 



cor. mid. lat.:::; 31° 31' c 


.OS. 9.930f>9 


dif!'. long, = 10183' 


4.00788 


ditf. lat. = 946' ar. 


CO. 7.02411 



bearing =S. 83"47'W. 
dist. :::r 8732 miles. 



, 10.06266 sec. 10.96524 
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3. A ship sails from New York a distance of 675^ miles, upon a 
course S. E. ^ S. ; find tlic place at which it arrives. 

Ans. Three miles to the west of Georgetown in Bermuda. 

4. Find the hearing and distance of Portland (Maine) from New 
Orleans. 

Ans. The hearing == N. 49° 24' E. 

The distance = 1257 miles. 

5. A ship from tlie Cape of Good Hope sails northwesterly until its 
latitude is 32° 3' S., and Its departure 3110 miles; find its course, 
distance sailed, longitude, and its distance from Cape St. Thomas 
(Brazil). 

Ans. Course — N. 76° 38' W. 

Distance = 3197 miles. 

Longitude = 40° 36' W. 

Distance to the Cape St. Thomas =: 22 mdcs. 

6. A ship sails from Boston upon a course E. by N. until it ai-rives 
in latitude 45" 21' N. ; find the distance, its longitude, and its dis- 
tance and bearing from Liverpool. 

Ans. Distance sailed = 92.'! miles. 

Longitude ~ 50° 10' W. 

Distance from Liverpool ^ 1905 miles. 

Bearing from Liverpool :iz S. 75° 32' W. 

7. A ship soils soutliwesterly from Gihraltar a distance of 1500 
miles, when it is in latitude 14° 44' N. ; find its course and longitude, 
and distance from Cape Verde. 

Am. Course — S. 31°17'W. 

Longitude = 19M9'W. 

Disl. from Cape Verde = 133 miles. 
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8. A ship sails from Nantucket upon a coui-ae S. 62° 11' E., until 
its departure is 2274 miles ; find the distance sailed, and tlio place 
arrived at. 

Ans. Bisfance = 2571 miles. 
The place arrived at is 361 miles north of Santa Cruz. 

9. A ship sails southwesterly from Land's End (England) a dis- 
tance of 3461 miles, when its departure is 3300 miles; find the 
course and the place arrived at. 

Ans. The course = S. 72° 27' W. 
The place anived at is Charleston (South Carolina). 
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mercatob'8 sailing. 

41. The oLject of Mercaior's Sailing Js to give an accu- 
rate method of calculating the difference of longitude. [B. 
p. 78.] 

42. Problem. To find the diferencc of longitude, when 
the distance, the course, and one latitude are known. 

Solution. Let AB (fig. 16) be llie ship's track. Divide it into 
the small portions A a, ah, 5 c, &c., wiiich are aucli that the differ- 
ence of longitude is the same for each of them, and let 



L — the latitude of A, 

L'— the latitude of B, 

I = the latitude of one of the points of division as h, 

I' = the latitude of the next jioint c, 

C=: the course. 

The distance 5 c may then bo supposed so small, that the formulas 
of middle latitude sailing may be applied to it ; and (232) gives 

d — {l' — l)X tang. C X sec. J {I' + I), (239) 

(240) 



.OS, i {I- + 0' 
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M.orfs 


SAILIN-G. 




85 


But, -i 


(f- 


-Oi,. 


small ar 


ccxp»»odlnmin 


utes, and 


by (14) 






!{!'■ 


- 1} sh 


1. 1' ^ 


«in.H^'- 


■'); 


(211) 


which 


, SLibstiiuted ii 


. (240), 


gives 












id,; 


;n. V cotun. C = 




4- ;r 


(243) 



Let now 



m=ld sin. I' eotan. C ^ -!!!!liij_-i? , (243) 

COS. -.^ (I -\- I) 



and (243) may be written in the usual foi-ra of a propordc 

whence, liy the tlieoiy of proportions, 

COS. i {V + q + sin, i {V - I) _ l+». 
o".i (i' + !) -sin. !(!'-;)- l-m- 



(245) 



But if in (47) wc put 

A = »- i [l< + l),JS = i [t - I), (246) 

A-\- B^^Q" — i,A-~B—m' — V, (247) 

and (47) becomes 

CO.. 1 {V + l) + «in. ^ {V - l)_ cotan. (45° - j V) . 

COS. ^ (Z' + — sin. J (i' — ;) "^ cotan. (45" — -^1)' ^ ' 

wbence, if we put 

Mz^yi-^, (249) 

"*"'i!S~!!'! -^^- (350) 

cotiin. (4E)° — JO * ' 

Hence, the successive values of cotan. (45° — ^T) at the points 
A, a, h, &c., form a geometric progression; and if 

D =; the difference of longitude of A and B, 

M ^= the number of portions of AB ; 
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we litwe, by (343), 

D_ D,m.V 

<! " amtaiig. C ^ ' 

and by the theory of geometric progression 

ootoii. (45° — J i') = cotaii. (45° — J I) », (252) 
and by logaridima 

log. colan. (45" — J I') — '"B- «"'"• (45° — -J i) = log. if. (253) 
If, lastiy, wc put 

e = iff" (254) 

we liave 

Jf- = e •"'■ "■ (25S) 

wliich, substituted in (353), gives by a simple reduction 

L ""^'^"' log, cotan. (45° — 4- Z') _5^!^£^ w, cofan. (45° — ii) | 
log. e " log. e * ^ ' J 



log- 
calculated for every mile of latitude, and inserted in tables. 
[E. Table III.] It is called the Meridional Parts of the 
Latitude, and the method of computing it is given in the fol- 
lowing section. 

The difference beiweeti the meridional parts of the two lati- 
tudes, when the latitudes are both north or both south, is called 
the Meridional Difference of Latitude ; but when one of the 
latitudes is north ajid the other south, the sum of the meridional 
parts is the meridional difference of latitude. 
Hence (257) gives 

B =z d!ff. long. = mer. diff. ht. X tang, course. (258) 
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43. Corollary. The difference of longitude is (fig. 20) the 
leg DE of a right triangle, of which AD is the meridional 
difference of latitude, and the angle A the course ; and by 
combining this triangle with the triangle ABC of plane sailing, 
aU ike cases of Mercaior^s Sailing are reduced to ike soltUion 
of these two similar right triangles. 

44. Froblem. To calculate the Table of Meridional Parts. 

I. In finding the value of e, the portions of the distance are sup- 
posed to bo infinitely small, hence m is by (243) also infinitely small, 
and its reciprocal is infiaitely great. 

If 1 4- *"■ is divided by 1 — ui, as follows, 

1 ^ „) 1 + „ (1 + 2 „ + 2 „! + &c. 







+ 


2 m9 — 2 m3 








+ 2»" 




we have 


hy (249) 












M-- 


= 1 + 2 i« 


. -f 2 m^ + &c. 




(259) 


Em since m is infinitely Binall 
and the error of rejecting then 
quantity; whence 


, m3, m3, &c. at 
, ia (259) is lees 


■e infinitely smaller, 
than any assignable 






* = 


l+2»,, 




(260) 



and by (254) 

whence e has the samo value as in {163 and 164). 
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II. Tho value e (164) gives by (13) 
cosec. I' 



log. 6 log. (3.71828) 0.43429 

so that we have hj (257) 

Mer. parts of X ^ 7915.7 log. cotan. (45°— ^ I), (262) 

whioh agrees with the esplanutioD of Table III. given in the Preface 
to the Navigator. 

45. Examples. 
1. Calculate the meridional parts of latitude 45" 48'. 
Solulion. 9)45» 48' 



45« _ 1 Z, — 45^ — 22° 54' ^ 22" 6' 
22° 6' log. cotan. 0.39141 log. 9.5 
7915.7 3.8 



racr. parts of 45° 48' = 3098 3.49112 

2. Calculate the meridional parts of lalitudo 28" 14'. 

Ans. 1767. 

3. Calculate the meridional parts of latitude 83° 59'. 

Ans. 10127. 

46. Problem. To calculate the correction for middle lati- 
fyide sailing. 

Solution. If the aogle DBC (fig. 19) were exactly what it should 
be in order that the hypothenuse ED should be the difference of 
longitude, and the leg BC the departure, it would be the corrected 
middle latitude, and we should have 

diff. long. ^ sec. cor. mid. lat. X departure 

= sec. cor. mid, lat. X <liff. lat. X tang, course, (263) 
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which, compared with (258) gives, by dividing by tang, coiii-sc, 

mer. diff. lat. = sec. cor, mid. lat. X diff. lat. (364) 

whence sec. cor. mid. lat. ::=: ■ ," , " — '-■ (265) 

difi. lat. 

If, from the corrected middle latitude, calculated by this 
foirmiila, the actual middle latitude is subtracted, the cor- 
rection of the middle latitude is obtained, as in the table on 
p. 76 of the Navigator. The meridional difference of latitude 
should be obtained for these calculations, not from the tables 
of meridional parts, but directly from the tables of logarithmic 
sines, &c,, by means of (257) ; and when the difference of 
latitude is less than 14°, tables should be used in which the 
logarithms are given to seven places of decimals. 

47. Corollary. A formula, adapted to calculation by logarithms 
of iive places, can bo obtained by the following process. 

Let Lq — the middle latitude = ^ {L -\~ I/) 

X ^ the correction of mid. lat. 

Zq =; the difference of latitude r^ L' — L, 

and, by § 42, 

mcr. dilf. lat. :=: ^l^;^!:!^ log. . 



cosec. l' cotan. (45° — ^ L') 

cotan. (45° — i L)' 



By changing, m (348), the small letters to large ones, we obtain 



cotan. (45° — i ^') _ . cos. £„ 4- sin. ^Ig 
'" cotan. (45" — i L) ~ ^^' cos. L„ — sin. .^ l^ 

_ , 1 + sin. i ;„ sec. L„ 



(267) 



But, by (186), 

1 + sin. J. ?y see. L^ 



= 3 log. e [sin. ^ 7(, sec. 2^ 
-\- i (sin. ^ 7„ sec. X^)^ ~f- i (sin. J- J^ sec. L^y -f&c] (268) 
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which gives, by substitution in (267 nnd 266), 

mcr. (liiT, lat. =: 2 cosec. 1' [sin. ^ Z^ sec. L^ 

+ -J (sin. i l^ sec;. L js + &c.] (269) 

unci (2G5) gives 

sec. (i„ +»')^ ^^p^ E-in. i 1, sec. i, 

+ i (sin. i /„ sec. £„)« + &c.] (270) 

48. Examples. 

1. Find the correction for middle latitude sailing, when the middle 
latitude is 35°, and the difference of latitude 14°. 

Solution. Greater lat. = 35" -|- 7° = 42° 

Less lat. — 35° — 7° — 28° 

45" _ ^ gr. lut. = 24° cotan, 0.35142 

45° — J less lat. — 31" cotan. 0.23123 

0.13019 log. 9.11458 

7915.7 3.89849 

difF. lat. = 840' ar. co. 7.07572 

corrected mid. lat. = 35" 24' sec. 10.08879 

correction = 35° 24' — 35" — 34'. 

2. Find the correction for middle latitude sailing, when the middle 
latitude is 66°, and the difference of latitude 10°. 

Solution. In this case ^]- 7„ — 5° ;:= 300', L^ ~ 66° 
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5" sin. 8.94030 
66° sec. 0.39069 

sin. 5° sec. 66° = 0.21428 9.33099 0.21428 

(sin. 5" sec. 66°)3 = 0.00984 7.99297 ^ (0.00984) — 0.00328 

(sin. 5° sec. 66°)^ — 0.00045 6.65495 -J- (0.00045) ~ 0.00009 

(sin. 5- sec. 66°)'' = 0.00002 5.31693 -f (0.00002) — 0.00000 



(0.21765) log. 9.33776 

300' ai'. CO. 7.52366 

1' cosec. 3.53627 



0.21765 



66" 22' 



sec. 0.39691 

Corr. mill. lat. 66° 22' - 



3. Find the con-ectioii for middle latitude sailing, when the middle 
latitude is 30% and the difference of latitude 4°. 



Solution. 


In this case il„=^2' 

2° sm. 
30" sec. 


' = 120', L^ - 
8.54282 
,06247 


-30' 




sin,3"s, 


-c. 30° — 0.040298 


8.60529 




0.040298 


(sin.2=s, 


cc. 30°)2 — 0,000065 


5,81587 
8.60552 




0.000022 




0.040320 




120' ar. CO. 


7.92082 








1' cosoc. 


3.53627 








30" 2' sec, 


0.06261 








Corr. mid 


. lat. ^ 30° 2' . 


— 30" ^ 2'. 
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4. Find the correction for middle latitude sailing, wben the middle 
latitude is 60°, and the difference of latitude 16°. 



5. Find the correction for middle latitude sailing, when the middle 
latitude is 72°, find the difference of latitude 20'. 



6. Fiod the correction for middle latitude sailing, when the middle 
latitude is 50°, and the difference of latitude 8°. 



7. Find the correction for middle latitude sailing, when the middle 
latitude is 68°, and the diiferencc of latitude 12°. 

Ans. 34'. 

8. Find the correction for middle latitude sailing, when the middle 
latitude is 21°, and the difference of latitude 3°. 

Ans. I'. 

9. Find the correction for middle latitude sailing, when the middle 
latitude is 24°, and the dillercncc of latitude 6°. 



10. Find the correction for middle latitude sailing, when the 
middle latitude is 15°, and the difference of latitude 12°. 



49. Problem. To find the haaring und distance of two 
given places. [B. p. 79.] 

Solution. We have hy (fig. 30) for the bearing, 

, . dlffi long, 

lang. bearing = ^^^^^7^37^' (271) 

and the distance is found by (230), 
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50. Problem. To find the course, distance, and difference of 
longitude, when both laiUudes and the departure are given. 
[B. p. 80.] 

Solution. The course is found by (339), the diflerenco of iongi- 
tude hy (258), and the distance by (230), 

51. Problem. To fi,nd the distance and difference of longi- 
tude, when both latitudes and the course are given. [B. p. 82.] 

Solution. The distance is found by (230), and the difference of 
longitude by (958). 

52. Problem. To find the course and difference of longitude, 
when both latitudes and the distance are given. fB. p. S3.] 

Solution. The course is found by (233), a.nd the difference of 
longitude by (258). 

53. Problem. To find the distance, the difference of latitude, 
and the difference of longitude, when one latitude, the course, 
and departure are given. [B. p. 84,] 

Solution. The distance is found by (236), the difference of 
latitude by (235), and the difference of iongitude by (258). 

54. Problem. To find the course, the difference of latitude, 
and the difference of longitude, when one latitude, the distance, 
and the departure are given. [B. p. 85.] 

Solution. The course is fouod by (237), the difference of lati- 
tude by (338), and llie difference of longitude by (258), or by 
the following proportion deduced from the similar triangles of 
(fig. 20). 

diir. lat. : dep. ~ mcr. diff. lut. : diff. long. (272) 

55. Examples. 
I. A ship sails from Boston a distance of 6747 miles, upon a 
course S. 46° 59^' E. ; to find the place at wblcii It arrives. 
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Solution. 
Dist. — 6747 S.82911 

Course —iG''bQi' cos. 9.83385 tang. 10.03092 

Diff. lat. = 76° 42' S. = 4602', 3.66296 mer. d 1. — 5007, 3.69959 
Lat. left ^ 42" 21' N. mer. p. 2810 

Lat. in — 34" 21' S. 2197 diff. long. =r^ 5368' 3.72980 

= 89° 38' E. 

mer. <liff. lat. = 5007 long, left = 71" 5' W. 

long, in 18°23'E. 

Ans. The place arrived at is the Cape of Good Hope. 

2. Find the bearing and distance from Moscow to St. Helena. 

Soiuiio7i. 
Moscow, lat. 55° 46' N. mer. parts 4049 long. 37^ 33' E. 
St. Helena, lat. 15° 55' S. mer. parts 968 long. 5° 36'W. 



D!ff. lat. ^71° 41' 




mer. diff. lat. 5017 diff. 1. 


— 43° 9' 


= 4301' 






^ 2589' 


Mer. diff. laf. = 5017 




(ar. CO.) 6.29956 




Diff. long. ^ 2589 




3,41313 




Course ^ S. 27° 


18' 


W. tang. 9.71269 sec. 


10.05127 






diff lat. = 4301 


3.63357 



dIst. = 4840 miles 3.68484 

3. A ship sails from a position 200 miles to the oast of Capo Horn 
a distance of 3635 miles, upon a course N. N. E. ; find the position 
at which it has arrived. 

Ans. It ha-s arrived at the eqi.iator in the longitude of 33" 18' W. 
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4. Required tlie bearing Eiiid distance of Botany Bay from Lon- 
don. 

Ans. The Bearing ~ S. 57" 31' E. 
Distance — 9551 miles. 

5. A ship sailed northwesterly from Lima until it arrives in the 
latitude 33° 7' N., and has made a departure of 9983 miles; find 
the place at which it has arrived. 

Ans. Canton. 

6. A ship sails from Disappointment Island in the North Pacific 
Ocean, upon a course S. 61° 41' E., until it has arrived in latitude 
14° 7' S. ; find die place at which it has arrived. 

Atts. The Disappointment Islands in the South Pacific Ocean. 

7. A ship sails from ley Cape (North West Coast of America) a 
distance of 9138 miles southeasterly, when it has arrived in latitude 
62° 30' S. ; find the place at which it has arrived. 

Ans. Yankee Straits in New South Shetland. 

8. A ship sails from Java Head, upon a course S. 68° 53' W., 
until it has made a departure of 4749 mUcs ; find the position at 
which it has arrived. 

Ans. It has arrived at a position 180 miles south of the Cape of 
Good Hope. 

9. A ship sails southeasterly from the South Point of the Great 
Bank of Newfoundland a distance of 2821 miles, when it has made 
a departure of 910 miles ; find the position at which it has arrived. 

Ans. Its position is 308 miles north of Cape St. Roque. 
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CHAPTER VI. 



SURVEYING. 



56. The object of Surveying is to determine tlie dimensions 
and areas of portions of tlie earth's snrface. In the application 
of Plane Trigonometry, the portions of the earth are supposed 
to be so small that the cnrvatuve of the earth is neglected. 
They are, in this case, nothing more than common fields 
bounded by linos cither straight or curved. 

57. Problem. To find the area of a triangular field, when 
Us angles and one of its sides are known. 

Solution. Let ABC (fig. 2) be tbe triangle to be measured, and c 
the given side. The area of the triangle is equal lo half the product 
of its base by its altitude, or 

area of ABC = ^I>p. (273) 

But, by (130), 

sin. C : sin. £::<;:&, 
whence 



and, by (131), 



I. C 



p = c sin. A. 
Substituting in (273), we have 

arcaof ^SC= ~-l^ 



(274) 



58. Problem. To find the area of a triangular fi-eld, lohen 
two of its sides and the inehidcd angle are known. 
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Solution. Let ABC (fig. 2) be the triangle to be measiirod, i and c 
the given sides, and A the given angle. Then, by (273), 

areaof ^J5C = i&;i, 
and, by (131), 

Hence 

a)-eaof^SC= a- & = sin. ^ ; (275) 

or, the area of a triangle is equal to half the mntinued product 
of two of its sides and the sine of the included angle. 

69. Problem. To find the area of a triungnlar field, when 
its three sides are knoini. 

Solution. Let ABC (fig. 1) bo llic given triangUi, Then, by 
(275), 

areaof J.BC=:4ftciiin. .d; 
but, by (158), 

sin A ^ aV[.'(^-")(^-fe)(^- n)] 
b c ' 

in which s denotes tlie hulf siun of llio llireo .sides of the triangle. 
Ilcnco 

i c .in. A = 2V[H^-'^) (* =- '') (^ -'=)]■, 
and 

area o£ABC ^ >^[s (s - a) (s - 1} (s ~ c)]; (276) 

or, to find (he area of a triatigitlar field, sublracl each side 
separately from the half sum of the sides ; and the square root 
of tfie continued product of the half sum and the three remain- 
deis is the required area. 

CO. ExAftirLUK. 

1. Givon the tbree sides of a trlungular field, equal to 45,56 ch., 
52.98 ch., and 61.22 ch. ; fo find' its areiu 
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Solution. 
61.22 ch. 


lu (fig. 
2s~ 

s — h^ 


1) let n = 

159.76 ch. 
79.88 cli. 
34.32 ch. 
26.90 ch. 
I8.CI5 ch. 


4;" 


..56 


ch. 


, b = 52,9f 

1.80244 
J. 53555 
1.42975 
1.37091 
2 16.13865 



Area. o£AEC i= 1173.05 sq. ch. 3.06932. 

A.ns. The area = 1 17 A. 1 K.. 9 r. 

2. Given the three sidea of a triangular field equal to 32.56 ch., 
57.84 ch., and 44.44 ch. ; to find its area. 

Ans. The area = 71 A. 3 R. 29 r. 

3. Givea one side of a triangular field equal to 17,95 ch., iind the 
adjacent angles equal to 100° and 70" ; to find its area. 

Ans. The area = 85 A. 3 R. 17 r. 

4. Given Iwo sides of a frlaugLilai- field equal to 12.34 ch., and 
17.97 ch., and the included angle equal to 44° 56' ; to find its area. 

Ans. The area ^ 7 A. 3 R. 13 r. 

61. Problem. Tojind the area of an irregular Jleld bounded 
by straight lines. 

First Method of tSoluiion. Divide the field into triangles in 
any manner best sHited to the nature of the ground. Measure 
all those sides and angles which can be measnred conveniently, 
remembering that three parts of each triangle, one of which is 
a side, must be known to determine it. 

But it is desirable to measure more than three parts of each tri- 
angle, when it can be done ; because the comparisoQ of them with 
each other will often serve to correct the errors of observation. 
Thus, if the throe angles were measured, and their sum found to 
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differ from 180°, it would show there was an error ; and the en'or, if 
small, might be divided between the angles; but if the error was 
large, it would show the observations wcro inaccurate, and must be 
taken again. 

The area of each triangle is to bo calculated by one of the 
preceding formulas, and the sura of tlie areas of the triangles 
is the area of the whole field. 

This method of soUuion is general, and may he applied to 
surfaces of any extent, provided each triangle is so small as 
not to be affected by the earth's curvature. 

Second Method of SoliiHon. Let ABCEFH (fig. 21) be the field 
fo be measured. Starting from its most easterly or its most westerly 
point, the point A for instance, measure successively round llie field 
the bearings and lengths of all its sides. Through A draw the 
meridian JVS, on which let fall the perpendiculars BB', CC, BE', 
FF', and HH'. Also draw CB"E'\ EF'\ and HF'" parallel to NS. 

Then the area of tlie required field is 

A nr.r.FH^ acceff' -- {_ac'CB-\- aiiff'J. 
But 

ACCEFF' = C'CEE' -j- E'EFF'; 
and 

AC'CB + AHFF' — CCBB' + BBA + AHII' + II'HFF'. 
Hence 

ABCEFH= [C'CRE' + E'EFF'] — [C'CBB' + BBA 
+ AHH' + H'lIFF'] ; 
or doubling and changing a very little the order of the terms, 

2 ABCEFH^ [2 C'CEE- + 3 E'EFF'] — } 
[2B'BA + 2CC'BB'-\-2H'HFF'+2AHH']. \ ^"^"^ 
Again, 

2B'BA = BB' X AB'\ 

2 CC'BB' — (BB' -\- CC) X B'C \ 
2C'CEE'~ {EE'+ CC) XE'C'\ 
2 E'EFF' = {EE' + FF') X E'F' ) 
2 II'HFF' — {HH' + FF') X H'F' 
2 AHH' ^ HM' X AH' J 
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So the iJetermination, of the required area is now reduced to the 
caiculation of the several lines in the second members of (278). 
But the rest of the solution may be more easily comprehended by- 
means of the following table, which Js precisely similar in its 
arrangement to the table actually used by surveyors, when calculating 
areas by this process. 



sides, j H. 


s. 


B. 


w. 


T)ep. 


s„. 


,.i...,. 


,.i„„. 


AB 


AB' 




BB' 




BB- 


BB' 


BB'A 




BC 


B'C 






BB" 


CO 


BB'+CC 


CC'BB' 




CE 




CE- 


BE- 




EE' 


CC' + EE' 




C'GEE' 


EF 




E'E' 


EF" 




FF' 


EE'+ EF' 




E'EFF' 


FH 


FTP 






FP" 


HH- 


FF'-l-nil'H'IIFF 




HA 


H'A- 






HH' 





HII- AHH' 





In the Jirst cohimn of the tabic are the successive sides of 
the field. 

In the second and third cohimns are the differences of latitude 
of the several sides, the cohimn headed N, corresponding to the 
sides running in a northerly direction, and that headed S, 
corresponding to those running in a southerly direction, 

These two columns are calculated by the formula 
Diff. lat. — dist. X cos. bearing. 

In the foiti^th and fiflh colnmns arcs the departures of the 
several sides; the cohimn headed K, corresponding to the 
sides running in an easterly direction, and that headed W, to 
those running in a westerly direction. 

These two columns are calculated by the formula 
Departure ^ dist, X sin. bearing. 

In the si3:lh cohimn, headed Departure, are the departures 
of the several vertices, which terminale each side of the field 
fcbni the vertex ^1. This cohimn is calculated kma the two 
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columns E and W, in the following manner. The first num- 
ber in column Departure is the same as the Jirst in the two 
columns E and W ; and every other number in column Depar- 
ture is obtained by adding the corresponding number in columns 
E and W, if it is of the same column with the first number in 
those two columns, to the previous number in column Depar- 
ture; and by subtractijig it, if it is of a different column. 

Thus, 

CC = B'B" = BB' — BB" 

EE' =. E'E" + EE" = CO + EE" 

pp ^ pp _j_ pp, ^ Ep;, j^ pp, 

HH' = PP" — FP — FP" 

= BH' — BH'. 

In the seventh column, headed Sum, are the first factors of 
the second members of (278). This column is calculated from 
column Departure in the following manner. The first num- 
ber in column Sum is the same as the first in column Depar- 
ture; every otJicr number in column Sum is the sum of the 
corresponding number in column Departure added to the pre- 
vious number in column Departure, as is evident from simple 
inspection. 

In the eighth and ninth columns are the values of the areas, 
which compose the first members of (278). These columns 
are calculated by mxdtiplying the numbers in colum,n Sum, by 
the corresponding numbers in columns N and S, which contain 
the second factors of the second members of (278). Thepro- 
ducts are written in the column of North Areas, when the 
second factors arc taken from column N, and in that of South 
Areas, when the second factors are taken from column S. 

If we compare the columns of North and South Areas with 
(277), we find that all those areas, which are preceded by 
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the negative sign, are tlie same wilti tliose in the column of 
North Areas; while all those, which are connected with the 
posilive sign, belong to the column of South Areas. 3'o 
obtain, therefore, the value of the second member of (27'7), 
that is, of double the required area, we have only to find ihe 
difference between the sums of the columns of North and South 
Areas. [B. p. 107.] 

62. Corollary. The cokimna N, S, E, nutl W, are those which 
would be calculated in Traverse Sailing, if a ship was supposed to 
start from the point A, and proceed round the sides of the field till 
it returned to the point A. The difference of the sums of columns 
N and S i*) then by traverse sailiatf the difference of latitude 
between the p fn hhh h[ a and he point at which 
it arrives; ad! dfl n f ImnEnlW the departure 
of the sam p n B b 1 h i n a here the same, 

their differen e of la d and h d pa u e s b nothing, or 
•5 f 1 nN— 1 m & 

1 Eizz -n f 1 \^. 

But when, 1 1 J 1 ,1 f these columns 

differ from each other, the difference must arise from eri-ors of 
observation. If the error is great, new observatlous must be taken ; 
but if it is small, it may be divided among iJie sides by the following 
proportion. 

The sum of the sides : each side ^ whole error : 

error corresponding io each side. (279) 

The errors corresponding to the sides are then to he sub- 
tracted from the ditferences of latitude, or the departures 
which are in the larger coSitmn, and added to those which are 
in the smaller column. 



I. Given the bearings and lengOis of the sides of a field, ; 
diree fii'st columm of tlie following table, to find its area. 



Solution. The table is computed by § 61. 
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3. Given the lengths and bearin 
following table ; to find its area. 



? of the sides of a ileld, as 



«.. 


BerirlDgs Di!t. 


1 


N. 17° E. i S5 ch. 


3 


East. 


28 ch. 


3 


South. 


54 eh. 


4 


S, 4= W. 


22 ch. 


5 


N. 33° W. 


62 ch. 



Ans. The area = 169 A. 3 E. 17 r. 

64. Prohlem. To find the area of a field bounded by sides, 
irregularly curved. 

Solution. Let ABCEFHIKL (fig. 22) be the field to be meas- 
ured, the boundary ABCEFHIKL being irregnlarly curved. Take 
any points C and F, so that by joining AC, CF, and FL, the field 
ACFL, bounded by straight lines, may not dilTer much from the 
given field. 

Find the area of A GFL, by either of the preceding methods, and 
then measure tlie parts included between the eui-ved and the straight 
sides by the following method of onsets. 



, so that the Hues Aa, ah,h c, cd,dC 
et fall on AG the perpendiculars aa', 
b perpcndiculara, and also the distances 



Take the points a, l>, c, 
may be sensibly straight. 
h h', c c', d (V. Measure the 
Aa\in',h'e',c'd',d'C. 



The tnaagles Aaa', Odd', and the trapezoids aha'b 
cdi^ d' are then easily calcidated, and their sum is the 
ABC. 



In the same way may the are 
culated ; and then the required a 



s of CEF, FHI, and IKL be cai- 
3a is found by the equation 



ABCEFHIKL ^ ACFL — ABC + CEF + FHI— IKL. 
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Given (fig. 22) Aa' ~ 5 cli., a' 5' — 2 ch., i' 
= lcli., d'C— 4cii.; alsoaa'=3cli., J// — 2d 
dd'=lch.; to find the area of ABC. 



Ans. Required area ^ 2 A. 3 li 
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CHAPTER Tit. 



IIiaCHTS AND PiSTANCES. 



05. The plane of the sensible horizon at any place, is the 
tangent plane to the earth's snvface ut that place. [U. p. 48,] 

The horizontal plane coincides with (hat of the surface of tranquil 
waters, when this suvface is so small that its cui-yature may he 
neglected ; and it is perpendicular to the plumb line. 

66. The angle of elevation of an object is the angle which 
the line drawn to it makes with the horizontal plane, when the 
object is above the horizon : the angle of depression is the 
same angle when the object is below the horizon. 

67. The bearing of one object from another is Ihe angle 
included by the two lines which ara drawn from the observer 
to these two objects. 

68. Problem. To determine the height of a vertical toiler, 
situated on a horizontal plane. [H. p. 94.] 

Solution. Olservation. Let AB (fig. 23) be the tower, whoso 
height is to be determined. Measure, off the distance BC on the 
horizontal plane of any convenient length. At the point C observe 
the angle of elevation ACB. 

Calculation. We have, then, given in the right triangle ACB the 
angle C and the base BC, as in problem § 34 of PL Trig., and the 
leg AD is found by (26). 



At the distance of 95 feet from a tower, the angle of elevation of 
the towcr^is found to be 48" 19'. Required the height of the tower, 
Ans. 106.G9 feel. 
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69. Problem. To ftnd the hs'ight of a vertical tower situated 
on an inclined plane. 

Solution. Observation. Let AB {fig. 24) be the lower situated 
on the inclined plane BC. Observe the angle B, which the tower 
makes with the plane. Measure off the distance BC of any con- 
venient Jenglh. Observe the angle C, made by a line drawn to the 
top of the tower with BC. 

Calculation. In the obliiiue triangle ABC, there are given the 
side BC and the two adjacent angles B and C, as in § 73 of 
PI. Trig. 



Given (fig. 24) BC = 89 fee!, B ~ 113° 12', C — 23° 27' ; to 
find AB. 

Ans. AB = 51.595 feet. 

70. Problem. To find ihs dl.?lauce of an inaccessible object. 
[B. p. 89 and 95.] 

Solution. Ohsemation. Let B (fig, 2) be the point, the distance 
of which is to be determined, and A the place of the observer. 
Measure off the distance jIC of any convenient length, and observe 
the angles A and C. 

Calculation. AB and BC arc found by § 73 of PI. Trig. 

71. Corollary. The perpendicular distance BP of the point B 
from the line AC, and the distances AP and PC are found in the 
triangles ABP and BPC, by >5 32 of PI. Trig. 

72. Corollary. Instead of directly observing the angles A and C, 
the bearings of the linos AB, AC, and BC, may be obsei-ved, when 
the plane ABC is horizontal, and the angles A and C are easily 
determined, 

73. KSAHPLES. 

1. An observer sees a cape, which bears N. by E. ; after sailing 
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30 miles N. W., he sees the same cape bearing east; find the dis- 
tance of the cape from the two points of observation. 

Ans. The first distance =. 21.63 miles. 
The second dist. = 25.43 miles. 

2. Two observers, stationed on opposite sides of a cloud, observe 
the angles of elevation to be 44" 56', and 36° 4', their distance apart 
being 700 feet ; find the distance of the cloud from each observer, 
and its perpendicular altitude. 

Ans. Distances from observers = 417.2 feet, and ^^ 500.6 ft. 

Height — 294.7 feet. 

3. The angle of elevation of tlie top of a tower at one station is 
observed to be 68° 19', and at another station, 546 feet farther from 
the tower, the angle of elevation is 32" 34' ; find the height and dis- 
tance of the tower, the two points of observation being supposed to 
be in the same horizontal plane with the foot of the lower. 

Ans. The height = 467.45 ft. 

The distance from t)ie nearest point of observ. nz: 185.86 ft. 

74. Problem. To find (he distance of an object from the foot 
of a tower of known height, the observer being at the tap of 
the tower. 

Solution. Observation. Let the tower be AB (fig. 23), and tl^e 
object C. Measure the angle of depression HAC. 

Calculation. Since 

ACB — HAC, 
we know in the triangle ACB the log AB and the opposite angle G, 
as in ^33 of PI. Trig. 

Example. 
Given the height of the tower r^ 150 feet, and the angle of de- 
pression = 17° 25' ; to find the distance from the foot of the tower. 
^715. 478.16 feet. 
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75. Problem. To find the height of an inaccessible object 
above a horizontal plane, and its distance from the observer. 
[B. p. 96.] 

SoMiott. Olservation. Let A (fig. 25) be t!ie object. At two 
different stations, B and C, wliosc distance apart and bearing from 
each other are known, oteerve the bearings of the object, and also 
the angle of elevation at one of the stations, as B. 

Calculation. In the triangle BCD, the side BC and its adjacent 
angles are known, so that SD is found by ^ 73 of PI. Trig. In the 
right triangle ABB, the height AD is, then, computed by § 34 of 
PI. Trig. 

Example. 

At one station the bearing of a cloud is N, N. W., and its angle of 
elevation 50' 35'. At a second station, whose bearing from the first 
station is N. by E., and distance 5000 feet, the hearing of the cloud 
is W, by N. ; find the height of the cloud. 

Ans. 7316.3 feet. 

76. ProhUm. To find the distance of two objects^ whose 
relative position is known. [B. p. 90.] 

Solution. Observation. Let B and C (fig. 1) be the two known 
objects, and A the position of the observer. Observe the bearings of 
B and C from A. 

Calculation. In the triangle ABCiha side BC and the two angles 
are known. The sides of AB and A C are found by § 73 of PI. Trig. 

Example. 

The bearings of the two objects are, of the first N, E. by E,, and 
of the second E. by S. ; llie known distance of the first object from 
the second is 23.25 miles, and the bearing N. W. ; find their distance 
from the observer. 

Atis, The distance of the first object is z^ 18.27 miles, 
That of tiic second object = 32,95 miles.. 
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77. Problem. To find the distance opart of two oLjeds 
separated by an impassable barrier. [B. p. 91.] 

Solution. Ohserval.ion. Let A and B (fig. 1) be (he objects ; the 
distance of which from each other is sought. Measure the disUinces 
and bearings from any point C, to both A and B. 

Cahulalion. lo the triangle A BC, the two sides AC and BC, and 
the included angle C, arc known. The side AB and the angles A 
and B may be fouad by § 82 of PI. Trig. 



Two ships sail from the same port, the one N. 10° E. a distance of 
200 miles, the second N. 70' E. a distance of 150 miles ; find their 
bearing and distance. 

Ans. The distance — 180.3 miies. 

The bearing of the first ship from tiie second — N. 36° 6' W. 

78. Problem. To find the distance apart of two inaccessible 
objects situated in ike same plane with the observer^ and their 
bearing from each other. JB, p. 92.] 

Solution. Observation. Let A and B (fig, 26) be the two inac- 
cessible objects. At two sfations, C and E, observe the bearings of 
A and B, and the bearing and distance of C from E. 

Calculation. In )he triangle ABC, we hare the side CE, and the 
angles ACE and AEC, so that ^C is found by -^ 73 of PL Trig. 

In the same way BC is calculated from the triangle BCE. 

Lastly, in triangle ABC, we know the two sides ^SC and BC, and 
the included angle, for 

ACB^ACE — BCE. 

Hence AB and the angles BAC and CBA are found by ^ 82. 

Example. 

An observer from a ship saw two headlands; the first bore E.N. E., 
and the second N. W. by N. After he had sailed N. by W. 16.25 
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miles, the first headland bore E. snd the second N. W. by W. ; find 
the bearing and distance of the first headland from the second. 
Arts, Distance ^ 55.89 miles- 
Bearing =z S. 80" 43' E. 

79. Problem. To find the distance of an object of known 
height, which is just seen in the horizon. 

Solution. I. If light moved in a straight line, and if A (fig. 27) 
were the eye of Hie observer, and B the object, the straight line 
AFB would be that of the visual ray. The point P, at which the 
ray touches the curved surface CFB of the earth, is the point of the 
visible horizon at which the object is seen. The distances PA and 
PB may be calculated separately, when the heighls AG and BB are 
known. For this purpose, let 0' be the earth's cenlro, let BD be 
produced to E, aud let 

h —AC, H= BB, 

I =: FA, L = FB, 

R =2 the earth's radius. 

Since BP is a tangent, and BOE a secant to the carlii, we have 

BE : BF =2 BP : BB ; 

and BB is so small in comparison whh the radius, that wo may take 

BE=iDE^%R, 
and the above proportion becomes 

^R: L= L-.I-I; 



i« = 2 mi, L = ^(2 mi. 


(280) 


« = S^ 


(281) 


l^ = 2Rli, Z — v'(2.R/!)' 


(282) 


'■=^;- 


(283) 
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II. Liglit does not, however, move in a straight line near the earth's 
surface, but in a line curved towards the earth's centre, which line 
is nearly an arc of a circle, whose radius is seven times the earlVs 
radius; so that for the point of conlact P and the distances I and 
L, the positions of the eye and of the object arc A' and B'. Now 
if we put 





BB' 


= H', 


B'B = 


■E 


, = H—W 






(281) 


n find the value of iJ' ivith si 
R into 7 R, whicli gives 


liiic 


dent looume. 


by chaiigii 


"S 






H' 


- liR 


= 


}H 








II, 


= H- 


-H' = 


--t 


H=l^ 


( 


28. 



whence L — ^{lRH^). (285) 

III. In calculating the value of L by (285), it is usually deaii-ed 
in statute miles, while the height H, is given in feet. Now we have 
in the Preface to the Navigator, page v, 

ii = 201*11790 feet, (266) 

whence IR~ 48794177 feet, 

log. V'(^ R)~i log. § R — 3.84418, 

and log. (i in feet) — 3.84418 + J log. (H^ m feci). 

But imindes^ -~^^, 

so that log. L in miles — log. L in feet — 3.72263 

z= 0.12155 + i log. H, in feet, (287) 

which agrees with the formula given in the Preface to the Navigator 
for calculating Table X. 

IV. The Table may be used for finding i and I, when H, and h^ 
are given, and then the rcqidred distance is the sum of L and /. 
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80. Corollary. Table X gives the correction for the error which 
is committed in § 68, by neglecting the earth's curvature, for it ia 
evident that to the height BF (fig. 28) of the object above the visible 
level must bo added ihe height PC of the level above the curved 
surface of the earth, as in B. p. 95. 

81. PIXAMPLES. 

1. Caiculate the distance in Table X at which an object can be 
seen from tlie suface of ihe oarlh, when its height is 5000 feet. 

Soluiion. 

^ log. 5000 = J (3,69897) = 1.84948 
constant log. = 0.12155 

dist. = 93.5 (as in Table X) 1.97103 

2. Being on a hill 200 feet above the sea, I see just appearing in 
the horizon the top of a mast, which I know to be 150 feet above 
water ; how far distant is it ? 

Solution, By Table X, 

200 feet corresponds to 18.71 miles. 
150 feet corresponds to 16.20 miles. 

The distance is 34.19 miles. 

3. At the distance of 7J statute miles from a hil! the angle of 
elevation of its top is 3° 13' ; fmd its height in feet, the observer 
being 20 feet above the sea. 

Sohtion. 

2" 13 tang. 8.58779 

7J miles = 39600 4.59770 By Tabic X. 

1533 feot 3.18549 7,50 

1 foot correction, height 20 5.92 

heigbt — 1534 feet, height 1 1.58 
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4. Calculate the distance in Table X, when the height is 450 feet. 

Arts. 28.06 miles. 

5. Upon a height of 5000 feet, the top of a hill, one mile high, is 
just visible in the horizon ; how far distant is the hill ? 

Ans. 189.6 miles. 

6. At the distance of 25 miles from a mountain the angle of ele- 
vation of its top is 3° ; find its height, the observer being 60 feet 
above the intervening sea. 

Ans. 7043 feet. 
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SPHERICAL TlUGONOMETliY. 



CHAPTER I. 



DEFINITIONS. 



1. Sphencul Tngonomctrif Ireals of tiie Holiiiioti of spheri- 
cal triangles. 

A Spherical Triangle is a porlioii of tin; surface of a splii^ro 
irickided between three arcs of great circles. 

In the present treatise those sphericai triangles only are treated of, 
in which the sides and angles are less than 180°. 

2. The angle, formed by two sides of a splierical triaugk-, 
is the same as the angle formed by their planes. 

3. Besides the usual method of deaoliDg sides and angles 
by degrees, minittes, &c. : anolher method of denoting ihem is 
so ofien used in Spherical Astronomy, that it will be found 
convenient to explain it here. 

The circumference is supposed to be divided into 24 equal 
arcs, called hours; each hour is divided into H^ mimiies of 
time, each minute into 60 seconds of time, and so on. 

Hours, minutes, seconds, &c, of time are denoted by A, »j, s, &c. 

4. Froblem. To convert degrees, minutes, i^'c- into hours, 
minutes, tj-c. of time. 
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Solution. Since 
360° = 24* 
we have 15' :z= 1', and l" := -,^/ ^^ 4", 

and )5' ;:= 1"", and 1' = 4', 

15"^ 1"", and 1"= 4'. 
Hence a" =:i 4 a"", a' 4 a', a" =:: ia'; 

80 that fo convert degrees, ■minutes, ifc. into time, multiply by 
4, and change the marks°"' respectively, into ""'. 

5. Corollary. To convert time into degrees, minutes, Sfc, 
multiply the hours by 15 for degrees, and divide tlie minutes, 
seconds, J^c, of time by 4, changing' the marks "" into ° ' ". 

The turning of degrees, minutess fcc, into time, and the reverse, 
may be at once |)crforincd by table XX! of the Navigator. 



(i. E.XAMPLKS. 




1. Convert 2;>5° iT ^8" into llmo. 




Solution. By ^4. 


By Table XXJ. 


225° — 900'''— 15'' 


i5» 


47' ^ ISS' ^ 3" 8" 


3" 8' 


38" =152'— 2';i2' 


2*32' 


225''47'38" — I5''3'M0'32' 


15* 3'" 10' 32' 


2. Convert 17' 19" 13' into degroe.^i, ml 


niites, &x. 


Solution. By §5. 


By Table XXI. 


17^ = 255° 1 


7'' 16"' = 259' 


19" 13' = 4° 48' 15" 


3" 12- — 48' 


17'' 19" 13" ~ 259° 48' 15" 


r = 15" 



17* 19" 13" = 259° 48' 15' 
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3. Convert 12° 31' 36" into tinif:, 

4. Convert 99" 59' 59" into time. 

5. Convert S"" 2"" 12' into degree?, m 

fi. Convert 11'' 59" 59' into degrees, 



7. When an arc is given iii time, ils log., sine, &c. can be 
found directly from Table XXVII, by means of liie column 
headed Hour, P. M., in which twice the time is given, so that 
the donhle of the angle must be found in this coUimn, 

The use of fhe table of proportional parts for these columns is 
explained upon page 35 of tiic Navigator. When the time exceeds 
6*, the difference between it and 12' or Sd* must be used. 



Ans. 


50"* 


19' 44'. 


Am. 


6'' ;i9" 59- 56' 


inutcs, &c. 






Alts. 


45° 


33'. 


minutes, &c. 




Ans. 


179 


= 59' 45". 









Examples. 








1. Fir 


id the log 


,co. 


)inc of 19* 


3T 


U' 








Soluti 


on. 




















24' 


— 19*33" 


'11' 


^ 


4'' 


26" 


■49' 






2 


X (I'SS" 


'49^; 


l:^ 


8' 


■ 53"' 


'38' 




8' 


^33" 


■ 36' P. M. 








9.597i 






prop, parts of 2' 











S'' 53" 38' P. M. COS. 9.59713 
angle in time of which the log. tang, is 10.12049. 
^^ 2"" 40' P. M. tang. 10.12036 
7' prop, parts 23 



2) 7" 2'" 47' P, M. 10.12049 
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3. Find tbe log. sine of 3'" IS" 2'. Ans. 9.87 1 1 3. 

4. Find the log. cosine of IJ' 3" 13 . Ans. 9.98653. 

5. Find t!ie log. tang, of 15' 0"^ 9". Atis. 10.00057. 

6. Find the log. cotan, of 22'' 59'" 59'. Ans. 10.57183. 

7. Find the angle in time whose log. secant k 10.93456. 

Ans. 3" ST"' 26'. 

8. Find the angle in time whoso log. cosecant is 10.12346. 

Ans. SMS" 15'. 

8. An isosceles spherical triangle is one, which has two of 
ils sides equal. 

An equilateral spherical triangle is one, which has all its 
sides equal. 

9. A spherical right triangle is one which has a right angle ; 
all other spiierical triangles are called oblique. 

We shall in spherical Irigonometry, as we did in plane trigono- 
metry, attend first to the solution of right triangles. 
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CHAPTKR II. 

SPHERICAL RIGHT THIANGLES. 

10. Problem. To investigate some relations between the 
sides a/nd angles of a spherical right triangle. 

Solution. The importance of this problem is obvious ; for, unless 
some relations were known between the sides and (he angles, they 
could not be determined from each other, and there could bo no such 
thing as the solution of a spherical triangle. 

Let, then, ABC (fig. 29) be a spherical right triangle, right-angled 
at C. Call the hypotlienose AB, h ; and call the legs BC and AC, 
opposite the angles A and B, respectively a and b. 

Let O be the centre of the sphere. Join OA, OB, OC. 

The angle A is, by art, 2, equal to the angle of the planes BOA 
and COA. The angle B is equal to the angle of the planes BOC 
and BOA. The angle of the planes BOC and AOC is equal to the 
angle C, that is, to a right angle ; these two planes are, therefore, 
perpendicular to each other. 

Moreover, the angle BOA, measured by BA, is equal to BA or A ; 
BOC is equal to its measure BC or a, and AOC is equal to its 
measure AC or h. 

Through any point A' of the line OA, suppose a piano to pass 
perpendicular to 0^1. Its intersections A'C and A'B' with the planes 
COA and BOA must be perpendicular to OA', because they are 
drawn through the foot of this perpendicular. 

As the plane B'A'C is perpendicular to OA, it must be perpen- 
dicular to AOC; and its intersection B'C with the plane BOC, 
which is also perpendicular to A OC, must likewise be perpendicular 
to AOC. Hence B'C must be perpendicular to A'C and OC, 
which pass through its foot In the plane AOC. 
11 
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All the triangles A'OB', A'OC, B'OC, and A'B'C, are then 
right-angled ; and the comparison of the mleads to the desired equa- 
tions, as follows : 

Firsl. We liavo from triangle A'OB' by (4) 

COS. A'OB' = COS. h = twtt; 

and from triangles A'OC and B'OC 

co..il.OC=c„0 = -§^, 

»-— •■• = ^- 
Tlie product of the last two equations is 

OA' OC OA.' 
eos.aco«,i^-^j^X^,= 0^; 

hence, from the equality of the second members of these equations, 



Secondly. From triangle A'BC wc have by (4), and tho fact 
that the angle B'A'C is equal to the inclination of the two planes 
AOC and BOA, 

COS. B'A'C = COS. A ::= -i-F77 ; 
A'B' 

and, from triangles A'OC and A'OB', by (4), 
tang, CO A' = tang, h — ^Tq"' 

cotan. B'Oil' :^ cotan./i^: . „ , . 
A'B' 

The product of these equations ia 

, A'C A'O A'C 

hence cos. A — lang. b cotan. h. (289) 
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Thirdly. Corresponding lo the preceding equation between the 
hypothenuse h, the angle A, and the adjacent side b, there must be 
a precisely similar equation hetween the hypothenuse h, the angle B, 
and the adjacent side a ; which is 

cos. B =1 tang, a cotan. li. (290) 

Fourthly. From triangles B'OC, B'OA', and B'A'O, by (4), 

sin. B'OC— sin. a - 

B'A' 



B'C 
■ OB" 



^■^'0^-=^ -WB' 



sh. B'A'O = s' ' ^'^' 



' B'A 
The product of these last two equations is 

BA^. 
OB' 

hence sin. a = sin. /t sin. A (291) 

Fifthly. The preceding equation between A, the angle A, and the 
opposite side a, leads to the following corresponding one between A, 
the angle J5, and the opposite side b ; 

sin. h ^ sin. h sin. if. (292) 

SixUdy. From triangles C'OA', B'A'C, and B'OC, by (4), 

sin. C'0^'= sin. h — -—-, 

A'C 



' OC 
The product of these last two equations is 

A'C B'C A'C 
cotan. A tang. « ^ ^^^ X o^T - ocT = 

hence sin. 6 ^^ cotan. A tang. n. 
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Seventhly. The preceding equation between the angle A, the 
opposite side a, and the adjacent side i, leads to the following cor- 
responding one between the angle B, the opposite side h, and the 
adjacent side a ; 

sin. a ~ cotan. B tting. h. (294) 

Eighihhj. From (7) 



"^' COS. 6' 

wbich, substituted in (293) and (294), give 

cotan. B sin. i 



an. A sin. a 



Multiplying the first of these equations by cos. i, and the second 
by COS. a, we have 

sin. a COS. b = cotan. B sin. S, 

The product of these equations Is 

sin. a sin. h cos. a cos, S =: cotiin. J. cotan, B sin. « sin. i ; 
which, divided by sin. a sin. 5, becomes 

cos, a COS. i ;^ cotan. A cotan. B, 
But, by (288), 

COS. h — COS. a COS. 6 ; 
hence cos, /( ^^ cotan. ,4 cotan, B. (295) 

JViwf/i?!/. We have, by (388) and (292), 
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the profUict of which i«, by (7) and (8) 



;= tang, h colaii. h. 
But, by (289), 

COS. A = is.n^- h cotan. h ; 

hence COS. A — cos. a sin. B. (296) 

TenlhJy. The preceding equation betwBon the side a, tlie opposite 
angle A, and the adjacent angle B, leads to the following similar 
one between the side 6, the opposite angle B, and the adjacent 
angle A ; 

COS. B = COS. h sin. A. (297) 

11. Corollaiy. The ton equations, [288-297,] have, by a 
most happy artifice, been reduced to two very simple theorems, 
called, from their celebrated inventor, Napicfs Rules. 

In these rules, the complements of the hypothenuse and the 
angles are used instead of the hypolhennse and the angles 
themselves, and the right angle is neglected. 

Of the five parts, then, the legs, the complement of the 
hypothenuse, and the complements of the angles; either part 
may be called the middle pari. The two parts, including the 
middle part on each side, are called the adjacenl parts ; and 
the other two parts are called the opposite parts. The two 
theorems are as follows. 

I. The sine of the middle part is equal to the product of the 
tangents of the two adjacent parts. 

II. The sine of the middle part is equal to the product of 
the cosines of the tioo opposite parts. [B. p. 436.] 

Proof. To demonstrate the preceding rules, it is only necessary 
to compare all the equations which can be deduced from them, with 
thoae previously obtained. [288-297.] 
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Let there be the s 
mgled at C. 



[CH. II. 

■ical right triangle ABC (fig. 30) right- 



First. If CO. h were made the middle part, then, by the above 
rule, CO. A and co. B v 
parts i and we should h 



adjacent parts, and a and b opposite 
tang. (CO. A) tang. (co. B) 



Secondly. If c 



,. /,) = cos.«co5. S; 
IS. h ^ cotan. A cotan. B, 
IS. A ^^ COS. a cos. h ; 
js (295) and (238). 

e made the middle part; ther 



would be adjacent parts, and co. B and a opposite parts ; and we 
should have 

sin. (co. A) ^i tang. (co. h) tang. 5, 

sin. (co. A) — COS. (co. B) cos. a; 
or COS. A =1 cotan. ft tang. 5, 

COS. A :^ sin, B cos. a ; 
which arc the same as (2S9) and (296). 

In like manner, if co. B were made the middle part, we should 
have 

COS. B ^^ cotan. ft tang, a. 



which a 



'. the s; 



COS. B ^i: sin, A cos. I ; 
as (290) and (297). 



Thirdly. If a were made the middle part, then co. B and h would 
be the adjacent parts, and co. A and co. A the opposite parts ; and we 
should have 

sin. a =: tang. (co. B) tang. h. 

sin. a ^ cos. (co. A) cos, (cc 
or sin. a =. cotan. B tang. 5, 

sin. a ^ sin. A sin. h ; 
which are the same as (294) and (291). 



,.k); 
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In like manner, if b were made the middle part, we slioidd have 

sin. I =^ cotaii. A tang, a, 

sin. S = sin. B sin. A ; 

which are the same as (293) and (392). 

Having thus made each part successlvoly the middle part, the ten 
equations, which we have ohfaioed, must be all the equations in- 
cluded in Napier's Rules ; and wo perceive that they are identical 
with the ten equations [288-297], 

12. Theorem. The three sides of a spherical right triangle 
are either all less than 90° ; or else, one is less while the other 
ttvo are greater than 90°, iinleas one of them is equal to 90°, 
as in § 16. 

Proof. When A is less than 90", the first member of (288) 13 
positive ; and therefore the factors of its second member must either 
he both positive or both negative ; that is, the two legs a and h must, 
by PI. Trig. § 62, be both acute or both obtuse. 

But when h is obtuse, the first member of {28S) is negative ; and 
therefore one of the factors of the second member must be positive, 
while the other is negative ; that is, of the two legs a and h, ona 
must be acute, while the other is obtuse. 

13, Theorem. The h-i/pothenuse differs less from 90' than 
does either of the legs, the case of cither side equal to 90^ 
being excepted, 

Proof. The factors cos, a and cos. h of tlie second niomber of 
llie equation {28S) are, by (4), fractions whose numerators are less 
than their denominators. Their product, neglecting the sines, must 
then be less than either of them, as cos. a for instance, or 

COS. h <C COS. a ; 

and therefore, by Pi. Trig. % 70 and 71, h must differ le-ss from 80' 
than a does. 
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14. Theorem. An angle and Us opposUe leg in a spherical 
right tria7igle mtist be both acule, or both obtuse, o?; by § 16, 
both equal to ^{fi. 

Proof. When A is acute, ibe first member of (296) is positive, 
and lliereforc the factor cos. a of the second memher, heing multi- 
plied by the positive factor sin. B must be positive ; that is, a must 
be acule. But if ^ is obtuse, the first memher of (296) is negative, 
and therefore the factor cos, a of the second member must bo 
negative ; that is, a must be ohiuse, 

15. Theorem. An angle differs less from 90'' than its oppo- 
sUe leg, the case of either side, equal to 90'^, being excepted. 

Froof. Since the second member of (296) is the product of the 
two fractions cos. a and sin. B, the first member must bo less than 
either of them. Thus, neglecting the sines, 

COS. il<^cos. a; 
hence A differs less from 90° than a does. 

16. Theorem,. When in a spherical right triangle either side 
is equal to 90*^, one of the other two sides is also equal to 90° ; 
and each side is equal to Us opposite angle. 

Proof. First. If either of the legs is equal to 90°, the corres- 
ponding factor of the second member of (288) is, by (66), equal lo 
zero ; which gives 

cos. h — 0, 
or, by (6G), 

h = 90^ 
Again, if we have 

h ^ 90°, 
it follows, from (66) and (288), that 



and therefore either cos. a or cos. h must be zero ; that is, either a 
or h must be equal to 90". 
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Secondly. When either side is equal to 90°, it folloivs, 
preceding proof, that 



which Hubslitutcd in (291) produces, by {6?), 



beciiuse, from § 14, a could not he equal to the supplement of A. 

17. Corollary. When both the legs of a spherical right 
triangle are equal to 99°, all the sides and angles are equal 
to 90^ 

18. Tkeorem. When iioo of the angles of a spherical trian- 
gle are equal to 90", the opposite sides are also equal io 90°. 

Proof. For in this case, one of the factors of the second member 
of the equation (295) must, by (68), he equal to zero, since either 
^ or B is 90° ; heace 

or, by (06), 

/i-90°; 
and the remainder of the proposition follows from § 16. 

19. Corollary. When all the angles of a spherical right 
triangle are equal to 90", all the sides are also equal to 90°. 

20. Theorem. The sum of the angles of a spherical right 
triangle is greater than 180°, and less than 360° ; and each 
angle is less than the snm of the other two. 

Proof. I. It is proved in Geometry, that the sum of the angles of 
any spherical triangle is greater than 180°. 

II. It is proved io Geometry, that each angle of any spherical 
triangle is greater than the difference hetween two right angles 
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and the aam of the other two angles. Hence, if tde sum of llio 
two angles A and B is greater than ISO', we have 

90° > A 4- 5 — 180% 
or J + ;? < 270% 

or A + B 4- 90" < 360° ; 

that is, the sum of the three angles is less thun 360° ; ant! in case 
the sum of the angles A and B is less than 180°, the sum of the 
three angJes is obviously less than 360°. 

m. When the right angle is greatest of the three angles, we have 

90=+^+B>180=, 

or A-\-B':> 90°; 



that is, th 


e greater angle is in this ci 


ISC les. 


: than the sum 


of the 


other two. 












But if 


one of tho other angles A 


is the 


greatest 


of the 


three 


angles, we 


have, by the proposition of i 


Geometry last re 


iferred 


to, 




B^W + A- 


- 180°, 








or 


B>^ — 90°, 










or 


A-CB + QO"; 










so that i[L 


every case one !inglo is le: 


ss than 


the sum 


of tht 


i other 



21. To solve a spherical right triangle, two parts must he 
known in addition to the right angle. From the two known 
parts, the olher three parts are to be determined, separately, 
by equations derived from Napier's Rules. The two given 
parts, with the one to be delerraincd, are, in each case, to enter 
into the same equation. These three jMi-ts are eilher all adja- 
cent to each other, in which case the middle one is taken as the 
MiDPLE PAET, and the oilier two are, by § 11, adjacent parts ; 
or one is sefiarated from the other two, and then the pari, tvhich 
stands bij itself, is the biiddle pakt, and the other tieo are, by 

^11, OI'POSITE PARTS. 
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22. Problem. To solve a spherical right triangle, when the 
hypolhemise and one of the angles are given. 

Solution. Let ABC (fig. 30) be the right trangle, right-angled at 
C ; and let the sides be denoted as in § 10. Let Ti and A be given ; 
to solve the triangle. 

First. To find the other angle B. The three parts, which are to 

enter into the same equation, arc co. li, co. A, and co. B ; and, by 

§ 21, as they are al! adjacent to each other, co. A is the middle part, 

and CO. A and co. B aro adjacent parts. Hence, by Napier's Rules, 

sin. (CO. h) = tang. (co. A) tang. (co. B), 

or COS. h =1 cotan. A cofan. B ; 



and, by (6), 




COR. h 

cotiii B =1 ■ ■ ■ =:. COS. h tang. A. 




Secondly. Tu find the opposite leg a. The three ports ar 
CO. A, and a; of which, by § 21, a is the middle part, and ci 
CO. A are the ( ppo&ife piits Hence, by Napier's Rules, 


e CO. A, 
X h and 


sin a — COS. (co. h) cos. (co. A), 




or sin. a = sin. h sin. A. 





Thirdhj. To find the adjacent leg. 6. The three parts are co. A, 
CO. h, and 1> ; of which co. A is the middle part, and co. h and h aro 
the adjacent parts. Hence, by Napier's Rules, 

sin. (co. A) z^ tang. (co. h) iang. S, 

or cos. A =: cotan. h tang. 6 ; 

nod, by (fi), 

"^ cotan. A "' 

23. Scholium. The tables always give two angles, which are 
supplements of each other, corresponding to each sine, cosine, fcc. 
But it is easy to choose the proper angle for the particular case, by 
referring to § 13 and 14; or by having regard to the signs of the 
different terms of the equation, as determined by PL Trig. ^ 63, 
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24. SclwUum. When h and A are bolh equal to 90", the values of 
cotan. B and tang, h are indeterminate ; for the numerators and 
denommators of the fractional values are, hy (66) and (68), equal to 
zero ; and in this case there arc an infinite number of triangles 
which satisfy the given value=i of /( and A. 

The problem is impossible by >§ 18, if the given value of h differs 
from 90°, while that of .d is equal to 90°. 



25. 


Examples. 


1. Given in the spherical i 


right triangle {fig. 30), ft = 145' and 


A = 23" 28' ; to solve the tri[ 


ingle; 


Solution. 




A, cos, 9.91336 1,* i 


?in. 9.75859, tang. 9.84523 n 


A, tang. 9.63761, i 


im. 9.60012, COS. 9.96251 



B, cotan. 9.55097 « ; a sin. S-S.^STl ; S tang. 9.80774 » 
Ans. B = 109° 34' 33", a — 13" 12' 12", I ^ 147° 17' 15". 

3. Given in the spherical right triangle (fig. 30), h — 33° 34', 
and A = 44° 44' ; to solve the triangle. 

Ans. B = 50° 8' 21", 
a = 22° 15'- 43", 
h = 24° 24' 19". 

26. Problem. To solve a spherical triangle, when its hypo- 
thenuse and one of its legs are given. 

Solution. Let ABC (fig. 30) be the triangle, h the given hypo- 
thenuse, and a the given leg. 



• The letter n, placed after a logarithm, indicates it lo be the logarithm of 
a negative quantity : and it is plain that, when the number of such logarithms 
lo be added together is even, the sum is the logarithm of a positive quantity ; 
but if odd, the sum is the logarithm of a negalive q^uantity. 
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First. To find the opposite angle A; a is the middle part, and 
CO, A and co. h axe the opposite parts. Heiico 

sin. a 7= COS. (co. ft) cos. {co. A] ; 

or sin. a = sin. h sin. A ; 

and, by (6), 

sin. A ^ -- r--; = sin. a coscc. h. 
sm. h 

Secondly. To find the adjacent angle B; co, 5 is the middle part, 

and CO. A and a are the adjacent parts. Hence 

sin. (CO. 5) rx tang. « tang, (co.fi), 

or cos. B ;= tang, a cotan. h. 

Thirdly. To find the other leg h ; co. h is the middle part, and a 
and b are the opposite parts. Hence 

COS. h ^ COS. a COS. i ; 

and, by (6), 

I COS. h , 

COS. c ^z - ■ - =: sec. a cos. A. 
COS. a 

27. Scholium. The question is impossible by § 13, when the given 
value of the hypothemise differs more from 90° than that of the leg. 

98. Solution. When k and a are both equal to 90°, it may be 
shown, as in § 24, that the values of E and h are indeterminate, 

29. Example. 

Given in the spherical right triangle {fig. 30), a ;^ 141° 11, and 
h ^ 127° 12' ; to solve the triangle. 

Ans. .^ = 128° 5' 54", 
Bz^ 62' 21' 45", 
h= 39° 6' 23". 

30. Problem. To solve a spherical right triangle, when one 
of lis legs and ike opposite angle arc givejt. 
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Solution. Let ABC (fig. 30) be the triangle, a the given leg, and 
A the given angle. 

I^Tst. To fiod the hypothemise h; ah the middle part, and eo, h 
and CO. A are the opposite parts. Henco 



, by (6), 



Secondly. To find the other angle B ; co. A is the middle part, 
and a and co. B are the opposite parts. Hence 



and, by (6), 



Thirdly. To find the other leg & ; J is the middle part, and a and 
CO. A are the adjacent parts. Hence 

sin. 6 = tang, a cofan. A. 

31. Scholium. There arc two triangles ABC and A'BC (fig. 31) 
formed by producing tho sides AB and AC, to the point of meeting 
A', both of which satisfy the conditions of the problem. For tho side 
BC or a, and the angle A, or by ^ 2 its equal A\ belong to both the 



Now ABA' and ACA' are semicircumferences. Hence A', the 
hypothenuse of A'BC, is the supplement of h ; h' is the supplement 
of h \ and A'BC, is the supplement of ABC. One set of values, 
then, of the unknown quantities, given by the tables, as in ^ 23, 
corresponds to the triangle ABC, and the other set to A'BC. 

33. Corollary. When the given values of a and A are equal, the 
values of A, B, and 5 become 
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or, by (67), 

h — SO", 5 — 90% J — 90°; 



33. Corollary. When a and A arc equal to 90°, the values of h 
and B are indeterminate, as in § 24. 

34. Scholium. The prohlem is, by ij 14, impossible, when the 
given values of the leg and its opposite angle are such, that one is 
ohtuse, while the other is acute, or that one is equal to 90', while the 
other differs from 90° ; and, by § 15, it is impossihle,wlion the giveB 
value of the angle diifers more from i)0° tlian tliat of the leg. 

35. Example. 

Given in the spherical right triangle, (fig. 30), a^= 35° 44', and 
A = 37" 28' ; to solve the triangle. 

Arts, li — 73° 45' 15'' \ ( k~ 106° 14' 45" 

jS = 7r 54' I or IB= 102° 6' 
5 — 69° 50' 24") (S=110" 9' 36". 



36. Problem. To soloe a spherical right triangle, when one 
of its legs and ike adjacent angle are given. 

Solution. Let ABC (fig. 30) be the triangle, a the given leg, and 
B the given angle. 

First. To find the hypothenuse Ti \ co. B is tlie middle pari, and 
CO. A and a are adjacent parts. Hence 

COS. B =^ tang, a cotan. A ; 

and, by (6), 

cos. B „ 

cotan. h z= -_ z::; cotan. a cos. B. 
tang, a 

Secondly. To find the other angle A; co. A is the middle part, 
and CO. B and a are opposite parts. Hence 
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Thirdly. To find the other leg S ; a is the midJIe part, and co. B 
and h are adjacent parts. Hence 

sin. a = tang, h cotan. B ; 

and, by (6), 

t tang. B. 



Given in the spherical right triangle (fig. 30), a = 118" 54', and 
B=WlS'i to solve the triangle. 

Ans. A— 118=20^20", 
A = 95' 55' 2", 
S = 10° 49' 17". 

- 38. Problem. To solve a spherical right triangle, when Us 
two legs a/re given. 

Solution. Let ABC (fig. 30) be the triangle, a and & the given 
legs. 

First. To find the hypotheniise k ; co. 7i is the middle part, a and 
5 are opposite parts. Hence 



Secondly. To find one of the angles, as ^ ; & is the middle part, 
and CO. A and a are adjacent parts. Hence 

sin. h =:z tang, a cotan. A ; 

and, by (6), 

sin. I . -, 

cotan. A := ^= cotan. a sm. 6. 

In the same way, 

cotan. B =z cotan. h sin, a. 
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39. Example. 

Given in the spherical right triangle (fig. 30), a — 1% and b — 
ICO" ; to solve the triangle, 

Ans. h = 99= 59' 54", 
A= r 0' 56", 
B — 90° 10' 35". 

40. Problem. To solve a spherical right triangle, token the 
two angles are given. 

Solution. Let ABC (fig. 30) be fho triangle, A and B the given 
angles. 

First. To find the hypothenuse A ; co. 7i is the middle part, and 
CO. A and co. B are adjacent parts. Hence 
cos, /( n^ cotan. A cotan. B, 

Secondly. To find one of the legs, as « ; co. A is the middle 
part, and co. B and a are the opposite parts. Hence 

COS. A z= COS. a sin. B ; 
and, by (6), 

c 

COS. a =: -. — = - 

In the same way, 



41, Scholium. The problem is, by § 20, impossible, when the 
sum of the given values of A and B is less ihao 90°, or greater 
than 270°, or when their dilTerence is greater than 90°. 

42. Example. 

Given in the spherical right triangle (fig. 30), A — 91° 11', and 
B ^ IIP 11'; to solve the triangle. 

Ans. A — 89° 33' 29", 
a= 91° 16' 8", 
6^ 111=11' 16". 
I9« 
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CHAPTER III. 

SPHERICAL OBLIQUE TRIANGLES. 

43. Theorem. The sines of the sides in any spherical trian- 
gle, are proportional to the sines of the opposite angles. [B. 
p. 437.] 

Proof. Let ABC (figs. 32 and 33) be the given triangle. Denote 
by a, h, c, the sides respectively opposite to the angles A, B, C. 
From eifher of the vertices let fall ihe perpendicular BF upon the 
opposite side AC. Then, in the right triangle ABP, making BP 
Ihe middle part, co. c and co. BAP are the opposite parts. Hence, 
by Napier^s Eides, 

sin. BP — sin. c sin. BAP — sin. c sin A. 

For BAP is eitlier the same as A, or it is its supplement, and in 
either case has the same sine, by (98). 

Again, in triangle BPC, malting BP the middle part, co. a and 
CO. C are the opposite parts. Hence, by Napier's Rules, 

sin. i?P— sin. a sin. C; 

and, from the two preceding equations, 

whicli may be written as a proportion, as follows : 
sin. a : sin. A = sin. c : sin. C. 



In the same way, 



sin. i : sin. B. 



44. Theorem. Bowdilch's Rules for Obliqne Triangles, 
If, in a spherical triangle, two right triangles are formed by a 
perpendicular let fall from one of its verticles upon the oppo- 
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site side; and if, in the two right triangles, the middle parts 
are so taken that the perpendicular is an adjacent part in both 
of them; then 

The sines of the middle parts in the two triangles are pro- 
portional to the tangents of the adjacent -parts. 

Bat, if the perpendicular is an opposite part in both the 
triangles, then 

7*1^6 sines of the middle parts are proportional to the cosines 
of the opposite parts. [B. p. 437.] 

Proof. Let M denote tlie middle part in one of the right triangles, 
A an adjacent part, and O an opposite part. Also lot m denote tho 
middle part ia the other right triangle, a an adjacent part, and o an 
opposite part, and let^ denote the perpendicular. 

First. If the perpendicular is an adjacent part in both triangles, 
we have, by Napier's Rules, 

sin, M ^:i tang. A tang, ji, 
sin. m :rr tang, a tang, p ; 
whence 

sin. M __ fang. A tang, f tang. A 

sin. m ~ tang, a tang, p ~~ tang, a ' 

or sin. M : sin. m :^ tang. A : tang. a. 

Secondly. If the perpendicular is an opposite part in both the 
triangles, we have, by Napier's Rules, 



sin. M _ cos. cos, p _ 



45. Problem. To solve a spherical triangle, when two of its 
sides and the included angle are given. [8. p. 438.] 
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Solution, Let ABC (figs. 33 and 33) bo the triangle, a and h the 
given sides, and C the given angle. From B let fall on AC the 
perpendicular BP. 

Frst. To find PC, we know, in the right triangle BFC, the hypo- 
thenuse a and the angle C. Hence, hy means of Napier's Rules, 
tang. PC = COS. C tang. a. (298) 

Secondly. AP Is the dlfFerencc between AC and PC, that is, 
(fig. 32) AP=zh — PC, or (fig. 33} AP=PC — h. (299) 

Tltirdli/. To find the sldt; c. If, in the triangle BPC, eo. a ia 
the middle part, PC and PiJ are opposite parts ; and if, in the tri- 
angle APB, CO. c is the middle part, BP and AP are the opposite 
parts. Hence, by Bowdilch's Rules, 

COS. PC : COS. AP ~ sin. (co. a) : sin. (co. c), 

or cos. PC : cos. AP — cos. a : cos. c. (300) 

Fourthly. To find the angle ^. If, in the triangle BPC, PC is 
the middle part, co. C and BP are adjacent parts ; and if, in the 
triangle APB, AP is the middle part, co. BAP and BP are adjacent 
parts. Hence, by Bowditch's Rules, 

sin. FC : sin. PA — eolan. C : cotan. BAP ; (301) 

and BAP is the angle A (fig. 32), when the peipendicular falls 
within the triangle ; or it is the supplement of A (fig. 33), when the 
perpendicular falls without the triangle. 

Fifthhj. B is found by means of § 43, 

sin. c : sin. C — sin. b : sin. B. (302) 

46. St-MKwm. In determining PC, c, and £JP, by (298), (300), 
and (301), the signs of the several terms must be carefully attended 
to ; by means of PI. Trig. -J 62. 



But to determine which value of B, determined by (302), is the 
true value, regard must be had to the following rules, which are 
proved in Geometry. 

I. The greater side of a spherical triangle is always opposite 
to the greater angle. 
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II. Each side is less than ike sum of the other two. 

III. The sum of the sides is less than 360°. 

IV. Each angle is greater than the difference hetxoeen ISO", 
and the sum of the other tteo angles. 

There are, however, cases in which these conditions are all satis- 
fied by each of the values of B. In any such case this angle can 
be determined in the same way in which the angle A was deter- 
mined, by letting fall a perpendicular from the vertex A on the side 
BC. But this ditKculty can always be avoided, by letting fall the 
perpendicular upon that of (he two given sides which differs the 
most from 90". 

47. Corollary. By (299), (111), nnd (35), we have 

COS. AP = COS. {h — PC) = COS. [PC — I) 

= COS. b COS. PC -I- sin. h sin. PC, (303) 

which, substituted in (300), gives 

COS. PC : COS. b COS. PC + sin. h sin. PC — cos. a : cos. c. 
Dividing the two terms of the first ratio by cos, PC, wc have hy (7), 
1 : COS. h + sin. b tang. PC — cos. a : cos. c. (304) 

The product of the means being equal to that of the extremes, we 

COS. c = COS. a cos. li + sin. b cos. a tang. PC. (305) 

But, hy (-298), 

tang. PC — COS. C tang, a — '^°^' ^ ^'"" ^ , 
or COS. a tang. PC — cos. C sin. a; (306) 

which, substituted in (305), gives 

COS. c zz; COS. a COS. b + sin. a sin, h cos. C, (307) 

which is one of the fundamental equations of Spherical Trigo- 
nometry. 
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48. Corollary. Wo have, by (55), 

COS. C = — 1 +2 (cos. ^C)2, 
which, substituted in (307), gives, by (34), 

COS. c = COS. (a-\-h)+2 sin. a sin. b (cos. i C)^ (308) 

from which the value of the side c can readily be found by using the 
table of Natural Sines. 

49. Corollary. We have, by (56), 

COS. C = 1 — 3 (sin. J C)2, 
which, substituted in (307), gives, by (35), 

cos. c = cos. (tt — i) — 2 sin. a sin. 6 (sin. i C)K (309) 

which can be used like formula (308). 

50. Corollary. The use of formula (309) is much facilitated by 
means of the column of Rising in Table XXIII of the Navigator. 
This column contains the values of 

log. 2 (sin. J C)2 — 3 log. sin. J C + log. 2 

— a log. sin. J C + 0.30103. (310) 

But the decimal point is supposed to be changed so as to corres- 
pond to the table of Natural Sines, that is, 5 Is added to the logarithm ; 
and 20 is to be subtracted from the value of 2 log. sin. ^ C, which 
is given by Table XXVil, as is evident from PI. Trig. ^ 31. So that 
the column Rising of Table XXIil is constructed by the formula 

log. Eis. C — 2 log. sin. J C + 5.30102 — 20 

= 3 log. sin. J C — 14.69897, (311) 

which agrees with the explanation in the Preface to the Navigator. 

51. By using Table XXIII, the following rule is obtained 
for finding the third side, wheti two sides and t!ie inclnded 
angle are given. 

Add together the hg. Rismg- of the given angle, and (he fog. 
sines of the two given sides. The sum is the logarithm of a 
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number, which is to be sublracied from the natural cosine of 
the difference of two given sides {regard being had to the sign 
of this cosine). The difference is the natural cosine of the 
required side. 

53. Examples. 
1, Calculate tlie value of log. Rls. of 4.'' 28™. 
Solution. 

I (4* SS'n) = 2* H"" sin. 9.74389 



19.48378 
- 14.69897 



2. Given in the spherical triangle two sides equal to 45° 54' a 
13S° 32', and the included angle 98° 44' ; to solve the triangle. 

Solution. I. By (298), 

C^ 98M4' cos. 9.18137« 

0.01365 

9. 19502^1 



a =z 45° 54' 



lang. 



PC ~ 171" 5' 41 
By (299), 

AF = 171° 5' 43" — 138° 32' — 32° 33' 43". 
By (300), 

FC = 171° 5' 43" COS. (ar. co.) 10.00527" 

AP ^ 33°33'43" cos. 9.92573 

a — 45" 54' COS. 9.84255 



c = 126° 25' 7" 



9.77351: 
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[cH. i: 



i (301), 



FG— 171" 5' 43" 

AF= 33''33M3" 

C — 98" 44' 

BAF~ 118- 6' 26" 



(ar, CO.) 10.81034 



: 180" — 118" 6' 26" — 61' 53' 34". 



c — 136" 35' 7" 


sin. 


(ar.c 


0.) 10.09436 


C= 98° 44' 


sill. 




9.9^494 


I = 138° 32' 


sin. 




9.82098 


B ^ 135° 34' 30" 


9.91028 




Ans. 


c 


— 126° 25' 7" 






A 


~ 61" 53' 34" 






B 


= 125" 34' 30". 



II. The third side is thus calculated by means of (308), 

2 log. 0.30103 

45" 54' sin. 9.85620 

138" 33' sin. 9.82098 

J (98° 44') — 49° 22' 2 cos. 19.62744 

0.40332 9.60565 

— 0.99701 = Nat. cos. (138" 32' + 45° 54') = N. cos. 184° 26' 



-0.5i 



= Nat. COS. 126° 5 



' 10" = c. 



III. The third side is thus calculated by § 50. 

98" 44' = 6' 34*^ 56' log. Kis. 5.06139 

45° 54' sin. 9.85620 

138" 33' sin. 9.82098 

54774 4.73857 

92" 38' N. COS. — 4594 

c ~ 126° 25' 8" N. COS. — 59368 
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3. Calculate the log. Ris. of 11'' 12" W. Ans. 5.29G32. 

4. Given in a spherical triangle two sides equul to 100°, and 125", 
and the included angle equal to 45° ; to solve the triangle. 

Ans. The third side = 47' 55' 52". 

The othur Uvo angles = 69° 43' 48", and — 128" 42' 48". 

63. Problem. To solve a spherical triangle, when one of Us 
sides and the two adjacent angles are given. [B. p. 438.] 

Solution. Let ABC {figs. 32 and 33) bo the triangle, a the given 
side, and B and C the given angles. From B lot fall on AC the 
perpendicular BP. 

First. To find FBC. We know, in the right triangle BFC, the 
hypothenuse a and the angle C. Hence, by Napier's Hules, 

cotan. PBC — cos. a tang. C. (312) 

Secondly. ABP is the diliercnce between ABC and PBC, that 

(fig. 32} ABF = B — PBC, 
or (fig. 33) ABP = FBC — B. (313) 

Thirdly. To find the angle A. If, in the triangle FBC, co. C is 
the middle part, PB and co. PBC are the opposite parts ; and if, in 
the triangle ABP, co. BAP is the middle part, FB and co. ABP 
are the opposite parts. Hence, hy Bowditch's Rules, 

cos. (co. BFC) : cos. (co. ABP) - sin. (co. C) : sin. (co. BAP), 

or sin. FBC : sin. ABF — cos. C : cos. BAP ; (314) 

and BAP is either the angle A or its supplement. 

Fourthli/. To find the side c. If, in the tdangle FBC, co. PBC 
is the middle part, FB and co. a are the adjacent parts ; and if, in 
the triangle ABF, co. ABF is the middle part, FB and co. c are the 
adjacent parts. Hence, by Bowditch's Rules, 

COS. FBC : CDS. ABP =■. colan, a : cotan. c. (315) 
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Fifthly, h is found by the proportiun 

sin. C : sin. c = sin. B : sin. i. (316) 

54. Scholium. ltidelermIningPPC,S.dP,andcby{312), (314), 
and (315), the signs of the several terms must be carefully attended 
to, by means of PI. Trig. "5 61. 

To defermine which value of b, obtained from (316), is the true 
value, regard must be had to the rules of ■§ 46. But if all these 
conditions are satisfied by both values of b, then b may be calculated 
by letting fall a perpendicular from C on the side c in the same way 
in which c has been obtained in the preceding solution. But this case 
can bo avoided by letting fall the perpendicular from the vertex of 
that one of the two given angles, which differs the most from 90". 

55. Corollary. Since ISO" — a, 180° — J, and 180'— c arc the 
angles of the polar triangle, and 180' — A, 180° — B, and 180° — C 
are its sides; we have given in the polar triangle the tv^o sides 
180° —B, and 180° — C, and the included 180° —a ; so that the polar 
triangle might be solved by ^ 45. 

56. Corollary. If formula (307) is applied to the polar triangle of 
the preceding section, it becomes by PI. Trig. "J 61, 



or COS. A — — cos. B cos. C + sin. B sin. C cos. a. (317) 

57. Corollary. In the same way (308) becomes by (99) and 
(123), 

COS. A — — COS. {£ -f C) — 2 sin. B si... C (sin. J a)% (318) 

from which the value of the third angle may be found by means of 
Table XXUl, 

58. Corollary. In the same way (309) becomes by (99), 

COS. A^ — COS. (B — C) + 2 sin. B sin. C (cos. J af, (319) 
from which the value of the third side may be found. 
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59. E: 



1. Given in a splierical triangle one side equal to 175' 27', and 
the two adjacent angles equal to 126° 12', and 109" 16' ; to solve the 
triangle. 

Solution. I. By (313), 

a— 175°27' COS. 9.998G3» 

C — 109° 16' 



By (313), 



By (314), 



By (315), 



PBC=. 19-'19'24" 


CO tan. 


0.45513 


ABP = 126° 12' — 19° 19' 24" — 106 


52' 36". 


FBC=^ 19' 19' 24" 


sin. (ar. co. 


10.48031 


ABP = 106^ 52' 36" 


Sitl. 


9,98088 


C ;= 109° 16' 


COS. 


9.51847 


BAP = 162° 36' 


9.97966 


PBC=i 19° 19' 24" 


COS. {ar.co. 


10.02518 


ABF= 106° 53 36" 


COS. 


9.4628S 


a — 175° 27' 


cotan. 
cotaii. 


1.09920 


c- 14^30' 9" 


0.58726 


A = BAP 


= 162° 36'. 




C - 109° 16' 


sin. (ar. co. 


10.02503 


c— 14° 30' 9" 


sin. 


9.39867 


B = 126° 12' 


sm. 


9.90G85 


i = 167" 38' 21" 


9.33055 




Ans. A = 162° 36' 




h =; 167" 


38' 21" 




c ^ 14° 30' 9". 
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[CH 


11 


. The third angle i; 


s thus 


calculated by mean; 


5 of 


(318). 




175" 


■2r 


= llMl" 


■48' 


log. 


Ris. 5.a0035 




126" 


12' 








sir 


1. 9.90685 




109" 


16' 


235^28' 




— 152114 
N. cos. 56689 


" 


L. 9.97497 
5.1S217 



III. The 


third 


1 angle is ll 


J ("5- 


27'; 


1 ^87° 43' 


126° 


12' 




109- 


16' 


16' 56' — 


A 


= 


162' 36' 



tlius calculated by means of (319), 

2 log. 0.30103 

2 cos, 17.19748 

sin. 9.90685 

sin. 9.97497 



0.00240 7.38033 

N. COS. — 0.95664 

N. COS. — 0.95424 

2. Given in a spherical triangle one side ^ 45° 54', and the two 
adjacent angles ^r; 125° 37', and ^ 98° 44' ; to solve the triangle. 
Ans. The third triangle — 61°55'2". 

The other two sides = 138" 34' 32'', and — 126° 26' 1 1". 

60. Problem. To solve a spherical triangle, when two sides 
and an angle ojyposile one of them are given, [B. p. 43r.] 

Solution. Let ABC (figs. 32 and 33) be the triangle, a and c the 
given sides, and C the given angle. From B let fall on AC the per- 
pendicular BP. 

First. To find FC. We know, in tho right triangle PBC, the 
side a and the angle C. Hence, by Napier's Eulcs, 

tang. PC — COS. C tang. a. (320) 

Secondly. To find AP. If, in the triangle PBC, co. a is the 
middle part, CP and PB are the opposite parts ; and if, in the tri- 
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angle ABP, co. c is the middle part, AP and PB are the opposite 
parts. Hence, by Bowditch's Rules, 

COS. tt : COS. c = COS. PC: cos. AP. (321) 

Thirdhj. To find 6. There are, in general, two triangles whicli 
resolve the problem, in one of which (fig. 39) 

■b = PC-\- AP, (323) 

and in tlie other (fig. 33) 

h = PC — AP. (323) 

But, if AF is greater tlian PC, there is but one triangle, as in 
(fig. 32), aod h is obtained by (33^) ; or, if the sum of AP and PC 
is greater than ISO", there is but one triangle, as in (fig, 33), and i 
is obtained by (323). 

Fourthly. A and B are found by the proportion 

sin. e : sin. C — sin. a : sin. A (324) 

sin. c : sin. C — sin. h : sin. B. (325) 

61. Scholium. In determining PC and AP by (320) and (321), 
the signs of the several terms must be carefully attended to by means 
of PI. Trig. ■§ 62. 

The two values of A, given by (324), correspond respectively to 
the two triangles which satisfy the problem ; and the one, which 
belongs to each triangle, is to be selected, so that the angle BAP, 
which is the same as A in (fig. 32), and the supplement of A in 
(fig. 33), may be obtuse if C is obtuse, and acute if C is acute. For 
BP is the aide opposite BAP in the right triangle ABP, and the 
side opposite C in the triangle BCP ; and therefore, by ij 14, BP, 
BAP, and C are all at the same time acute, or all obtuse. 

Of the two values of B, given by (325), the one which belongs to 
each triangle is to be determined by means of the rules of <§ 46. 

62. Scholium. The problem is, by a proposition of Geometry, 
impossible, when the given value of c differs more from 90^ than 
that of a ; if, at the same time, the value of one of the two quanti- 
ties, c and C, is acute, while that of the other is obtuse. And in 

13* 
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this case we should find that AF was larger than FC, and at the 
same time that the sum of AF and PC was more than 180". 



1. Given in the spherical triangle, one side r= 35°, a second siiJe 
=z 142°, tJie angle opposite the second side — 176° ; to solve the 
triangle. 



Solution. By (320), 








C = 176' 


COS. 




9.99894. 


az= 35° 


tang. 




9.84623 


PC = 145= 3' 56" 


tang. 




9.64417- 


By (321), 








o= 35° 


COS. 


(ar 


. CO.) 10.08664 


FC — 145' 3' 56'^ 


COS. 




9.91371 , 


c — 142° 


CO.. 




9.89653 i 


AF = 37° 66' 30" 


cog. 




9.89688 


By (323), 








h = 145" 3' 56" - 


- 37° 56' 


30' 


' = 107" 7' 26", 


By (324), 








r. = 142- 


sin. 


{at 


■.CO.) 10.21066 


C = 176° 


sin. 




8.84358 


a^ 35° 


sin. 




9.75S59 


A = 3° 43' 34" 


■in. 




8.81283 


By (325), 








c = 142° 


sin. 


(ar 


.CO.) 10.21066 


C ~ 176° 


sin. 




8.84358 


I ^ 107° 7' 26" 


sin. 




9.98030 


B = 6° 12' 58" 


sin. 




9.03454 




jlns. 


I: 


= 107" T 26" 






A 


= 3' 43' 34" 






B 


- 6" 12' 58" 
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2. Given in a spherical triangle, one side ^= 54°, a second side 
= 22°, tlie angle opposite the second side = 12° ; to solve the tri- 



Ans. The third side := 73° 14' 29", or — 33- 32' 5D". 
One angle = 26° 40' 49", or = 153" 19' 11". 
Tlie third angle = 147° 53' 51", or — 17" 51' 43''. 

64. Problem. To solve a spherical triangle., lohen two 
wigles and a side opposite one of ihem are given. [B. p. 438.] 

Solution. Let ABC (figs, 32 and 33) be llic triangle, A and C 
the given angles, and a the given side. 

From B let fall on AC the perpendicular BP. This perpendicu- 
lar must fall within the triangle, if A and C are either both obtuse 
or both acute ; but it falls without, if one is obtuse and the other 
acute. 

First. PC may be found by (320). 

Secondly. To find AF. If, in ibe triangle PBC, PC is the 
middle pari, co. C and PB are the adjacent parts ; and if, in the 
triangle ABP, AP is the middle part, co. BAF and BP are the 
adjacent parts. Hence, by Bowditch'a Rules, 

cotan. C : colan. BAF = sin. PC : sin. AP. (326) 



Thirdly. 


To finds. We have 






{fig. 32) ?■ — PC -1- AP, 


(327) 




(fig. 3.-!} 6 = PC — AP. 


(328) 


FouHUy. 


c and B are found by the proportion 






Bin. A : «in. n = sin. C : sin. c, 


(329) 




sin. o ;sin.J=,.in. J:»in.B. 


(330) 



65. Scholium. Either value of AF, given by (326), may bo used, 
and there will be two different triangles solving the problem, except 
when AP + FC (fig, 32) is greater than 180% or PC (fig. S3) is 
less than AF. It may be that both values of AF satisfy the coti- 
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ditions of the problem, or that only one value 
neither value does ; in which last case the probler 

Of the values of c, determined by (329), the true value must be 
ascertained from the right triangle ABP by § 12 ; or since PB and 
C are both acute or both obtuse at the same time, it follows, from 
§ 12, that when C and AP arc both acute or botli obtuse, Ihat c is 
acute ; but when one of them is obtuse and the other ucutc, c is 
obtiiso. 

From the two values of B (330), the true value must be selected 
by means of the rules of '^ 46. 

66. Scholium. The problem is impossible, by Geometry, when A 
differs more from 90" than does C, and when at the same time one 
of the two quantities a and A is acute, while the other is obtuse. 
This case is precisely the same as the impossible case of § 62. 



67. 

1. Given in a spherical triangle, one angle :^ 95", a second angle 
1= 104°, and the side opposite the first angle ;^ 138" ; to solve the 
triangle. 



Solution. By (320), 




C = 


104" 




a^ 


138" 




PC^ 


12" 17' 


20^ 


By (326), 






C-- 


104" 




PC:z= 


12" 17' 


20" 


BAP = 


95" 




AP^ 


4° Ifi' 


■59' 


By (327), 







) 0.60323 n 

9.32805 
8.94195 « 

S.87323 



b z= 12" 17' 20" + 4" 16' 59" ~ IG" 34' 19". 
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ES. 




By (329), 












A = 95° 






,in.( 


ir. CO. 


)0.00166 


a = 133" 






sin. 




9.82551 


C — 104° 






"»• 




9.98690 


c = 139" 19 


40" 




sin. 




9.81407 



a = 138- 
A=z 95° 
J= 16°34''I9" 

B — 25° 7' 38" 
ain, by (328), 



) 10.17449 
9.99834 
9.45518 

9.6i;801 



; 12' 17' 20" — 4' 16' 59" — 8° 0' 21" 
z 180° ^ 139' 19' 40" = 40° 40' 20". 



By (330), 



a ~ 138° 










Sin. 


ST. 


CO. 


10.17449 


A — 95" 










sin. 






9.99834 


S = 8- 0- 2V 










sin. 






9.14386 


B= ir.5S'0" 










sin. 






9.31669 


Am. 


i 


— 


16 


34 


19" 


r = 


8 


0' 21" 




c 


= 


139 


19' 40" 


r = 


40° 40' 20" 




B 


— 


25- 


7' 


38" o 


r = 


11 


58' 0". 



2. Given in a spherical triangle, one angle =i 104°, a second 
angle i:^ 95°, and the side opposite the first angle i^ 138° ; lo solve 
the triangle. 

Arts. The two sides are 17" 22' 13", and 136" 36' 27". 
The other angle is 25° 39' 9". 

68. Problem. To solve a spherical triangle^ tvhen Us three 
sides are given. 
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Solution. Equation (307) gives, by transposition and division, 

^ _ COS. c — COS. a COS. h 

~ sin ^ sin ^ ' (*''*'' 

whence the value of the angle C may be calculated, and in the same 
way either of the other angles. 

69. Corollary. An equation, more easy for calculation by loga- 
rithms, may bo obtained from (308), which gives, by transposition 
and division, 

2 (cos. i Cf - ~^' ^'^g"ji^-Vsfn"J^*""- *^^^* 

Now, letting s denote half the sum of the sides, or 

, = ^ («+?, + c) ; (333) 

if we make in (42) 

we have M -[- IV = a + i, 

M—N—c; 
and (42) becomes 

CO.. c-cos. (o + S) =2 .in. . sin. (.-c); 
which, suhstitutcd in (332), gives 

2 (CO.. S Cf = -— ^'-'liiril) , (33,1) 



and 



I. iC=v( "°'""'' '-*-■—). (335) 



70. Corollary. The angles A and B may be found by the two 
following equations, which are easily deduced from (335), 

co..i^ = v(™;;;"°;|:-°'). (336) 

co!.lB = v("-^^-?^^Jj4^-*'). (337) 
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71. Corollary. Another equation, equally simple in calculation, 
can be obtained from (309), which gives, by transpositioD and di- 



whence C can be found by Tabic XXIII. 
72. Corollary. If, in (42), wc make 

we have 

M +N~c 

M~-N~ a — b, 
and (42) becomes 

COS. (« — &)— COS. c = 2sin,(s — o) sin. (s — h); 
which, substituted in (338) gives 



in. b 



73. Corollary. In the same wyy we might deduce the following 
equations : 

.ill. 11S = ^ ('-^ 'T^") ™- I'^' ^-y (342) 

74. Corollary. The quolieiil of (341), divided by (336),is by (7), 

In the same way, 

tang, i S = V f ""■[' — '•}'"'■ ^'^ \. (344) 

tang. 1 C = V ( "°,',',7° |^|^j^- ) ■ (3«) 
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75. Examples. 



[CIT. III- 



I. Given in (ho spherical triangle jlBCtho three sides equal t 
46°, 72% anel 68' ; to solve the triangle, 



SoluHoji. 


I. By (335), 


by (336), 


by (337), 


a =46° sin 


(- 


.CO.) 10.14307 (ai 


CO.) 10.14307 


J =72° sin 


(ar. CO.) 10.02179 


(ar 


CO.) 10.02179 


0=68" sin 


(ar.co.) 10.03283 (a 


.CO.) 10.03283 




5=93" sin 


9.99940 


9.99940 


9.09940 


-a=4Tsm 


9.86413 






-6=21-sin 




9.55433 




-c=25"sin 






9.62595 




2)19.91815 


2)19.72963 


2)19.79021 



COS. 9.95908 9.S6482 9.89510 

J ^ = 24° 29', I B = 42° 54', ^ C ^ 38° ] 4' 24". 
Ans. A = 48" 58', B = 85° 48', C — 76° 28' 48". 
II. By Tabic XXIII and equalion (338), 
a—h — 26" N. COS. 89879 
c — 68° N. cos. 37461 

.'52418 log. 4.71948 

a ==46" sin. (ar.co.) 0.14307 

b — 72° sin. (ar. co.) 0.02179 

C = 5'' 5-" 55' — 76° 28' 45" log. Ris. 4.88434 

gle the three sides equal to 3°, 4°, and 



2. Given in a spherical 
j°: to solve the trianele. 



Ans. The three a 



i° 54', 53° 10', and 90° 2'. 



76. Napier obtained two theorems for the solittion of a 
ipherical triangle, when a side and the two adjacent angles 
ire given, by which the two sides can be calculated wilhout 
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the necessity of calculating the third angle. These theorems, 
which are given ia "^ 79 and 80, can be obtained from 
ecLuations (U43 - 345) by the assistance of the following 
lemmas. 

77. Lemma. If we have the equation 
we can deduce from it the following equation, 



sin. (M — iV) " 
Proof. Wc have from (7) 



(347) 



which, substituted in (346), give 

sin. M COS. JV _ K 

COS. M sin. N~y' 

This equation is the same as the proportion 

sin. M cos, JV : cos. M sin. N = x:y-, 
hence, by the theory of proportions, 

sin. JWcos. JV-t- COS. M sin. JV: sin. JWcos. N 
— COS. M sin. N = X -\- ij : X — y, 
or, by (33) and (34), 

sin. (M+N): sin. (M ~ I\^ = x + yi x — y; 
vfhich may be written in the form of an equation, as in (347). 

78. Lemma. If we have the equation 

tang. M tang. JV" iz: — ; (348) 

we can deduce from it the equalion 

COS. («_«)- 5 + 0,- (•'*'> 
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PTOof. We have, by (318) and (7), 



J. Jf COS. JV~ 



This eqcation is the same as the proportion 

COS. M COS. iV : sin. M sin. 2V ::^ )/ : ,r ; 
hence, by the theory of proportions, 

COS. iWcos, JV— sin.Jlf sin. iV": cos. ilf cos. JV 
4- sin. M sin. JV— ?; — 3;:a;-j-!/, 
or, by (35) and (36), 

COS. {M~\-N): COS. (W— A') — j/~a::!/ + a;; 
which may be written as in (349). 

79. Theorem. The sine of half the sum of (wo angles of a 
spherical triangle is to the sine of half their difference, as the 
tangent of half the side to which they are both adjacent is to the 
tangent of half the difference of the other two sides ; that is, in 
the spherical triangle ABC (figs. 32 and 33), 
sin. ^ ( J + C) : sin. ^{A — C) = tang. J S : tang. ^ (ffl — c). (350) 

Proof. The quotient of (343) divided by (345) is, by an easy 
reduction, 

tang. ^ A sin. {s — c) 

tang. fC ~ sin. (^— a)' 
Hence, by § 77, 

sin. i{A + C) _ sin. (s - c) +^in. (b - a) 
sin. i(A-C)~- sin. (s - c) - sin.> - a)' 
If we make in equation (47) 



and {47) becomes 

8i„. (, - c) + » iii. (> — a ) _ _ Mg i S__ 
sin. («-c)-sm. (s-oj t«ng.i(»-. 



(351) 
(852) 
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Tills equation, substituled in the second number of (352), gives 

(353) 



si n. i(A + C) __ tang, j 
sin. HA — C) - tang, i {a 

which is the same as (350). 



80. Theorem. The cosine of half the sum of two angles of 
a spherical triangle is to the cosine of half their difference, as 
the tangent of half the side to which they are both adjacent is 
to the tangent of half the snmofthe other two sides; that is, 
in the spherical triangle ABC (figs. 33 and 33), 
cos.J(J + C):cosJ(^-C) = tang.J6:tang.i(a + c). (354) 

Proof. The product of (343) and (345) is, by a simple reduc- 



(355) 



hence, by § 78, 

cos.i(il— C) sin.. + sin. (!_})■ 
If in equation (47) inverted we make 

J! = s-J=J(«-* + «)l 
we have 

A — B = b; 
and (47) becomes 

sin. s — sin. (s — J) tang. ^ b 

siiTT+lMs'^rT) " tang. i(a-l-"^' 

This equation, substituted in (355), gives 

COS. 1(^ + C) _ tang, j h 

COS. ^ (A — C) ^ tang, i (a + c)' ^ ' 

which is the same as (354), 

81. Seholiuvi. In using (350) and (354), the signs of the terms 
must be attended to by means of PI. Trig. § 61. 
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1. Giv 



and the included side ^ 
Solution. By (350), 
J (^ _i_ q t= 128' 
i(A-C)^ 30™ 



spherical triangle two angles ^^ 158% and = 



find tlie other aides. 



72" 



{ar. CO.) 10,10347 
9.69897 
0.48832 



na~c) 



0.29066 



By (354), 
i (^ — C) = 30" 



73° 



0.) 10.21066 n 
9.93753 

0.48823 



i (« + c) 



0.63641 » 



Ans. a = 165" 53' 26", 
c= 40" 7'24". 

2. Given in a spherical triangle two angles =: 170°, and = 
ind the included side = 92° ; to find the other sides. 
Ati.'i. a:^103^ 6' 44", 
c^ 11 IT 16". 



83. Problem. To solve a spherical triangle, when Us three 
angles are given. 

SoJulion. If A, B, C are the angles of the given triangle, and 
a, 5, c its sides, 180"— .d, 180"— £, 180" —C are the sides of the 
polar triangle, and 180° — a, 180' — 5, 180° — c the angles of the 
polar triangle, the sides are then given in the polar triangle ; to find 
the angles. For this purpose we may use the formulas of the pre- 
ceding problem. 



84. Corollary. Applying (331) to the polar triangle gives 
__ cos. C + cog. A and B 



(357) 
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85. Corollary. Equations (335 - 337) give, for the polar 


triangle. 


]f we put 






S=i{A + B+C), 




(358) 


and use (98 and 99), 






.;„ , ,_ ,/-cos.Scos.(S-JI)\ 
Bm.t„-VI^ sin. a sin. C )' 




(359) 


-it's .(-"•'■S^o,.(S^B)\ 




(360) 


"'°-5' ^ V sin. ^ sin. C )' 


"in -- ,/-«"■ S"^-(S-C)\ 




(361) 


-in-Je -/l^ sin.^sin. B j' 


86. CoroUari/. Equations (340-342), applied to the polar 


triangle. 


give 






can 'J /cos.(S-B)eos.(S-C)\ 




(362) 


""■i"-*» V sin.S.in. C ;■ 


CO- I J ,('o»-(^J)™'.(S-C)S 




(363) 


00, J S V{^ da. A.m. C / 


ro-l- -/'"•■('^'*)«»(S-B)\ 




(364) 


""■S'-VV sin.^sinB ^• 



fang. ^a=\/ 
tang. J i ^^ \/ 
tang. ^ c = V" 



87. Corollary. Equations (343-345), applied to the polartriangle, 
-COS. S COS. (S— ^) 



.,(S-B)cos.(S-C);' 

!. S COB. (S— g) 



5.(S-J)cos.(S-C)y 
i. S COS. (S—C ) 



cos.(S— A) COS. {S—B)/ 



(366) 
(367) 



88, Corollary. Equation (332), applied to the pokr triangle, i 

"'*'*' - .in. A sin. B ' *^ 

which may be used like equation (338). 
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89, Example. 

Given in tlie spherical triangle ABC, the three angles equal to 
89", 5°, and 88° ; to solve the triangle. 

Ans. The three sides are 53° 10', 4°, and 53" 8'. 

90. Theorem. The sine of half the sum of two sides of a 
spherical triangle is to the sine of half their difference, as tho 
cotangent of half the included angle is to the tangent of half 
the difference of the other two angles, that is, in ABC (figs. 32 
and 33), 

sin. J (fl + c) : sin. ^{a—c) — cotan. ^ B : tang. i{A— C). (369) 

Proof. This theorem is at once obtained by applying >§ 79 to the 
polar triangle. 

91. Theorem. The cosine of half the sum of two sides of a 
triangle is to the cosine of half their difference, as the cotangent 
of/ialfthe included angle is to the tangent of half the sum of 
the other two angles, or in (figs. 32 and 33), 

COS. i{a-\-c): cos. i{a--c) — cotan. J B : tang. i{A+ C). (370) 

Proof. This theorem is at once obtained by applying § 80 to the 
polar triangle. 

92. Corollary. These two theorems, similar to $ 79 and 
^ 80, were given by Napier for the solution of the case, in 
which two sides and the included angle are given. By means 
of them the other two angles can be found without the necessity 
of calculating the third side. In using them, regard must be 
had to the signs of the terms by means of PI. Trig. *5 61. 



1. Given in a spherical triangle two sides i^ 149°, ( 
the included angle ^ 88° ; to find the other angles. 
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Solution. By § 90, 








J (a + t) = 99- 


.in. (» 


,. CO.) 


10.00538 


J(«-c) = 50- 


sin. 




9.88425 


i B =44- 


cotan. 
tang. 




0.0151S 


l(jl — C)=38'46'10" 


9.90479 


By 5 91, 








i(. + c) = 99- 


COS. (a 


r. CO.) 


10.80567. 


}(.-t) = 50- 


COS. 




9.80807 


J B =44- 


cotan. 
tang. 




0.01516 


i{A + C)= 103- 13' 31" 


0.62890" 




Alts. 


A = 


111- 69' 41", 






C = 


64" 26' 21". 



2. Given in a spherical triangle two sides ::::: 13°, and = 9°, and 
the included angle ^ 170 ; to find the other angles. 

Ans. 2" 13' 12", and 1° 51' 14". 
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SPHElilCAL ASTEONOMY. 

GHAPTEK, I. 

THE CELESTIAL SPHERE AND ITS CIRCLES. 

1. Astronomy is the science whicli treats of tlie heavenly- 
bodies. 

2. Mathematical Aslronomy is the science which treats of 
the positions and motions of the heavenly bodies. 

The elements of position of a heavenly body are (Geo. § 8) dis- 
tance and direction. 

3. 'Spherical Astronomy regards only one of the elements of 
position, namely, direction, and usually refers all directions to 
the centre of the earth. 

4. In spherical astronomy, all the stars may, then, be re- 
garded as at the same distance from the earth's centre, upon 
the surface of a sphere, which is called the celestial sphere. 

Upon this imaginary sphere are supposed to be drawn various 
circles, which arc divided into the well known classes of greal and 
tmall circles. [B. p. 4T.] 

"All angular distaneos on ihc surface of the sphere, to an eyo at 
red by arcs of great circles." [B. p. 48.] 
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6. "Secondaries to a great circle are great circles which 
pass through its poles, and are conaeqiienlly perpendicular to 
it." [B. p. 48.] 

6. "If the plane of the terrestrial equator be produced to the 
celestial sphere, it marks out a circle called the celestial equator; 
and if the axis of the earth be produced in like manner, it be- 
comes the axis of the celestial sphere ; and the points of the 
heavens, to which it is produced, are called the poles, being the 
poles of the celestial equator." 

" The star nearest to the north pole is called the north pok 
star." [B. p. AS.] 

7. " Secondaries to the celestial equator are called circles of 
declination ; of these, 24, which divide the equator into equal 
parts of 15° each, are called hour circles." 

"Small circles, parallel to the celestial equator, are called 
parallels of declination." [B. p. 48.] 

The parallels of declination correspond, therefore, to the terres- 
trial parallels of latitude, and the circles of declination to the terres- 
trial meridians. A certain point of the celestial equator has heen 
fixed hy astronomers, and is called the uerwaZ equinox. The circle 
of declination, which passes through the vernal equinox, bears the 
same relation to other circles of declination, which the first meridian 
does to other terrestrial meridians. 

8. "The declination of a star is its angular distance from 
the celestial equator," measured upon its circle of declination. 
[B. p. 49.] 

9. The right ascension of a star is the arc of the equator 
intercepted between its circle of declination and the vernal 
equinox. [B. p. 49.] 

Right ascension is either estimated in degrees, minutes, &c, from 
0° to 360°; or in hours, minutes, &.c. of time, 15 degrees being 
allowed for eucli hour, as in Sph. Trig. ^ 3. 
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The positions of the stars are completely determined upon the 
celestial sphere, when their right ascensions and declinations are 
known. Catalogues of the stars have accordingly baen given, con- 
taining their right ascensions and declinations, [B. Table VIH. p. 80.] 

10. "The sensible horizoji is that circle in the heavens, 
whose plane touches the earth at the spectator." 

"The rational horizon is a great circle of the celestial sphere 
parallel to the sensible horizon." [B. p. 48.] 

11. The Radius, which is drawn to the observer, is called the 
vertical line. 

The point, where the vertical line meets the celestial sphere 
above the observer, is called the zcidth; the opposite point, 
where this line meets the sphere below the observer, is called 
the nadir. 

Hence the vertical line is a radius of the celestial sphere perpen- 
dicular to the horizon ; and the zenith and nadir are the poles of the 
horizon. [B. p. 48.] 

12. Circles whose planes pass through the vertical line are 
called vertical circles. [B. p. 43.] 

The vertical circles are secondaries to the horizon. 



13. The vertical circle at any place, which is also a circle 
of declination, is called the celestml meridian of that place. 
[B. p. 48.] 

The plane of the celestial meridian of a place is the same with 
that of the terrestrial meridiiin. 

14. The points, where the celestial meridian cuts the horizon, 
are called the north and south points. [B. p. 48.] 

The north point corresponds to the north pole, and the south point 
to the south pole. 
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15. The vertical circle, which is perpendicular to the me- 
lidlaa, is called the prime vertical. [B. p. 48.] 

16. The points, where the prime vertical cuts the horizon, 
are called the east and west points. [B. p. 48.] 

"To an observer, whose face is directed towards the south, the 
east point is to his left hand, and the west to his right hand. Hence 
the east and west points are 90° distaat from the north and south. 
These four are called the cardinal poiuls." 

" The meridian of any place divides the heavens into two hem- 
ispheres, lying to the east and west ; that lying to the cast is called 
the eastern hemisphere, and the otlier the western hemisphere." 



17. The altitude of a star is its angular distance from the 
horizon, measured upon the vertical circle passing through the 
star. [B. p. 48.] 

18. The azimuth of a star is the arc of the horizon inter- 
cepted between its vertical circle and the north or south point. 
[B. p. 48.] 

A star may bo found without difhculty, when its altitude and azi- 
muth are known. But these elements of position are conslaatly 
varying. 
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CHAPTER II. 

TUB DIURNAL MOTIOJi. 

19. "St-ABsai-e 1 Id 1 

deritig." [B. p. 45 ] 

Most of the stars fi d h n n 1 I h 

same relative positio 11 1 1 ^1 1 il P 

continue to be accui i n nfhiim f uy 

years. This is a fa f f dan n I p n J f h he 

fixed points for arr [1 1 1 1 f 11 

motions. Small cl fp h dHbd d 

even in the fixed ata 11 b 1 1 f 1 re 

but these changes 1! d b 1 >, If h y 

are, indeed, too small ever to have been detected, if the positions of 
ihe stars had been subject to great variatioDs, 

90. Of the wandering stars there are eleven, which are 
called planets. They are Mercury (S)i yenns ( ? ), the 
Earth (©), Mars {$), Yesta (g), Juno (5), Pallas ($), 
Ceres {9), Ju]}iter (^i), Saturn {h), and Uranus (:y). 
[B. p. 45.] 

21. For the sake of remembering the stars with greater 
ease, they have been divided into groups called constellations ; 
and to give distinctness to the conslellalions, they have been 
supposed to be citciimscribed by the oiithnes of some figure 
which they were imagined to resemble. [B. p. 45. J 

The stars have also been disiinguisbed according to their 
brilliancy, as of xhe first, second, &c. magnitude. 

Proper names have been given to the coiislellaUoos and lo 
the most remarl^able stars. 



d by Google 



172 S?HEE1CAL ASTRONOMY. [cH. H- 

The catalogues and the maps of the stars are now so accurate, 
hat no now star could appear without being detected ; and any 
:hange in the place of any of the larger stars would be immediately 



22. All ihe sfars appear to have a common motion, by which 
they are carried round the earth from east to west in 24 houis. 
This rotation of the heavens, or of the celestial sphere, is 
called the diurnal motion. 

By its diurnal motion, the celestial sphere rotates, with the most 
perfect uniformity, about its axis. The pole star would, therefore, 
if it were exactly at the pole, remain stationary ; but since it is not 
exactly at the pole, it revolves in b. very small parallel of declination 
about the stationary pole. 

Any star in the equator revolves in the plane of the equator, and 
all other stars revolve in the planes of the parallels of declination in 
which they ore situated. 

If O (Bg. 34) is the place of the observer, NESW his horizon, 
Z his zenitli, P and P' the poles, the star which is at the distance 
from P, 

FM — FM' 

will appear to describe the circumference MH'M'H. It will rise in 
the east at H and set at H\ if the distance FM from the pole is 
greater than the altitude PiV of the pole. But if its distance from 
the pole 

PL = FL' 
is less than FN, the star will not set, but will describe a circle above 
the horizon ; and if its distance from the pole 

FG = FG' 
is greater than the greatest distance FS from the pole to the horizon, 
the star will never rise so as to be seen by the observer at 0, but 
will describe a circle below the horizon, 

23. The lime which it takes a star to pass from any position 
round again to ihe same position, is called a sideral day, that 
is, lilcraily, a star-day. This day is divided into 24 honrs, 
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and clocks regiilaled to this time arc said to detiole shieral 
time. [B. p. 147.] 

24. Each point of the celestial equator passes the meridian 
once in a sideral day ; and the arc contained between two hour 
circles passes it in a sideral hour. The siderai finie, Uierefore, 
which has elapsed since ihe verna! equinox was upon the 
eqiiator, is equal to the right ascension of the meridian ex- 
pressed in time. [B. p. 30S.J 

The meridian changes its right ascension at each instant, precisely 
as if die celestial sphere were stationary, while the observer, with 
his meridian and zenith, is carried uniformly i-ound the eardi's centre 
from west to cast once in a aideral day. 

25. The angle ZPB (fig. 35), which the circle of declina- 
tion of the star makes with the meridian, is called its hour 



While the star moves from the point of C in the meridian to 
the point B with an uniform motion, the arc CP is carried to the 
position PB, and the angle CPB is described with an uniform mo- 
tion. This angle converted into time is, then, the sideral time since 
the passage of the star over the meridian. 

26. Corollary, The difference of the right ascensions of the star 
and of the meridian is the hour angle of the star. 

27. The distance of a star from the east or west points of 
the horizon, at the time of its rising or setting, is the ampli- 
tude of the star. [B. p. 48.] 

28. Problem. To fmd ihe altilnde and azimvih of a star, 
when its declination and hour angle are known, and also ihe 
lalilude of the place. 

Solution. If P (fig. 35) is the pole, Z the zenith, and B the star, 
we have 

PZ — polar dist. of zenith = co, latitude = 90' — L, 
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PiV— 90'. 



-PZ = 



3 side of 



1 the different 



c ihe horizon. 

is below the horizon. 



FB =:z polar dist. of star ^^ jy, 

T^ CO. declination of star, when it is oi 

the equator with the pole. 
^^ S0° -|" declination of star, when it 
side of the equator from the pole. 
~ 90° ^ B, 
ZB =z zenith dist. of star = %, 
^ CO. altitude of star, when it 

— 90° -|- depression of , star, ' 
ZFB = *'s hour angle = h, 

FZB = azimuth of star counted from the direction of the ele- 
vated pole. 

— a ^ azimuth, when less than 90°, 

= ISO" — azimuth, when greater than 90°. 

There are, then, given in the spherical triangle PZB, the two aides 
PZ and PB, and the included angle ZFB ; so that the side BZ 
and the angle FZB can be calculated by Pph. Trig. § 45. 
if we let fall the perpendicular BC upon PZ, 
tang. PC =^ COS. A tang. {90° ^ K) i^ it cos. h cotan. D 
CZ=FZ~FC^ 90° — (L + PC), 
or i^ PC — PZ ~ (I + PC) — 90°. 

Hence, by (300), 

COS. PC : sin. (L + PC) z= ± sin. D : cos. z ; 
in whicb formulas the upper sign is used when the star is upon the 
same side of the equator with Itie elevated pole, that is, when D and 
L are of the same name ; and, by (301), 

sin. PC : ± cos. (I + PC) = cotan. k : cotan. a. (374) 



(371) 
(372) 
(373) 



29. Corollary. When the altitude and azimuth 
found, the calculation by the above method is as short 



both 



5 by any 



dbyGoogle 



§ 30.] DIUENAI. MOTION. 



other i but when, a; 


3 is usually the ca 


se, the altitudt 


, only is r, 


:qulrcd, 


the following method is preferable. 








We have 










PZ + FB 


= 180° — L =F D ^180° — 


(L±I)) 




PB — FZ 


= 4:11 + 1 = 


:(i=Fi))i 






whence, by (308) ! 


ind (309), 








COS.. = - cos 


L (i ± D) + 2 c 


»s. r> COS. L ( 


cos.}*)" 


(375) 


COS. 3 = COE 


:. (i=FZ))_2c 


»!. B COS. L ( 


sin. i S)-'. 


(376) 



which may be used at once, and (376) may be calculated by the aid 
of the column of Rising in. Table XXIII, The rule obtained from 
(376) Is iho same with that on p. 250 of the Navigator, remember- 
ing that when the star is above the horizon 

cos.!i = sin. Jli'salt. (377) 

But when the star is below the horizon 

cos. z :^ — sin. ^'h depression. (378) 

30. Corollary. If the given hour angle is 6* = 90", the problem 
is at oiicc reduced to the solution of a. right triangle. We in tbis 
case have, by Napier's Rules, 

COS. X — sin. L COS. j>, 
or sin. *'s alt. =^ ± sin, L sin. D (379) 

cotan. a :^ cos. L coian. p 
colan. *'s azimuth — ± cos. L tang. D. (380) 

The upper sign is to be used in formulas (379) and (390), when 
the declination is of the same name with the latitude ; other^vise the 
lower sign. In the former case, therefore, the star is above the 
horizon when its hour angle is six hours, and on the same side of the 
prime vertical with the elevated pole ; but, in the latter case, it is 
below the horizon, and on the same side of the prime vertical with 
the depressed pole. 
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31. Corollary. If thestav is in the coloatiul cquator,as in (fig.36), 
we have in the right triangle EZQ, 

ZQ = L 
QZB ^ 180° ~ a 
whence cos. s i= cos. X cos. ft, 

or sin. ^'s alt. = cos. L cos. h (381) 

cotaii (180° — fl) =^ sill L conn, h, 
or cotan a ^ — sm L cotan. Ji. (382) 

Hence, jf the hour angle i& less tijan six hours, the star which 
mo^es in the cflt-slial eqnatoi is above the horizon, and on the same 
side ot the prime vertical with the depressed polo ; hut if tlie hour 
angle h greater than six hours, this star i= below the horizon, and on 
the same side of the prime vertica! with the elevated pole. 

32. Corollary. If the place is at the equator, as in (fig. 37), the 
celestial equator of ZE is the prime vertical, so that if the hour 
circle PB is produced to C, we have in the right triangle ZBC, 

ZC— ZPB= h 
BZC ^ 90' — a 
BC — B, 
whence cos. s = cos. D cos. A, 

or sin. * 'salt. 31 COS. D COS. A (383) 

colan. (90° — a) = sin. li cotan. D, 
or tang, a ^ sin. /i cotan. D; (384) 

so that the star is above the horizon wiien the hour angle is less than 
six hours, and below the horizon when the hour angle is greater than 
six hours. 

33. Examples. 

1. Find the altitude and aziimuth of Aldebaran to an observer at 
Boston, in the year 1830, wl.en the hour angle of this star is 3* 
25" 12'. 
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Solution. We find by Tables VIII and LIV 



D = 16= 10' N. 



L — 42" 21' N. 



i — 42° 2V 
D = 16° 10' 

- D — 26° 10' 
alt. — 39" W 



26601 

89753 



4.57375 
9.86867 
9.98248 
4.42490 






63151 sec. 10.11052 
51" 18' sia. 9.89233 

D COS. 9.98248 



zlmuth from South = 75° 11' 



9.98533 



2. Find the allilude and azimutli of Aldebaran at Boston, in the 
year 1830, six hours after it has passed the meridian. 

Solution. By formulas (379) and (380), 



L — 43° 31' sin. 9.82844 


cos. 9.86867 


D=16°10' sin. 9.44472 


tang. 9.46224 


alt. = 10' 49' sin. 9.27316 




azimuth from north :r: 77° 54' 


cotan. 9.33091 


3. Find the altitude and azimuth of a star 


in the celestial equ 


to an observer at Boston, when the hour 


ngle of the star i 


25" 12'. 




Sohiiion. By formulas (381) and (382), 




L = 42° 21' cos. 9.86867 


sin. 9.82844 


&^ SIMS' COS. 9.79605 


cotan. 9,90371 



alt. = 27' 31' sin. 9.66472 

azimuth from South = 61" 39' eolaii. 9.73215 

4. Find the altitude and azimuth of Aldebaran to an observer a 
the equator, in the year 1830, when the hour angle of the star i 
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Solution. By formulas (383) mid (384), 

D=:1G"10' COS. 9.98248 cofan. 10.53776 

h = 51° 18' COS. 9.79G05 siii. 9.89233 

alt. = 36" 54' sin. 9.77853 

azimuth from North = 69' 37' tang. 10.43009 

5. Find the altitude and azimuth of Fomalhaut to an observer at 
Boston, in the year 1840, when its hour angle is 2* 3"" 20\ 

Ans. Its altitude . . . — ll" 59'. 

Its azimuth from the South = 26° 51'. 

6. Find the altitude and azimuth of Dubhe to an observer at 
Boston, in the year 1840, when its hour angle is 9" 30". 

Ans. Its altitude . . . := 19° 11'. 
Its azimuth from the North = 17" 15'. 

7. Find the altitude and azimuth of Fomalhaut to an observer at 
Boston, in the year 1840, when its hour angle is 6''. 

Ans. Its depression below the horizon :^ 19° 58'. 
Ita azimuth from the South =z 66° 30'. 

8. Find the altitude and azimuth of Dubhe to an observer at 
Boston, in the year 1840, when its hour angle is 6\ 

Ans. Its altitude . . . i^ 36° 44'. 
Its azimuth from the North =i 35° 2'. 

9. Find the altitude and azimuth of a star in the celestial equator 
to an observer at Stockholm, when its hour angle is 3' 3" 20'. 

Am. Its altitude . . . — 25" 58'. 
Its azimuth from the South — 34° 45'. 

10. Find the altitude and azimuth of a star in the celestial equator 
to an observer at Stockholm, when the hour angle is 9' 30™. 

Atis. lis depression below the horizon n: 23° 51'. 
Its azimuth from the North — 41° 45'. 
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11. Find tlic aliitude and azimuth of Foraalhaul to an observer at 
the equator, in the year 1840, ^vhcn its hour angle is %'' S™ 20". 

Ans. Its aitifude . . . — 47° 45'. 
Its azimuth from the South = 41' 4', 

12. Find the aitilude and azimuth of Duhhe to an observer at the 
equator, in the year 1840, when ils hour angle is 9" 30". 

Ans. Its depression belo«' the horizon := 21° 24'. 
Its azimuth from the North — 17" 30'. 

34. In the triangle ZPB (fig. 35) other parts might be 
given instead of the two sides ZP, PiJ, and the iochaded 
angle P, and the triangle might be resolved. Of the problems 
thus derived, we shall only, for the present, consider two 
cases. 

35. Problem. To find a given star' s hour angle andaltitude, 
when, it is upon the prime vertical. 

Solution. The angle PZB is, in this case, !i right angle, and if 
we use the preceding notation, we liave 

COS. h := cotan. L cotan. ji rr ± cotan. X fang. D (395) 
COS. z ^ cos.p cosec. L, 
or sin. *'s ait, T= ± sin. D cosec. L; (386) 

so that when the declination and latitude are of the same name, the 
Jiour angle is loss than 6 hours, and the star is above the horizon; 
but when the declination and latitude are of different names, the hour 
angle is greater than 6 hours, and the star is below the horizon. 

36. Scholium. The problem is, by Sph. Trig. $ 27, impossible, 
when the declination is greater than the latitude ; so that, in this case, 
the star is never exactly east or west of the observer. 

37. Scholium. The problem is, by Sph. Trig. § 28, indetei-minate, 
when the latitude and declination are both equal to zero ; so that, in 
this case, the star is always upon the prime vertical. 
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1. Find the hour angle and altitude of Aldoha.ran, when it is 
exactly east or west of an observer at Boston, in the year 1840. 

Ans. The honr angle — 4'' 45"- 44'. 
The altitude = 34° 2&. 

2. Find the hour angle and altitude of Fomalhaut, when it is 
exactly cast or wcat of iin observer at Boston, in the year 1840. 

Ans. The hour angle . , = &" 40'" 51'. 

The depression below the horizon ^: 48' 49', 

3. Find the hour angle and altitude of Duhhe, when it is exactly 
east or west of an observer at Boston, in tho year 1840. 

Ans. Dubho is never upon the prinae vertical of Boston. 

4. Find the hour angle and altitude of Canopus, when it is exactly 
east or west of an observer at Boston, in the year 1840. 

jIjis. Canopus is never upon the prime vertical of Boston. 

39. ProhleTn. To find the hour angle and amplitude of a 
star, when it is in Ike horizon. 

Solution. In this case the side ZB (fig. 35) of the triangle ZPB 
is 90°. Tho corresponding angle of the polar triangle is, therefore, 
a right angle, and tlie polar triangle is a right triangle, of which the 
Other two angles are 

ISO" —PZ^ 180° —.(90° — i) = 90° + L, 
and 180° — PB = ISO' — (90° =^D) = 90° ± D. 

The hypotlienuse of the polar triangle is 180° — h, and the leg, 
opposite the angle, 90° ± D, is 180° — a. 

Hence, by Sph. Trig. § 40, and PI. Trig. % 60 and 62, 

— COS. /i := it tang, L tang. D, 

or cos, 7i = ^ fang. L tang. D (387) 

— cos. a = ^ sin. D sec. L, 

or COS. a ^ ± sin. D sec. L \ (388) 

in which the upper sign is used when the latitude and declination 
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have the same name ind the lower sign wl en tleyha\c 1 ffLrent 
names , ^u that m the former case the bo ir ai gle is grf atei han 6 
hours and the az muth is co nted from the diiection of thp elt\ated 
pole hut n the litter case the hour angle s le=s than 6 ! ours, and 
the azmilh h comtel fon th Irci/tioi oi the dcj eaaed pole. 
The anpltik ib the difllrencc betiieen the izinuth a ini <iO°. 
Hence 

cos, *'s azim. — sin, :^'s amp. ~ sin. D see. L. (389) 

40. SckoUum. The problem is, by Sph. Trig. § 41, impossible, 
when the sum of the declination and latitude is greater than 90^ ; so 
that, in this case, the star does not rise or set. 

41. ExAairLES. 

1. Find the horn- angle and amplitude of Aldcbamn, when it rises 
or sets, to an observer at Boston, in the year 1840. 

Arts. The hour angle i^ 7" l"" 21'. 
The amplitudo = 22° 9' N. 

2. Find the hour angle and amplitude of Fomalhaut, when it rises 
or sets, to an observer at Boston, in the year 1840. 

Am. The hour angle ~ 3" 50" 18'. 
The amplitude ^ 43° 19' S. 

3. Find the hour angle and amplitude of Dubhe, when it rises or 
sets, to an observer at Boston, in the year 1840. 

Ans. Dubhe neither rises nor sets at Boston, 

4. Find the hour angle and amplitude of Canopus, when it rises or 
sets, to an observer at Boston, in the year 1840. 

Ans. Canopua neither rises nor sets at Boston. 
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CHAPTER III, 

THE MEKlDIAJi. 



42. The intersection of the plane of the meridian with that 
of the horiaou, is called the meridian line. 

43. Problem. To detrj-mine the meridian line. 

Solution. First Method. Stars obviously rise lo their greatest 
altitude in the plane of the meridian ; so that if their progress could 
be traced with perfect accuracy, and the instant of their rising to 
their greatest height be observed, the direction of the meridian lino 
could be exactly determined. But stars, when they are at their 
greatest height, change their altitude so slowly, lliat this method is of 
but little practical value. 

Second Method. A star is evidently at equal altitudes when it is 
ftt equal distances from the meridian on opposite sides of it. If, 
therefore, the direction and altitude of a star are observed before it 
comes to the meridian ; and if its direction is also observed, when it 
has descended again lo the same altitude, after passing the meridian ; 
the horizontal line, which bisects the angle of the two hof izonfal lines 
drawn in the direction thus determined, is the meridian line. 

Third Method. [B. p. 147.] The time which elapses between 
the superior and inferior passage of a star over the meridian is just 
half of a sideral day. If, then, a telescope were placed so as to 
revolve on a horizontal axis in the plane of the meridian, the two 
intervals of time between three successive passages of a star over the 
central wire, must bo exactly equal. But if the vertical plane of the 
telescope is not that of the meridian, these two intervals will not be 
equal, and the position of the telescope must be changed until they 
become equal. 
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Thus, if ZJWmJVifig. 38) is the plane of ihe meridian, ZS«r 
that of the vertical circle described by the telescope, M SW s m E 
the circle of declination described by the star about the pole F ; this 
star will be observed at the points S and s instead of at the points 
Mand m. Now the star describes the circle of declination with an 
uniform motion, and therefore the arc SP moves uniformly with the 
star around the pole, so that the angle SPM is proportional to the 
time of its description ; that is, the angle SPM, reduced to lime, 
denotes the sideral time of its description. 

Let then 

T=z the sideral time of describing the arc SM, 
t ^ (he sideral time of describing the arc s m, 
1 =z interval from the observation at S to that at s, 
i :^ interval from the observation at s to that at S, 
Ji :^ the difference of these two intervals ; 
wc have then, in sideral time, 

I=&— T—t = 12' — {T-\' I) 

i — 12^ + T + i = 12" + ( r + 

H = i — I=1i{T-^t); (390) 

so that if r and i were equal to each other, and tliey are nearly so 
in the case of the pole-star, wc should have 



that is, the time of describing the arc MS or m s is nearly one quar- 
ter pari of llie diference between the intervals. 

But the error of this result can bo calculated without much diffi- 
culty. For this purpose, let 

L = the latitude of the place = 90' — PZ, 
p = the polar distance of the star = PS ^=P s, 
a = the azimuth of ZST = TN = TZN. 

The arcs MS and ins are so small, that they do not dilTer sensibly 
from the arcs of great circles drawn from S and s perpendicular to 
ZPN. 
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If, then, in the two right triangles PSM and ZSM, PM anA ZM 
are the middle parls, Silf, co. S2M, and co. SFM are the adjacent 
parts, so tliat 

sin. FM ■ sin. ZM = cotan. SPM : cotan. SZM 

- 1 . 1 

" tang. SFM ' tang. SZM 

= lang. SZM : tang. SPilf. 
But ZM= ZP — PM = W — t —p, 

and the angles SZJl/and SPJlf are so small, that they are sensibly 
proportional lo their tangents, whence 

sin. j> : COS. {jj + X) ^ a : SPM, (391) 

or a ■ SPM = sin. p : cos. y eos. L — sin. p sin. L 

= 1 : cotan. p cos. I, — sin, L, 
and if 7" is expressed in sideral hours 

r . 15° = SPM = a cotan. p cos. £ — rt sin. £. 
In like manner, we find 

t . lb- = s Pm :== a cotan. p cos. i + a sin, L. 
Hence, by (390), 

( T + /,) 15° :^ .} J i . 15" ^ 2 a cotan. p cos. L 
a cotan. p cos. L ^ ^ ^ i . 15" 
r. 15" = i ji. 15" — a sin. L 
( . 15- ^ J. i * . 15° + a sin. L 
a ^ i J * . 15° tang, p sec. I, (392) 

T— ^Ji — -^ili tang, p tang. £ 
i =z^ji-|-^3i tang, p tang. L, 
so that the correction is 

isiUiug.ptmg.L, (393) 

■which is to he added to the quarter interval at the lower transit ; and 
to he subtracted from the quarter interval at the upper transit. 

This correction is proportional to the quarter interval, so that if it 
is computed for any supposed value of this interval, it may be com- 
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puted for any other interval by a simple proportion. Now Table A, 
page 151, of the Navigator, is the value of this correction, whenthe 
inlerval is 1000°. It may be observed, tlmt it is not necessary that 
this time should be sidera! time, because all the terms of the values 
of T and t are expressed in the same time, which may be that of the 
clock. 

The azimuth a is g T B [B 5 ] d 

piited from the ftirr (39 ) B 

supposed to be side n b ha 

called solar time, to ka aygadnd h 

is soon to be describ d d p 

that an interval of s d ■n d L 

of the Navigator, oi y h ma 



n interval of sideial ti 



= 9()73695 (S!)4) 



Fourth Method. [B. p. 149 ] Thi^, method of dctormmmg the 
meridian is by means of two known ciicumpolai stars, which differ 
nearly 12 hours in right ascension The upper passage of one of 
these stars is to be observed, and the lowei pi'isage uf the other 
Then any deviation in the plane of the instrument from the meridian, 
will evidently produce contrary effects upon the observed times of 
transit, exactly as in the uppT and lower transits of the same star 
The time, which elapses between the two observations, will differ 
from the time which should elapse by the sum of the effects of the 
deviation upon the two siars. In the use of this method, thi rcfore, 
the time of the clock must be known, so tb U t cm leadilj be 
reduced to sideral time. 

The deviations in the time of passage of a star, corresponding to 
any azimuth, can be calculated by means of equation (391). For 
this formula gives for the time of describing the arc SM 

T . 15" = rt cos. {p -(- L) co.sec. p, 

T= -A a COS. (p + L) coseo. j ; (395) 

which may be used if T is expressed in sideral seconds, and the arc 
a in seconds of space. But if 7" ia expressed in solar time, we have, 
by (394), 

T — 0.OG64B4C a cos, {p + L) coscc. p. (396) 
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(n the same way tlie value of ( foi' an inferior passage is founcl to 
be 

t = 0,06G4846 a cos. {p — L) cosec. p. (397) 

Now, since these values of 2" and ( are proportional to the azimuth 
a, their values may be computed for a given value of the azimuth, as 
1000", and arranged in a table like Tabic C, p. 152 of the Navigator, 
and their values for any other azimuth can be obtained by a simple 
proportion. 

Fifth Method. [B. p. 149.] This method consists in observing the 
transits of two stars, which differ but little in right ascension. The 
error in the position of the telescope is, in this case, equal to the 
difference in the errors of the observed transits, instead of the sum, 
as in the preceding method. 

44. Iti making calculations where angles are introduced as 
factors, some labor, in reducing lliem to the same denomination, 
is ofien saved by means of a table of Proportional Logarithms, 
such as Table XXII of the Navigator. 

This table was particularly designed for reducing lunar distances, 
given in the Nautical Almanac, for every 3 hours to any intermediate 
time. It contains, on this account, the logarithm of the ratio of 3 
hours to each angle expressed in time ; that is, if A is the angle. 

Prop. log. A = log. ~ = log. 3'' — log. A — log. 180'" — log. A 
= log. 10800' — log. A, (398) 

so lliat if A in the second member is reduced to seconds. 

Prop. log. A — 4.03342 — log. A in seconds ; (399) 

neglecting the right hand figure, so as to retain only four decimal 
places. This agrees with the explanation of the table in the Introduc- 
tion lo the Navigator ; and it is evident that it is immaterial whether 
the angles, whose ratios are sought, are given in time or in de- 
grees, &c. 

Suppose, now, that the logarithm of the ratio of two angles is 
sought, A and a ; we have, evidently, 

log. — = log. A — log. a — Prop. log. a — Prop, log, A ; (400) 
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SO that if this ratio, which we wJil denote by M, were kiiowr., and if 
a were known, A might be calculated by ihc formula 
rrop. log. A z= Prop. log. a — log. M 

^ Prop. log. a + (a., co.) log. M; (401) 

which 13, therefore, the formnla for calculating Iho vaUiQ of A, given 
by the equation 

A — aM. (402) 

FinaJly, the use of formula (401) is facilitated by remembering that 
the arithmetical complements of ike logarithms of the sine, cosine, 
tangent, cotangent, secant, and cosecant of an angle, are respectively 
the logarithms of its cosecant, secant, cotangent, tangent, cosine, and 



45. Examples, 




1. Calculate the proportional logarithm of 0° 5' 45". 




Solution. By (399), 


4.03343 


0" 5' 45" — 345". 


2.53782 


Prop. log. 5' 45'' ~ 


1.4a56 


, in Table XXII. 





3, Calculate the corrections of Tables A and B [6. p. 151], whci 
the latitude is 42", and the polar distance of the star 30". 



Solution. By means of 


proportional logarithms, 


L\;ul equal 


(392) and (393), 






i . 1000' = 4" 10' 


Prop. log. 1.6355 


1.6355 


i — 42= 


colan. 10.0456 c 


OS. 9.8711 


30" 


cotan. 10.2386 


10.2386 



corr. A = 130' ~ 2" 10' Prop. log. 1.9197 

0.0664846 8.8227 

corr. B — 48' 41" Prop. log. 0.5679 

3. Calculate the correetiona of Table C [B. p. 152] for the po!e- 
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Star aiiJ the iatifuilc of 30", svhcn the polar distance of this star is 
1" 32' 37". 

Solution. By (396) aiij (337), 

0.066-1846 8.82273 8.82273 

a — 1000" 3.OOO0O 3.00000 

p = V 32' 37" cosec. 11.56964 11.56964 
p + i = 31^ 33' 37" COS. 9.93O06 

J, — L = _ 3S" 37' 23" 9.94407 

corr. C upper trana. = 2103' 3.33393 

coiT. C lower traas. = 2170' 3.33644 

4, An observer in Bostoa in the year 1S40, wishing to determine 
his meridiao iine, observed three successive transits of fi Ccphci over 
the central veriical wire of his traosit instrument, by means of a clock 
regulated to solar time, and found iJiem to occur as foflows ; the first 
upper transit at 7* 45"' 28' P. M., the next inferior transit the next day 
at 7' 4r A. M., the third transit at 7* 41" 32' P. M. What were the 
limes of tiie star's passing the meridian tlie second day I and what 
was the azimuth error in the pasition of tho instrument .' 

Sohttion. 

The first interval = 19* 41"' — 7* 45'" 28' = 1 1-^- 55™ 32' 
The second interval — 19'' 41'" 32^ — 7* 41'" — 12* 0-™ 32». 
Hence j ^ „ 5™ _ 30O'. 

Now L = 42" 21', D — 69° 52', ?. — 20° 8'. 

Hence, by Tables A and B 

corr. ^ — 83» X 0.3 — 25', 
corr. B — 31' 6" X 0.3 — 9' 19" ; 
so that the error in the time of tho upper transit is 

1 . 300' — 25' = 75' — 25" = 50', 
and the error in the time of the lower transit is 

.1. 300' + 25' ~ 75' + 25*= 100'— l" 40'. 
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; the meridian the second cloy were, 



545.) 

Tlie times of flie star', 
then, 

7* 41"' + l" 40' == 7" 42" 40' A. M. 
and '7'' 41™ 32" — 50' = 7'' 40" 4.2' V. M. 



The ci-r 



■I tho a 



muth of the inslriiment H 



^ridian ! 



I clock 



5. An observer at Boston, wishing to determine his n 
on the morning of January 1, 1840, observed, by mear 
regulated to solar tirac, the superior transit of y UrsEe Majoris at 
ft'e^M' A. M.,and theinferior transit of Polarisat 6''12"23' A.M. 
What was the azimuth error in the position of the transit instrument ? 



Solution. The interval between these two transits is 


6'' 12" 23' — 5'' G" 


54' 


= 1* 5" 29'. 


But, by the Nautical Almanac, 






12^ -|- E. A. of Polaris 




= 13'- !"■ 59' 


E. A. of y Ursai Majoris 




— 1 1'' 45" 25' 


SIdcral Interval 


— 1^ 16'" 34- 


Solar Interval 


= 1^ 16- 22' 


Observed Interval 




_ 1^ 5" 29' 


Error of Interval 


= 10°' 53' = 653 . 


Now for 1000" of aainwtli ei 


rror, 


and the lalltude of Boston, 



Table C gives, since 

Dec. of y Ursaj Majoris 

Error of lower trans, of Polaris 

Error of upper trans, of y Urste Majoi 

Sum of errors 
Then tlie proportion 

1891' ; 653' = 1000" : uzin 



izimuth crrc 



- 345" : 
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6. All observer at Boston wishing to determine his meridian line, 
in the evtming of December 17, 1839, observed by means of a 
clock regulated to solar time, the superior transit of a Cassiopeas at 
6*48'«35' P.M., and that of Polaris atG^SS™ 15* P.M. What was 
the azimuth error in the position of the transit instrument f 



R. A. of Polaris 


^ 1/, 2«, 96J 


E. A. of a Cassiopete 


^ 0* SI-" 28* 


Sidoral Interval 


= 0* 30™ 583 


iSoIar Interval 


= 0* SO"' 53' 


Observed Interval 


= 0* 4"' iO' 


Error of Inierval 


= 0* 26'" l^* = 1573*. 


Now Table C gives, for lOOO" of aaimulh 
Boston, since 


error and the latitude of 


Dec. of a Cassiopea! 


= 55" 40' 


Error of trans, of Polaris 


- 1777' 


Error of trans, of a. Cassiopeai 


= 26' 


Diff. of errors 


= 1731' 


Then, the proportion 




1751' : 1573' = 1000" : az 


imuth error 


gives 

azimuth error = 900" : ^ 


15' 0" E. 


7. Ciilculute the proportional logarithm c 


if 0' 2' 33". 



8. Ciilculate the proportional logarithm of 3" 59' 12". 



9. Calculate the corrections of Tables A and B, w 
s 54", and the star's polar distance 20°. 

Ans. Corr. A ^ 125' 



0.0019. 
he latitude 
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10. Calculate the corrections of Table C, wliea tlie latitude is 20', 
and the polar distance 5". 

A.ni<. For the upper transit, corr. C ^= 691'. 
For the lower transit, corr. C = 737'. 

11. An observer at Boston, in tlie year 1840, wishing to deter- 
miue his meridian line, observed three successive transits of Polaris, 
by means of a clock regulated to solar time. The first lower transit 
was observed at 6* A. M,, the next transit at 6' 2"" 11" P. M., and the 
second lower transit at 5* 56" 4' A. M. What was the time of the 
star's passing the meridian the second morning > and what was the 
Bzimalh error in the position of the instrument ? 

Ans. The time of the third merid. trans, was 5* 58'" 49' A. M- 
The azimuth error = 15' 27" W. 

12. An observer at Boston, wishing to dclermino his meridian line 
by means of a clock regulated to solar time, observed the inferior 
transit of Polaris on April 4, 1839, at 0* A. M., and the superior 
transit of f UrsEe Majoris at 0^ 53" 59' A. M. What was the azimuth 
error in the position of his transit instrument ? 

The H. A. of Polaris is 1* O'" 50^ that of ,, Ursa; Majoris is 
13* 41m i4~^ and the declination of ,, Ursro Majoris is 50° 7' N. 

A.ns. The azimuth error = 7' 18" W. 

13. An observer at Boston, wishinjr to determine his meridian 
line, in the evening of May 1, 1839, observed, by means of a clock 
regidated to solar lime, the lower transit of Polaris at 9*49"'32" 
P. M., and that of -^ Cassiopca; at 9* 52™ P. M. Wiiat was the azi- 
muth error of the instrument ? 

The JR. A. of Polaris = 1* O-" 50'. 

The E. A. of B Cassiopcic = 0* 31™ 22'. 

The Dec. of * Cassiopeaj — 55° 39' N. 

Ans. The azimuth error = 18' 34" W. 
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CHAPTER IV. 

LATITUDE. 

46 Piohlcm To find the lalihide of a place. 

Sduiiin Thp Ktih le of the place is evidently, from (fig. 34), 
equal to the alt tude of the pole , so that this problem is the same 
as to find the altitude of the pnlo, which would be dooe without 
difticulty if the pole were a visible point of the celestial sphere. 

Ftrst Method By Meridian Altitudes. [B. p. 166-175.] 
Observe the altitude of a star at its transit over the meridian, and 
let 

A — the altitude of the atnr, 

A' ^^ ^'s dist. from point of horizon below the pole ; 

then, if the notation of §28 is used, it is evident, from {fig. 34), 
that 

L = A'=pp; (403) 

the upper sign being used when the transit is a superior one, and the 
lower sign when it is an inferior one. 

I. Suppose the observed transit to be a superior one ; then, if it 
passes upon the side of the zenith opposite to the pole, we have 

A' = 180° — ^, p = 90° ^ S, 
and (403) becomes 

L = 90°— {A^D)= (90°— J) ± B = a ± -D ; (404) 

the upper sign being used when the declination and latitude are of 

the same name, and the lower sign when they are of diiferent names. 

But if the star passes upon the same side of the zenith with the 

pole, we have 

A' — A,p — ^(i''—B, 
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and (403) becomes 

L = (A-\- D) — OO'-rD — (90'— J) = D — z. (405) 
IL If the Iransil is an inferior one, we havG 
A' — A, p = 90° — S, 
and (403) becomes 

i = (^ — D) + 90° = -i + {90"— D). (406) 

Equntwns (404) and (405) agree with the rule of Case I, [B. p. 166], 
and (406) with Case 11, [B. p. 167.] 

in. If both transits are observed, and if A' and A arc referred 
to the upper transits, and 

A^ ^= the altitude at the lower transit, 
we have, by (403), 

L = A'—p 
L^A,-\-p, 
the sum of which is 

L = HA' + A,); (407) 

SO that the latitude is determined in this case without knowing the 
star's declioation. 

Second Method. By a Single Altitude. 
Observe the altitude and the time of the observation. 

1. If the star is considerably distant from the mendian, we have 
given in the triangle PBZ (fig. 35), PB, BZ, and BPZ to find PZ, 
which may be solved by Sph. Trig. ^ 60, and gives by the notation 
.of § 28, 

tang, PC = COS. h tang, p =^ ± cos, li cotan. D (408) 

COS. ZC = COS. PC . cos. X sec. p 

= ± COS. PC . COS. a cosec. D, (409) 

in which the upper sign is used if the declination and latitude are of 
,the same name, otherwise the lower sign. 

9Q''~-L= PZ = PC±ZC 

^ = 90"— (PC±ZC); (410) 



d by Google 



194 SPHEKICAL ASTKONOMY. [CH, IV. 

in which both signs may l>e used if they give values of L contained 
between 0° and 90", and in this case other dala must be resorted to, 
in order to determiae wliich is the true value of L. 

Scholium. The problem is, by Sph. Trig. § 61, impossible, if the 
altitude is greater than tlie declination, ivlien the hour angle is more 
than six hours. 

II. If the latitude is known within a few miles, it may be exactly 
calculated by means of (376), or 

COS. z = COS. [90° — (L -j- p)] — 2 cos. I, cos. D (sin. ^ hf. (411) 
But if A is the star's observed altitude, and A^ its meridiun altitude 
at its upper transit, (403) gives 

^, = i+p,or— 180' — (L + y), 
and (411) becomes, by transposition, 

sin. A J = sin. A +2 cos. L cos. D (sin. J S)^ ; (412) 

from which the meridian altitude may be calculated by means of 
Table XXm, as in the Rule. [B. p. 200.] 

III. A formula can also be obtained from (340), which is partic- 
ularly valuable when the star is, as it always should be in these 
observations, near the meridian. 

In this case we have in (340) applied to PBZ 

2s^S0' — L-\-p -i-x= ISO" — L-\-p — A (413) 
2s — 2PZ—L-\-p — A 

— A, — Aor= 180" — {A,+ A) (414) 
2s — 2 PB— 180° — L—p — A 

— 180" — (^^ +^)or — ^, — ^; (415) 

and if these values are substituted in (340), after it is squared and 
freed from fractions, they give 

(sio. i hf cos. L COS. J) — sill. HA,— A) cos. J {A^ -f A), (416) 

or 

sin. J (^^ — ^) — (sin. J h)^ COS. L cos. D sec. J (^, + ^) ; (417) 
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and if, in the second member of this equation, the value of ^ , is used, 
which is obtained from the approximate value of ihe latitude, the 
difference between the observed and the meridian altitudes may be 
found at once; and this difference is to be added to the observed 
altitude to obtain the meridian altitude. 

IV. If the star is very near the meridian, ^ {A^ — ^1) and ^ A 
will be so small, that we may put 

sm.i{A,~A) = i(A'-A)^m.l" 
sin. ^ A — j^ A sin. 1' ~ ^ A sin. 1" ; 
which, substituted in (417) give, by supposing A^ equal to A in the 
second member, which is very nearly the case, 

A^ — ^ — y fts sin. I'cos. tcos. Dsec.A,. (418) 

This value oi A^ — ^ is proportional to A**, so that if it were cal- 



any other value might be calculated by multiplying by A^. Now 
Table XXXII, of the Navigator, contains the values of .d^ — ^ for 
all latitudes and for all declinations less than 24°, excepting a few 
latitudes in which the meridian transit of the observed body is too 
Dear the zenith for this observation to be accurate ; and Table 
XXXllI conlains all the values of A^, where A is less than 13"". 

V. If the observed star is very near the pole, we have in (408) 

tang. PC 7=: cos. A fang, p ; (419) 

BO that as p is very small, PC must be likewise small, and we have 
tang. PC _ PG_ 
tang, p ^ p 
PC — p cos. A; (420) 

aod, by PI. Trig. ^ 22, 

COS. PC = 1, sin. D ^ COS. ^ ^ 1, 
whence, by (409), and (410), 

L - 90° — PC — ZC = 90° — « — PC 

-^_pcos. A; (421) 
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so that p C03. % may be regarded as a correction to be subtracted 
from A when it is positive, that is, when the hour angle is loss than 
6 hours, or greater than 18 hours ; and it is to he added when the 
hour angle is greater than 6 hours and less than 18 hours. 

The table [B. p. 206] for the pole star was calculated for the year 
1840, when 

its E. A. — V' 2" ; its dec. — 88" 27' nearly, 

TL The method of determining the latitude by means of Hie pole 
star is so accurate in practice, that tables are given in the Nautical 
Almanac for correcting the observed altitude for difTcrences of 
latitude, and for changes in the right ascension and declination of the 
star. Of these corrections the fir&t is the same as that of the 
Navigator, and is computed from (421) by using the pole star's 
mean right ascension and declination for the year ; and the iiiirH is 
the correction for the change in the star's right ascension and 
declination. Both of these corrections may, however, he full as 
readily obtained by direct computation from (421), if the actual 
right ascension and declination of the star are at once substituted in 
the formula. The second correction of the Nautical Almanac arises 
from the error in supposing ZC to be equal to z, and is so small that 
the mean right ascension and declination of the pole star may he 
used in its computation. ■ 



We ha- 


t'o then, in tlie light triangle BFC, since p and BC a 


small. 






JSC .in. BC . , 

= —. =^ sin. h, 

T "0- r 


or 


BC-p sin. S ; 


and the ri 


ght triangle BCZ gives, since 




J3Z =W — A 




CZ= 90°— PC — i 1^90=— y COS. 7t — i 




COS. SZ — COS. CZ COS. BC 




sin. A = sin. (j, cos. * + I) cos. i!C 


■in. (PC 


,„s. ;. + L) - sin. 1 = sin. (y COS. 1+ i) ( 1 - COS. BC) 


2c 


OS. i {p COS. 4 + 1 + J) sin. i (p COS. I, + L-A) 




~ 2 sin. (p COS. k + i^) sin." iBC; 
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or, since A differs but little from L, and p and BC arc small, 
COS. L.{j> COS. h-\-L — A) sin. 1" — ^ sin. L.{BCf ma?. I" 
p COS. ft + i — ^ r^ ^ ^a tan. t.sin.a . ft sin. 1", (423) 
which gives the required second correction, and this melliod of com- 
puting the latitude is most accurate when A is nearly 6 or 18 hours. 

VII. The formula {41 7) may, however, he used directly for obsfir- 
vations of the pole star more readily than the tables of the Nautical 
Almanac, and gives at once 

L = ApJrP {sin- i '0^ ™9- ^ ^ec. ^{A + L-^p), (433) 
and is most accurate when ft is small. 

Vni, By applying (417) to the lower transit of the pole star, that 
is, substituting its supplement for ft, and making 

A, = L~-p, 
it becomes 

Lz=A+p—p (cos. i ft)2 COS. L sec. i{A-\- M—p), (424) 
which is most accurate when ft is nearly 12 hours. 

Third Method. By Circummeridian Altitudes. 
I. If several altitudes are observed near the meridian, each obser- 
vation may be reduced separately by (417) and (418), and the mean 
of the resulting latitudes is the correct latitude. 

IL But if (418) is used, the mean of the values a? A^ — A is 
evidently obtained by multiplying the mean of the values of h^ by 
the constant factor ; and if to the mean of the values of j4 j — A, the 
mean of the values of A is added, the sum is the mean of the value 
of ^^, whence precisely the same mean of resulting latitude is oh- 
tai d by tl f m th I b t tl II lit 

III If th t h g ts d I t th f the 

oh t this i y 11 as wl 1 f tl 

h 1 11 b 1 t d in tl I f D B 1 

I iA 11 t tl b t h b t q It th 

meridian altitude, but will difibr from it by the difference of the star's 
declination. Let the change of the star's declination in one minute 
17* 
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bo denoted by * D, which is positive when the star is approaching the 
elevated pole ; and if h is the star's hour angle at the time of obser- 
vation, which is negative before the star arrives at the meridian and 
afterwards positive, the whole change of declination is h S D, so that 
the correct meridian altitude is 

A^ — kiD. 

The mean of the values of the corrected meridian altitude is, there- 
fore, equal to tho mean of the values of jl, diminished by the mean 
of tho values oi kS D; and, if JJ denotes the mean of the hour 
angles h (regard being had to their signs), the correct meridian 
altitude is the mean of the values of A ^ diminished hy H d D. 

Fourth Metltod. By Double Altitudes. 
L Let two altitudes of a star, which does not change its declination, 
be observed, and the intervening time. Then (fig. 39) let Z be the 
zenith, P the pole, S and S' the positions of the star ; join ZS, ZS', PS, 
PS', and SS'M; draw FT to the middle T of SS', join ZT, and 
draw ZT perpendicular to PT. Let 

p = PS— PS' = 90° — D, SPS' = elapsed time — h . 
ST=A =S'T, Pr— 90° — B 

A, — 90° — ZS,A[=i 90° — ZS' 
ZTP=T, ZTr=F,ZV= G 
TV—Z,PV—m'' — E; 

in which J> and B are positive, when the latitude and declination are 
of the same name, but negative, if they are of contrary names ; Z is 
positive, if the zenith is nearer the elevated pole than the point M. 
Now the triangle TPS gives 

siri. A = sin. PS sin. SPT = cos. B sin. ^ A 
cos. PS — COS. FT COS. A, or sin. I) — sin. B cos. A, (425) 
or cosec. A = sec. B cosec. ^ h (426) 

cosec. B ^ COS. A cosec. D. (427) 

The triangles ZTS and ZTS' give 

sin. A , = COS. F COS. A — sin. F. sin. A sin. T, (428) 

sin. A'^ = COS. Fcos. A + sin. F. sin. A sin. T. (429) 
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The aum and difference of which is, by (43) and (44), 
Bjn. ^ (A^ + A;) cos. ^ {A[ — A,) = cos. Fcos. A, (430) 

sin.^(j;— JJ COS. i- iA,+A[) = sm.P8in..isin, T. (431) 
But triaagle ZTV gives 

sin. C — sin. J? sin. T, (432) 

COS. i? — COS. C COS. Z ; (433) 

which, substituted io (430) and (431), give 

sin. C^ siD. ^ {A[ — A,) COS. ^ (^, + A',) cosoc. ^, (434) 

sec. Z~ COS. .d COS. Csec. 4- (A , — ^;) cosec. i- (^ j + J ,). (435) 
But PV—PT—TV, 

or 90° — -E ::z 90° — S — Z 

E-if-f Z. (436) 

Lastly, triangle ZPT gives 

COS. PZ^cos-ZTcos.PF 

sio. i — cos. Csin.a (437) 

Equations (426, 427, 434-437) correspond to the rule and formula 
given in the Navigator. [B. p. 180.] 

IT. Another method of calculating the values of B, C, and Z, has 
been given, which dispenses with A and one opening of the tables, 
and may therefore be preferred by some computers, although it 
requires one more logarhhm. Triangle TPS gives 

tang. FT = cos. J h tang. PS, 
or cotan. B = cos. J h cotan. D. (438) 

The substitution of (426) in (434) gives 
sin. C = cos. I {Ai + A[) sin. § {A\ — A,) s. 
Triangle PrS gives 



2C.B; 



which, substituted in (435), gives 
sec. 2 =^ COS. C . sin. D cosec. B c 



B 


OOMC.J/,. 


(439) 

(440) 
(141) 


^0 


socjm; 


-A,). 
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Corollary. The hour angle ifPT is the mean between the hour 
angles ZPS and ZPS, and if we put 

ZPT=H, 
the triangle ZPFgives 

tang. H = tang. C sec. E, (443) 

as in [B. p. 181.] 

III. When the latitude is known within a few miles. In this case 
let 

L' := the assumed latitude, 
and the triangle ZPV gives 

sin. C — COS. L' sin. H; (443) 

whence, by (439), (444) 

sin. H =z COS. J (^1 -|- A\) sin. J {A\ — A^) sec. L' sec. D cosec. ^ ft. 

ZPS- ^ fl — J S, (445) 

whence the hour angle ZPS, corresponding to the observation at S', 
is known, and the latitude may be found by the method of a single 
altitude. 

IV. Bouwes's Method. Formula (444) is, by (44), 

2 sin. H=z (sin. A\ — sin. j1,) sec. L' sec. D cosec. J A. (446) 

The combination of the formulas (446, 445), and the method of 
computing the latitude by a single altitude, corresponds exactly to the 
rule given in the Navigator. [B. p. 185.] 

The log. eosec. J A is not only given in Table XXVII, but also in 
Table JCXIII, where it is called the log. J elapsed lime of ^ A. 

The value of 

log. 2 sin. H — 5 = log. sin. R -\- log. 2 — 5 

— log. sin. fl — ar. co. log. 2 + 5 

~ log. sin. n — 4.69897 

=7 5.30103 ~ log. elapsed time of H (447) 
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is inserted in Table XXIII, and is called the log. middle time of H. 
The 5 is subtracted from log. 2 sin. H, on account of the different 
values of tbe radius in Tables XXIV and XXVII. 

Scholium. When the calculated latitudes differ much from the 
assumed latitude, the calculation must be gone over again, with the 
calculated latitude instead of the assumed latitude Thi= Kbyr may 
be avoided by noticing, in tbe couiise of the original calculation, the 
difference which would arise from a change of 10 in the \aliie of the 
assumed latitude, and calculating the correction of the latitude bv the 
rule of double position. The error of the hypothesis is, m em h caic, 
tbe excess of the calculated above the assumed latitude, and the 
proportion is 

difr. of errors : diff. of hyp. = least eiTor : con of hyp (448) 

V. If the star has increased its declination a little during the 
interval between the observations, the second altitude will also he 
increased, and will require a reduction, before applying either of 
these methods, in which the declination is supposed to be unchanged; 
or else the first declination and the first altitude must be increased. 
Thus if S a is the increase of declination, and if a 5 is drawn perpen- 
dicular to ZS, S b win be the increase of altitude. By putting 

we have 3 A = cos. S . a B, (449) 

or, from the triangle ZSP, 

S A ^ ""• ^' ~ ^.'"- ^ ' ^'"" -° . e D, (450) 

COS. A ^ COS. D ^ ' 

and,by (41)and(42), 

S sin. L — c 



^ " COS. {A^—D) + COS. (J-i+D) 

in which U is to be negative, when the latitude and declination are 
of contrary names. Hence the value ol f A^ can he computed by 
this formula, and it is to be added to the first altitude when the decli- 
nation is increasing"; and subtracted when the declination is decreasing. 
Since the value of S A^ is proportional to S D, it may be computed 
for some assumed value of -! U, and arranged in a table like Table 
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XLVI of tlic Navigator, and the value of S A^ can be computed from 
tills table by a simple proportion. Tbe rest of tlie calculation can be 
conducted according to the preceding methods, as in [B. p. 189.] 

"VI. If two stars are observed, whose declinations arc quite different. 
Then, if P (fig. 40) is the pole, Z the zenith, S and S the places of 
the stars. 

A, = 90" — ZS = tbe less altitude, 
A'l = 90° — ZS— the greater altitude, 
D = 90^ — FS— the declination of star at S, 
B' — 90° — PS= the declinalion of star at S', 
JT=z SFS' ^ hour angle =l interv. of sideral time. 
Then, in the triangle PSS', PS, PS, and H, arc given to find 
55' — C, and SSP — 90^ — F. 

Next, in the triangle ZSS', the three sides are known, to find the 
angle 

ZSS' — Z. 
Hence ZSP=90'' — G — W —F — Z 

Q — F-\-Z. 
Lastly, in the triangles Z5P, ZS, SP, and the included angle ZSP 






3 find 

ZP ~ 90° - 



This solution is precisely similar to the Kule in [B. p. 193] ; and it 
is easy to prove tbe rules for tbe signs which are there given. 

VII. If the distance 55" were observed, tbe angles ZS5' and S'SP 
might be found from the triangles ZSS' and S'SF, in which the sidea 
are all known, and the rest of tbe calculation would be as in the 
last method, and this method corresponds exactly to tbe Rule in 
[B. p. 197.] 

47. Examples. 
1. The correct meridian altitude of Aldebaran was found by 
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observation, io the year 1838, to be 55" 45', when its bearing was 
south ; what was the latitude ? 

Solution. The zenith distance = 34° 15' N. 

The declination — 16°11'N. 



2. The correct meridian altitude of Canopus was found by obser- 
vation, in the year 1839, to be 16° 25', when its bearing was south ; 
what was the latitude ? 

Solution. The zenith distance =: 73° 35' N, 

The declination = 52" 36' S. 
The latitude = 20" 59' N. 

3. The correct meridian altitude of Dubhe was found by obser- 
vation, in the year 1830, to be 50" 45', when its bearing was north ; 
what was the latitude ? 

Solution. TiiG zenith distance := 39° 15' S. 

The declination — 62" 40' N. 
The latitude = 23" 25' N. 

4. If tho correct meridian altitude of Dubhe, at its greatest 
elevation, were found by observation, in the year 1830, to be 50° 45', 
when its bearing was south ; what would be the latitude ? 

Solution. The zenith distance ^ 39° 15' N. 

The declination = 62° 40' N. 

The latitude = 107' 55' N. 

The problem is impossible. 

5. The correct meridian altitude of Dubhe, at its least elevation, 
was found by observation, ia the year 1830, to be 50° 45' ; what was 
the latitude ? 

Solution. The polar distance = 27° 20' 

The altitude — 50' 45' 
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6- The correct meridian altitudes of Dubhe, at its greatest and 
least elevations, which were on opposite sides of the zenith, were 
found by obsei-vation to be 72° 4' and 53° 16' ; wliat was the latitude ? 

Solution. The greatest altitude = 73° 4' 

The least altitude — .^3" 16' 

Diff. of altitudes = 18° 4S' 

180" — DifF. of altitudes — 161° 12' 

Latitude = 80° 36' 

7. The correct meridian altitudes of Dubhe, at its greatest and 
least altitudes, which were on the same side of the zenith, were found 
by observation to be 15° 1' and 69° 41' ; what was the latitude .' 

Solution. Greatest alt. — 69° 41' 

Least alt. =: 15" 1' 

Sum of alts. = 84 42' 

Latitude = 42°21'N. 

8. Iq a northern latitude, the altitude of Aldeharan was found by 
observation, in the year 1839, to be 25° 38', when its hour angle was 
4* 12"" 20' ; what was the latitude ? 

Solution. By (408, 409, 410}, 

A — 4* 12" 20' COS. 9.65580 

B — 16° 11' colan. 10.53729 cosec. 10.55484 



1° — PC ::z: 32° 40' cotaa. 10.19309 sin. &.73215 

A = 35° 38' sin. 9.63610 

ZC =: 33° 6' COS. 9,92309 



9. In lat. 65" 40' N. nearly, the latitude of Aldeharan was found 
by observation, in the year 1839, to be 25° 38', when its hour angle 
was 4'' la" 20'; what was the true latitude.' 
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Solution. I. By (412), 

Co" 40' 


COB, 9.61494 


IG" IV 


COS. 9.98244 


4^ 12- 20' 
Nat. num. 21657 


log. Kis. 4.73823 
4.33561 


25' 38' Nat. a'm. 43261 
49''31'N.. Nat. COS. 64918 




16" W N. 





65' 42' N. = the latitude. 

Had the assumed latitude been taken 10' more, the calculated 
latitude would have been 65° 48J' N. ; hence, hy (448), 

3J : 1 J ^ 10" : 4' i:^ corr. of second hypothesis, 

or the latitude = 65° 46' N., as in the preceding example. 



II. By (417), 




J A — 2" 6" 10' 


2 log. sin. 9.43720 






L = 65" 40' 


COS. 9.61494 






D— 16° 11' 


COS. 9.98244 






^, — 40" 31' 




A =^ 25° 38' 
A^A — — 14" 51' 


H^, 


A - 25° 38' 
,-\-A) = 33" 4J' 


sec. 10.07678 


^, - 40° 29' 


i(^. 


,—A)= 7''25J' 


sin. 9.11136 



corr. A^— 2' i 

Lat. — 65" 40' - 



10. Calculate the variation of a star's altitude in one minufo from 
the meridian, when the declination is 12" N.,and the latitude 5" N. 
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Solution. If jIj — A is required in seconds, (418) gives 
Aj — A := 450 sin. 1"* cos, L cos. D sec. Ay 
log. 450 sin. l" zm log. 450 -|- log. sin. 1"* 

— 2.65321 + 7.63982 ~ 0.29303 

D — 12° COS. 9.99040 

1—5° COS. 9.99834 

Aj ~ 83° sec. 0.91411 

A, — A=z 15".7, as in Table XXXII. 1.19588 

11. Calculate the tabular number for 11"' 48' in Table XXXIII. 
Solution. 11" 48" =z 70S' log. 2.85003 

60' log. 1.77815 

1.07188 
2 

139.2, as in Tablo XXXIH. 2.14376 

12. In lat. 45= 28' N. nearly, the correct altitude of Aldebaran was 
found by observation, in the year 1839, to be 60° 40' 20''', when its 
hour angle was 7" 17'. What was the true latitude, if the declination 
of Aidebaran was 16° 11' 9".2 N. .' 

Solution. From Table XXXII 2".7 

From Table XXXIII 53 

2'23''.l = 143".l 
60° 40' 20" 



Third alt. — 60°42'43".l 
Dec. = 16° 11' 9".2 



Lat. —45° 28' 26". IN. 



13. In lat. 40° N. nearly, the sum of ten correct central altitudes 
of the sun, when ils declination was 20' S. were 300° 6' 40". The 
hour angles of these observations were 4™ 15*, 3"", 2"" 6', 1™ 8', 30', 
50», I" 12», 2"" 15', 3"' 10', 4"' 25'. What is the true latitude, if the 
change of declination is neglected ? 
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lumbers of Table XXXIII are 
4" 15* gives 18.1 



10.0 
19.5 



Mean of observations - 

Merld. alt. = 
Dec. ; 



30" 


0' 


40" 


:30= 


0' 


51" 


:20= 







— 39= 59' 9" N. 



14. At Giittingen, in lat. 51° 32' N. nearly, the correct central alti- 
udea of the sun on the 11th of March, 1794, were by observation 



34° 54' 46" when the hour 


34 55 26 


34 56 8 


34 56 31 


34 56 53 


34 57 6 


34 57 18 


34 57 n 


34 57 3 


34 56 48 


34 56 26 



.ngle f 



— 5 16 

— 3 49 
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The sun's meridian declination was 3° 30' 38" S., and it was de- 
creasing at the rate of 0".98 in a minute. "What is tlie true latitude ? 

Solution. The mean of the altitude is 34" 56' 30".5 ; 

that of the numbers of Table XXXIII is 
30".0 ; which, multiplied by 1".5 from Table 
XXXII, gives .... 45".0 

The mean of the ho r an^le e t. d n^ 

their signs, — 1" 50% wh cl ult pi d bj 

0".98, gives by (418) lor the coiectoi t 
the meridian altitude 1".8 



The meridian altitude = 34" 57' I7".3 
The declination = 3" 30' 38" S. 



The latitude = 51° 32' 4'^7N. 

which agrees exactly with the calculations of Littrow in his Astro- 



15, Calculate the correction for the altitude of the polo star [B, p. 
;06], when the right ascension of the zenith is 2" T\ 



Solution. By (421), 

h — 3'' T" — 1" 2" — 1" 5"- sec. 0.0177 

p — 1" 33' Prop. log. 0.2868 

Corr. alt. = 1° 29', as in the table, Prop. log. O.304S 

16. When the right ascension of the zenith was 7'" 91^™, the alti- 
tude of the polo star was observed at Ncwburyport to be 42° 44'. 
What is the latitude of Ncwburyport ? 

Solution. The correction of table := 0° 3' 

Altitude . . . = 42" 44' 
Latitude . . . — 42" 47' 

17. Calculate the log. elapsed time and log. middle time of Tabic 
XXm for 3* T^ 10*. 
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Solution. By Table XXVII and (447), 

3* 7™ 10' cosec. 0.13635 — log. elapsed time 
5.30103 

5.16368 = log. mid. time. 



18. Calculate the variation of the altitude of o. star arising from 
the change of 100 seconds in the declination, when the latitude is 
40°, the declination 10°, and the altitude 30'. 

Solution. By (451), 

L = 40% 2 X Nat. sin. 1.2856 1.2856 

^, — D iz= 20= Nat. COS. 0.9397 — 0.9397 0.9397 

A^-J^ D — 40° Nat. cos. 0.7660 0.7660 — 0.7660 

1.7057 1.1119 1.4593 

1.7057 (ar. CO.) 9.7681 9.7681 

100" X 1-1119 2.0461 

100" X 1.4593 2.1641 

65" = var. when D is -|-, 1.8142 

86" — var. when D is — , 1,9323 

19. The moon's correct central altitude was found, by obser- 
vation, to be 53° 43', when her declination was 14" 16' N. After an 
interval, in which the hour angle was 1* 44"" 15', her correct central 
altitude was 42' 29', and her declination 13" 52' N. The latitude 
was 48° 50' nearly ; what was it exactly ? 

Solution. Table XL VI gives, for the second alt. . 83" 
Whole change of declination . . . 24' 

Correction of second altitude . . .20' 
Corrected second alt. = 42° 49', dec. i= 14° 16' N. 
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I. By Bowditch's first method. 
l*44m 15« cosec. 0.64689 

-14° 16' sec. 0.01360 cosec. 0.60830 

A cosec. 0.66049 cos. 9.98937 cos. 9.98937 

B ^ 14° 38' N. cosec. 0.59767 

COS. 9.82320 \ sum alts. = 48" 16' cosec. 0.12712 
' see. 0.00197 



sin. 8.97762 I diff. aits. — 5° 27' 

C sin. 9.46137 cos. 9.98102 

Z — 37" 19' N. 

E=t>\-Vi'^A. sin. 9.89624 

Latitude =z 48" 55' N. sin. 9.87726 



. 9.98102 

. 0.09948 



11. By tlie metliod (438-441). 

1* 44"- 15* COS. 9.98867 cosec. 0.64689 

14= 16' cotan. 0.59469 sec. 0.01360 sin. 9.39170 

B=14-38'N.cotan. 0.58336 cosec. 0.59767 

J sum alts. — 48" 16' cos. 9.82326 cosec. 0.12712 
|diff. alts. = 5" 27' sin. 8.97762 sec. 0.00197 

C COS. 9.98102 sio. 9.46137 cos. 9,98102 

7=37° 17'N. sec. 0.09948 

E— Bl'SrN.sin. 9.89624 

Lat.zz48°55'N.sin. 9.87726 
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III. By Doiiwes's method. 







48' 50* sec. 0.18161 


53M3' N. sin. 80610 




14° 16' sec. 0.01360 


42M9' N. sill. 679C5 




log. ratio 0.19521 


13645 




log. 4.10192 


^(H44«155)_ 62.« 7J' 




log. el. lime 0.64674 


IS 44" 15 J* 




log. mid, time 4.94387 


52"' 8* 




log. ris. 3.41097 
log. ratio 0.19521 




1643 


log. 3.31576 




80610 




34° 39J.' N. N. cos, 


83253 




14M6' N. 







Lat.=43° 55^' N. 

IV. By Bowditch's fourth method. 



1* 44m 15, 

14" 16' N. 


tan. 


0,04657 
9,40o31 




. 9.39170 


tan. 


9.68938 


j1=15°48J'S. 

13" 52' N. 

B- 1"56|'S. 


tan. 


9.45168 


cosec 


. 0.56485 
i, 9.99975 


cosec. 


9,08326 
1,47003 


C^25° lej' c 
53° 43' 


osec. 


0.36961 


F — 


i. 9.95ij30 

4° 6i'N. 
51" 38' N. 


co,a.. 


1.14367 


42° 29' 


sec. 


0.13225 


G- 


■ 55° 44i' N. 
1. 9.82955 


cotan 


. 9,91724 
, 0.03820 



5sum=60'44' 
Eeni.= 7° 1' 



5Z~25°49'N. 



COS. 9.68920 I sec. 0.12938 tao. 9,95544 

sin. 9.08692 .ff sin, 9.91823 1=42° 4' N. 
2) 19.27798 lat. sin. 9.87716 13" 52' N. 

sin. 9.63899 lat- =: 48° 54J' N. .ff~55" 56' N. 
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20. The correct meridian altilude of Aldcbaran was, by observa- 
tion, 56° 25' 40" bearing south, and its declination at the time of the 
observation was 16° 8' 44" N. ; what was the latitude ? 

Arts. 49M3'4"N. 

21. The correct meridian altitude of Sirlus was 70° 59' 33" bearing 
north, and Its declination 16^ 2i' 9" S. ; what was the latitude ? 

Ans. 35° 28' 36" S. 

22. The meridian altitude of the sun's centre was 25° 38' 30" 
bearing south, and its declination 22° 18' 14" S. ; what was the 
latitude } 

Ans. 42° 3' 16" N. 

23. The meridian altitude of the planet Jupiter was 50° 20' 8" 
bearing south, and its decUnation 18" 47' 37" N.; what was the 
latitude ? 

Am. 58= 27' 29" N. 

24. The altitude of the pole star was 30° 1' 30" below the pole, 
and its polar distance 1° 38' 2" ; what was the latitude ? 

Ans. 31° 39' 32" N. 

25. The altitude of Capella on the meridian below the polo was 
9° 52' 43", and its polar distance 44'' 11' 33"; what was tlic latitude? 

Ans. 54° 4' 15" N. 

26. The meridian altitude of .the sun's centre was 7° 9' 11" below 
the pole, and its declination 23° 8' 17" N. ; what was the latitude ? 

Ans. 74° 0' 54" N. 

27. The two meridian altitudes of a northern circumpolar star 
were 61° 49' 13" and 47° 24' 27" ; what was the latitude > 

Ans. 54° 36' 50" N. 

28. In a northern latitude, the altitude of the sun's centre was 
54° 9', when its hour angle was 32'" 40», and its declination ll-l?' N. ; 
what was the latitude ? 
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29. Ill latitude 49° 15' N. nearly, the altitude of the sun's centre 
was 14° 15', when iis hour angle was 1* 40™, and ifs declination 
23° 28' S. ; what was the true latitude ? 

Alts. 48° 55' N. 



30. Calculate the variation of a star's altitude in one minute from 
the meridian, when the declination is 3° and the latitude 7''. 

Ans, It 13 27", 9 when the dec. and lat. are of the same name, 
and 11",3 when they are of contrary names. 

31. Calculate the tabular number for 13"^ 59' in Tabic XXXIll. 

Ans. 168.0. 

32. In lat. 50' 30' N. nearly, the altitude of Slrius was 22" 59' 36", 
■when its hour angle was 4" 15', and its declination 16" 29' n"S. ; 
what was the true latitude ? 

Ans. 50" 30' 49" N. 

S3. In lat. 20° 27' N. nearly, the sum of seven altitudes of Sirins 
was 371' 21' ; the hour angles of the observations were 7™, 5™ 3", 
2^ 12', 9', 3"", 4»'6', 8"" I3«; what was the true latitude, if the 
declination of Sirius was 16° 20' 30" S. ? 

Ans. 20° 26' 18" N. 

34. In lat. 60° N. nearly, the sum of twelve central altitudes of 
the moon was 590° ; the hour angles of the observations were 
_ 9m 3*^ _ 7™ iQ', — 6™ 12', — 5™ 30", — 3™ 2', — 1-^, — 12', 
— 50", I™ 59', 4'", T'lSO', 10™; the moon's meridian declination 
was IS'O' 5S".4 N., and her change of declination for one minute 
13". 875 ; what was tlie true latitude ? 

Ans. 59° 50' 2". 6 N. 

35. Calculate the correction for tho altitude of the polo star 
[B. p. 206], when the right ascension of the zenith is S* 7'". 

Ans. 48'. 

36. The nllilude of the polo star was 25" 9', when the right ascen- 
sion of the zenitli was 31* 47'" ; what was the latitude ? 

Ans. 24' 8' N. 
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37. Calculale the log. elapsed time and log. middle time of Table 
XXIH for &' 58™ 10". 

Ans. Log. elapsed time = O.OOOOI 
Log. middle time ^ 5.30102. 

38. Calculate the variation of the altitude of a star arising from 
the change of 100 seconds io declination, when the latitude is 60°, 
the declination 20", the altitude 30% and the declination and latitude 
of the same name. 

Ans. 85." 

39. Calculate the variation of the altitude of a star arising from 
the change of 100 seconds in declination, when the latitude is 50", 
the declination 24", and the altitude 20". 

Ans. It is 73" when the lat. and dec. are of the same name, 
and 105" when ihey are of contrary names. 

40. The sun's correct central altitudes were found by observation 
to be 30° 13' and 50° 4' ; his declination was 20° 7' N., and the 
interval of solar time between the observations was 2' 55** 32' ; the 
assumed latitude was 56° 29' N. ; what was the true latitude ? 

Ans. 56° 47' N. 

41. The sun's correct central altitude was 41° 33' 13", his de- 
clination 14° N. ; after an interval of 1* 30", bis correct central 
altitude was 50" 1' 12", and declioation 13° 53' 38" N. ; the assumed 
latitude was 52° 5' N. ; what was the true latitude ? 

Ans. 52° 5' N. 

42. The moon's correct central altitude was 55° 38', her declina- 
tion 0° 20' S. ; after an interval in which the hour angle was 
5' SO'" 49% ber correct central altitude was 29° 57', and her declina- 
tion 1° 10' N. ; the assumed latitude was 23° 25' S. ; what was the 
true latitude ? 

Ans. 23° 24' S. 

43. The sun's correct central altitude was 16° 6', his declination 
8° 18' N. ; after an interval in which the hour angle was 3\ his 
correct central altitude was 42° 14' 9", and his declination 8° 15' N.; 
the assumed latitude was 49° N. ; what was the true latitude ? 

Ans. 48° 50' N. 
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44. The moon's correct centra! altitude was 35° 21', and her de- 
clination 5° 31' 6" S. ; after an interval in which the hour angle was 
2'' SO", her correct central altitude was 70" 1', and her declination 
5° 28' 54" S. ; the assumed latitude was 1° 30' S. ; what was the true 
latitude ? 

Ans. V 33' S. 

45. The altitude of Capella was 60" 45' 36", and her declination 
45" A^' 21" N. ; at the same instatit, tlie altitude of Sirius was 
17° 54' 12", and his declination 16" 28' 40" S. ; the hour angle be- 
tweea the stars was 1"* 33" 37', and the latitude was about 53" 15' N. ; 
what was the true latitude .'' 

Ans. 53" 19' N. 

46. The aliiludc of a Bootis was 50" 3' 39", and ils declination 
20° 10' 56" N. ; the altitude of a. Aquilse was 41° 27', and its declina- 
tion 8" 22' 35" N. ; the difFerence of the hour angles of the obser- 
vations was 5' 35" 5^', and the assumed latitude 38" 27' N. ; what 
was the true latitude .' 

Ans. 38° 28' N. 

47. The distance of the centres of the sun and moon was found, 
by obseiTation, to be 75" ; the sun's central altitude was 37° 40' ; the 
moon's central altitude was 55° 20'; the sun's declination was 
0° 17' S. ; the moon's declination was 0° 36' N. ; what was the 
latitude, supposing it to be north? 

Ans. 23" 24' N. 

48. The observer has been supposed stationary, in the preceding 
observations ; but if he is in motion, his second altitude wdl differ 
from the altitude for this time at the first station, by the number of 
minutes by wliich the observer has approached the star or receded 
from it ; so that the correction arising from this cliange of place is 
obviously computed by the method in [B. p. 183.] 

49. In observing the meridian altitude of a sta,r, the position of the 
meridian has been supposed to be known ; but if it were not known, 
the meridian altitude can be distinguished from any other altitude 
from the fact that it is the greatest or the least altitude ; so that it is 
only necessary to observe tho greatest or the least altitude of the 
star. 
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50 But if the star cJiinges its declin'ition, the gieatest altitude 
cea?'"! to bp tde meridian altitude Let h di-note the hour ingle of 
the stai dt the time of observation Then if the star did not change 
its declinition, and if B were the number of seconds g ven by Table 
XXXII fur the diminution of iltilude in one minule from the men ban 
passage, A' B would b« the diminution of altitude in ft minuteg But, 
since ft If. small, the altitude, at this time, is increased by the change 
of decimal on , so thnt if A la the n imber of mmules by w! ch the 
star changes its declinition m one hour th^t is, the number of 
seconds by nh ch it changes jls dtclmalion in one minute, h i wdl 
be the increase of altitujp in the time of ft, so that the iltitude at the 
time h exLeedo the mtnJia i iltitu Je by 

hA—h B (453) 

If, then k denotes thp t me of l! e gieatest alt tude and h -\- ih 
a time which differs \cry slightly fiom the greatest altitude, the 
greatest altitude exceeds the allitudo at the time /t -|- 1 ft bj the 
quantity 

(h A — Ji^B)~ [{h -\-ih.)A — {h-\-S 7i)3 B] 

= Sh[(—A-\-2Bh)-{-Bs A], (453) 

and J h can be supposed so small that B s h may be insensible, and 
(453) becomes 

dh(—A-\-2Bh). (454) 

Now — A -\- 2 B Ji cannot be negative, because h is supposed to 
correspond to the greatest altitude, and cannot be less than the 
altitude at ihe time A-\- ih. Neither caa — A-\-2B hbs positive, 
for the altitude at the time h exceeds tliat at the time 7t — il ft by the 
quantity 

— lh{—A-\-2Bh), 

which, in this case, would be negative, and the altitude at the 
time A — i h would exceed the greatest altitude. Since, then, 
— A -\-2 B k can neither bo greater nor less than zero, we must 
haye 

— A-{-2Bh=zO 
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and this value of/*, substitued Jn (152), gives 

(456) 
IS of the greatest altitude above the meridian altitude 



2~B 4B ~ 4B 



51. If the observer were not at rest, his change of latitude will 
affect his observed greatest altitude in the same way in which it 
would be affected by an equal change in the declination of the star ; 
BO that the calculation of the correction on this account may be 
made hy moans of (455) and (456) precisely as in [B. p. 169.] 

52. Examples. 

1. An observer sailing N. N. W. 9 miles per hour, found, by obser- 
vation, the greatest central altitude of the moon, hearing south, to bo 
54° 18'; what was the latitude, if the moon's declination was 6' 30' 
S., and her iocrcase of declination per hour 16', 52 ? 

Solution. 1> 's zenith dlst. — 35° 42' N. 

5'sdec. ^ 6° 30' S. 

Appros. lat. =1 29° 12' N. 

>'s increase of dec. per hour ^ 16'.52 S. 

Ship's change of lat. — 8'.3 

A — 24.82, .Aa — 616.0 
By Table XXXIt B — 9.9, 4 B — 1 1.6. 

Corr. of gr. alt. z:z corr. of lat. =z 52" z= 1' nearly. 
Lat. — 29° 12' + 1' = 29° 13' N. 

2. An observer sailing south 12J- miles per hour, found, by obser- 
vation, the greatest central altitude of the moon bearing south, to be 
25° 15' ; what was the latitude, if the moon's declination was 1° 12' 
N., and her increase of declination per hour 18'.5 ? 

Ans. 60° 1' N. 



19 
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S?HEKICAL i 



CHAPTER T. 



THE ECLIPTIC. 



53. The careful observation of the sun's motion shows this 
body to move nearly in the circumference of a great circle. 
This great circle is called the ecliptic. [B. p. 48.] 

54. The angle which the ecliptic makes with the eqimtor is 
called the ohliqvUy of the ecliptic. 

55. The points, where the ecliptic intersects the equator, are 
called the equinoctial points; or the equinoxes. The point 
through which the sun ascends from ihe southern to the 
northern side of the equator, is called ihe vernal equinox ; and 
the other equinox is called the autumnal equinox. 

The points 90" distant from the ecliptic are called the 
solstitial points, or the solstices. [B. p. 49.J 

56. The circumference of the ecliptic is divided into twelve 
equal parts, called signs, beginning with the vernal equinox, 
and proceeding with the sun from west to east. 

The names of these signs are Aries {°i°), Taurus (y ), Gemini 
(n), Cancer (ss), Leo (SI), Virgo (tir). Libra (ii), Scorpio (^}, 
Sagittarius {/), Capricomus Cy), Aquarius (;K?), Pisces (X). 
The vernal equinox is therefore (fte/rii_poin(, or heginning of Aries, 
and the autumnal equinox is the first point of Libra ; the first six 
signs are north of the equator, and the last six south of the equator. 
The northern solstice is the first point of Cancer, and the southern 
solstice the first point of Capricorn. [B. p. 49.] 

57. Secondary circles drawn perpendicular to the ecliptic are 
called circles of lalilude- 
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The circle of lalilndc <5rawn through the equinoxes is called 
the equinoctial cohire. 

The circle of Jaliliide drawn through the solstices is called 
the soislitlal colure. [B. p. 49.] 

Corollary. The solstitial t^olure is also a secondary to the equator, 
so that it passes through the poles of both the equator and the 

53. Small circles, drawn parallel to the equator through the 
solstitial poiiKs, are called tropics. 

The northern tropic is called the tropic of Cancer; the 
southern tropic the tropic of Capricorn. 

Small circles, drawn at the same distance from the poJes 
which the tropics are from the equator, are called polar circles. 

The northern polar circle is called the arctic circle, the 
soutSiern the antarctic. 

59. The latitude of a star is its distance from the ecliptic 
measured npoii the circle of latitude, which passes through the 
star. If the observer is supposed to be al the earth, the latitude 
is called geocentric latitude; but if he is at the sun, it is 
heliocentric latitude. [B. p. 49.] 

60. The longitude of a star is the arc of the ecliptic con- 
tained between the circle of latitude drawn through the star 
and the vernal equinox. [B. p. 50.] 

Corollary. The longitude and right ascension of the first point of 
Cancer are each equal to 6", and those of the iirst point of Capricorn 
are each equal to 18'', 

61. The nonagesimal point of the ecliptic is the highest 
point at any time. 

Corollary. The distance of tlie nonagesimal from the zenith is 
therefore equal to the distance of the zenith from the ecliptic, that is, 



d by Google 



220 SFHERICAL ASTRONOMY. [cH. V, 

to the celestial latitude of the zenith ; and tlie longitude of the 
nonagesimal is the celestial longitude of the zenith. 

63. Problem. To find the latitude and longitude of a star, 
when Us right ascension and declination are known. 

Solution. Let P (fig. 35) be the north pole of the equator, Z the 
north pole of the ecllptie, and B the star. Then EQTTwill be the 
eqwatov, IV£SW the echplic, and NPZS tho solstitial coluro, so 
that the point S is the southern solstice, and iV the novthern solstice. 
Now if the arc F£ be produced to cut the equator at M, and ZB to 
cut the ecliptic at L ; the angle ZPB is measured by the arc QM, 
that is, by the difference of the right ascensions of Q and M, or by 
the difference of the ^"s right ascension and 18' ; that is, 

ZPB ^ 18"— E. A. ^ 24"— {6"+ R. A.) 

or = R. A. — 18' — {R. A. -f- 6") —24' 

or — 24* + R. A. — 18' — R. A. + 6\ 

Iq the same way 

FZB = NL=Lmg. — 90' 
or — 360°— (Long. — 90") 

— — (Long. — 90"), 

in which the first values of ZPB and FZB correspond lo the star's 
being east of the solstitial colure ; the second and third values to 
the star's being west of the colure. We also have 

PB — 90" — Dec. 
BZ =L 90" — Lat. 
PZ = 90" — ZQ^QS 

— obliquity of ecliptic — ±z E, (457) 

in which the declination and latitude arc positive when north, and 
negative when south, and .E has the same sign with E. A. — 12'. 
The present problem does not, then, differ from that of § 28, and 

zkA^FC — 90% 
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ia which the upper sign is used, when R.A. — 12'' is positive, and 
otherwise the lower sign, we have by (298, 299, and 300), 

tang. PC=^ cotan. A = cos. (R. A. + 6') colan. Dec. 

— — sin. E. A. cotan. Dec. (458) 

in which the signs are used as In the preceding equation ; so that A 
and Dec. are always positive or negative at the same time. Instead 
of (458), its reciprocal may be used, which ia 

^ tang. A := — cosec. R. A. tang, Dec. (459) 

If, then, B=E-i~A, (460) 

AP = ^^ E — 90' :f A==F B — dO" (401) 

or — 90° zfc J ± £ = 90° ± B, 

m which the upper or lower signs are used, as in (457). Hence 

COS. PC : COS. AP—:^ sin. A : =F sin. B — sin. A : sin. B 

— sin. Dec. : sin. Lat. (462) 

so that, since Dec. and A are both positive or both negative, B and 
Lat, must also be both positive or bolh negative. Again, 

sin. PC : sin. PA ~ cos. A : ± cos. B (463) 

:= ± cotan. (R. A 4- 6") : ± cotan. (Long. — 90") 

= d= tang. R. A, : ± tang. Long. 

in which the signs may be neglected, and Long, is to be found ia 
the same quadrant with JR. A., unless the foot P of the perpendicular 
falls within the triangle ; in which case the first value of AP (46!) 
is used, so that B is obtuse. In this case, the longitude is in the 
adjacent quadrant on the same side of the solstitial colure with the 
right ascension. These results agree with the Rule in [B. p. 145.] 



63. Corollary. The latitude and longitude of the zenith, that ia, 
the zenith distance and longitude of the nonagesimal, might be found 
by the same method. But another rule can bo used, which is of 
peculiar advantage, where those quantities are often to be calculated 
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for ihe same place. Wo have by (369) and (370), cdling S the 
zenith, and putting 

T~ 24' — ZPB or — ZFB 
F—i (PZB—ZBP) or 7= 180° — J (PZB—ZBP) (464) 
G = i (FZB-f-Z5P) or — I80° — J (PZB + ZPB) (465) 
tang. F — — cosec. J (PB + PZ} sin. | {PB — PZ) cot. J T 

— tang. (24" — P) (466) 

tang. G ^ — sec. ^ (PP ^- PZ) cos. J (PP — PZ) cot, J T (467) 

90° + P4-(;=P2P-)-90°or=360'> — PZP + 90° (468) 

= Long, or = 360° + Long. (469) 

in which the first member of (466) is used when PB is greater than 
FZ^ and the third when FB is less than PZ, that is, within the north 
polar circle ; and the second members of (464, 465, 468) corres- 
pond to the position of the zenith at the east of the solstitial colure, 
but the third members to the west of the colure. 

Again, by (354), 

fang. \ (90° — lat.) — tang. J alt. nonageslmal 

= COS. Q . sec. F lang. J {PB + PZ), (470) 

and the preceding formulas correspond to the rule in [B. p. 402,] 

64. Scholium. The rule with regard to the values of G appears 
to be a little different, but the difference is only apparent ; for it 
follows from (467), that G and 13'' — ^ T are, at the same time, 
both acute or both obtuse, unless 

J (P5-t.PZ)> 90% 

or PS> 180'— PZ, (471) 

which corresponds to the south polar circle. 

65. The abridged method of calculating Ihe altitude and longi- 
tude of the nonagesimal [B. p. 403], only consists in the previous 
comjiulation of the values 
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A — log. [cos, J {PB — PZ) sec. J {FS-\-PZ)] (472) 

G — log. tang. ^ {PB + PZ) (473) 

.B=:!og. tang. ^ (PB — PZ)— C (iU) 

= log. [lang. i {PB — PZ) cotan. ^ {PB + PZ)] 

= log. [coscc. ^ (PiJ 4- PZ) isin. i(Pif — PZ)] — ^ 

whence 

log. [coscc. I (PB 4- PZ) sin. i {PB — PZ)J —B-}-A (475) 

and- log. fang. G = A -{- log. (— cotan. ^ P) (476) 

log. lang. F= A-Jr B -\- log, (—cotan. i r) (477) 

— log. tang. G -\- B 

log. tang. 5- alt. non. — log. cos. G + log, sec. F -^ C. (478) 

6G. The rule in [B. p. 4G6] for finding right ascension and decli- 
nation, when the longitude and latitude are given, may bo obtained 
by a process precisely similar to that for the rule before it. 



1. Calculate the latitude and longitude of the moon, when its right 
scension is 4* 42" 56% and its declination 27° 21' 58" X., and the 
.bliquity of the ecliptic 23° 2T 45". 

Solution. 27" 21' 58" N. tang. 9.71400 

# 42"' 56' tang. 0.45650 cosce. 0.02503 

A = 28° 44' 12" N. sec. 0.05708 tang. 9,7^903 
E = 23' 27' 45" S. 



lat. 



B= 5° 16' 27" N. 
ig. ~ 72° 53' 31" 

5' 2'33"N. 



COS. 9.99816 
tang. 0.51174 



tang. 8.96524 



tang. 8.94558 



2. Calculate the values of A, B, and C, for the obliquity 23° 77' 
40", and the reduced latitude of 42° 12' 2" N. 
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Solution. 




Polar dist. — 47° 


47 


'' 58" 


iT 


' 47' 58" 








23- 


' 27' 40" 


sec. 0.090O3 






i sum ^35' 


37' 49" 


tang. 9.85535 


1 difF. == i-r 


10' 9" 


COS. 9.99013 
A = O.OsOlS, 




tang. 9.33374 
S = 9.47839 



3. Calculate the altitude and longitude of the nonagesimal, when 
the right ascension of the meridian is 19* 50", the latitude 42° 12' 
2" N., and the obliquity 23^ 27' 40". 

Solution. T = 19'' SO-" + 6'' — 24'' = 1" 50" 

J (I'aO") cotan. 0.61137 

A ^ 0.08015 

tang. 0.69152 cos. 9.29968 
B zz: 9.47839 C — 9.85535 



101° 


30' 2" 


90" 




124" 


4' 3" 


315- 


34' 5" 



tang. 0.10991 sec. 0.25168 

14° 18' 40" tang. 9.40671 
alt. ^ 28° 37' 20". 

4, Calculate the latitude and longitude of the moon, when its right 
ascension is 18' 27" 12% and its declination 27° 49' 38" S., and the 
obliquity of the ecliptic 23° 27' 45", 

Ans. The D's long. — 276'= 1' 44" 

Its lat. zz; 4° 30' 27" S. 

5. Calculate the values of A, B, and C, for Albany in reduced 
latitude 42° 37' 39", and for the obliquity 23° 27' 40". 

Ans. A — 0.07965 
B z= 9.47565 

C = 9.85327 



d by Google 



9.] 



THE ECLIPTIC. 



G. Calculate the longitade and altitude of the nonagcsimal, when 
the obliquity of ihe ecliptic is 23° 37' 40", the latitude 42° 12' 2" N., 
and the E. A. of the meridian 10' 10\ 

Ans. Tiio long. — 138° 30' 25" 
alt.— 61° 18' 46". 

7. Calculate the moon's right ascension and declination, when its 
latitude is 5° 0' 7" N., its longitude 64° 54' 1", and the obliquity of 
Ihe ecliptic 23° 27' 45". 

Ans. lis R. A. r:: 4'' 7" 46'. 
Its Dec. — 26° 3' 0" N. 

68. Problem. To find the declination of a star. 

Solulion. I. Observe its meridian altitude, and its declination is 
at once found by one of the equations (404-406). 

n. If the star does not set, and both its transits are observed, we 



z90°- 



. Dec. = 



i{A,~A'). 



(478) 



60 Pi ol If I To find the position of the equinoctial point'! 

Soil lio ! S cp the nght ascension of all stirs is counted from 
the V rnnl (~qi. io\ and since the two cquno^es are 12" ipart the 
(.resent prcblern is the atme as to find the right ascension of somo 
onp of the tars which miy aflerwai Is serve as a fl\(,d point for 
dLtermining ihe right ascns on of th& other stars 

Observp ■^ derlmat on of the «un for several sice s'^ne n ons 
near the cq i lox untl two noons a e found between whieh ts derh 
sign lod obseive also the nstant of the sun s 
days by a click wl se rite of 
e sun's motions in declina- 
fo n a his time, which they 
ha s of the sun's being In the 



nation his ch 

trans t ac oes the mer d an on thi 

going is kno n Then by s ; pi 



tion and 

nearly are, tl of he ] 

equator, is fo ui by h p opi 



the whole change of decl 
sideral al be ee 1 

interval be ween he an 
sua at tl s decl na on 



h r declination :^ the 

— 24'' : the sideral 

1 ox and that of the 



(479) 
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and this interval is the difference between the right ascensions of iho 
SUB at this declinatioQ and the equinox. If the passage of a star had 
been observed in the same day, the right ascension of the star would 
have been the interval of sideral time of its passage after that of the 
vernal equinox. 

70. Examples. 

1. If the sun's declination is found at one transit to be 7' 9'''.5 S., 
and at the next transit lo be 16' 31".l N. ; what is the sun's right 
ascension at the second transit, if the sideral interval of the transits 
i9 24''3"38'.21? 

Solution. 

7' 9".5 + 16' 31".l — 23' 40'.6 — 1420".6 — ar.co. 6.84753 
16'31".l ^991".I 2.99613 

3" 38'.21 ~ 218'.21 2.33887 

©'s E. A. — 0" 2"" .^2'.2 152^2 2.18252 

2. If the sun's declination is found at one transit to he 18' 38".8 S., 
and at the next transit to be 5' 3",2 N. ; what is the sun's right 
ascension at the second transit, if the sideral interval of the transiia 
is 24" 3'" 3S'.4 ? 

Ans. 0^0"46'.6. 

3. If the sun's declination is found at one transit to be 5' 57" .9 N., 
and at tiie next transit to be 17' 26'.3 S, ; what is the sun's right 
ascension at the second transit, if the sideral interval of the transits 
is 24'' 3™ 35'.71 ? 

Ans. 12' 2- 40'.7. 

71. Problem. To find the obliquity of the ecliptic. 

Solution. Observe the right ascension and declination of tjic sun, 
when he is nearly at his greatest declination ; that is, when his 
ascension is nearly 6" or 18''. If he were observed at exactly !iis 
greatest declination, the observed declination would obviously be the 
required obliquity. But for any other time, the sun's declination and 
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right ascension arc Ihe legs of a right triangle, of wliich iho obliquity 
of the ecliptic is the angle opposite the declination. Hence 

fang, ©'s Dec. z:: sin. ©'s R. A. tang, obliq. (480) 

Now if wo put 

h = the diff. of ©'s R. A. and B. A. of solstice, 

tang, ©'s Dec. 



tang. Obli<!. 



(481) 



and by (346) and (347), 

sin. (obliq . — ©'s dec.) _ 
sio. (obliq. + ©'s dec.) ^ 



n/i 



(482) 



sin. (obliq. — ©'s dec.) — {obliq. — ©'s dec.) sin. 1" 

:= taiig.-^ J h sin. (obi. -f ©'a dec.) (483) 

obi. — ©'s dec. — cosec. 1" tan.^ J A sin. (obi. + ©'s dec.) (484) 

z^^h^ cosec. 1'' tan.^ 1' sin. (obi. ~\- ©'s dec.) 

and the second member of (484) may be regarded as a correction in 
seconds to be added to the ©'s dec. to obtain the obliquity, and the 
obliquity in tlie second member need only be known approximately. 

72. Examples. 
and declinations of the sun on several 



z23^26M5",2N. 
23 27 27 .3 
23 27 44 .7 
33 27 37 .3 
23 27 4 .6 



K. A. =: 5* 50™ 53", 
5 5i) 3 

5 59 12 

6 3 21 
6 7 31 



To find the obliquity of the ecliptic. 

Solution. Assume for the obliquity the greatest observed decliaa- 
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tion, or 23" 27' 45", and the correctioos of all the observations may 
be computed in the same way as that of the first, which is thus fouod, 
i coscc. 1" tang.2 1' — ^^ tang. 1" 6.43570 

Ji = 9'"T= 547' 2 log. 5.47598 

23° 26' 45" 4- 23° 27' 45" - 46" 54' 30" sin. 9.86348 

cor. dec. = 59 '.59 1.77516 

23" 26' 45".2 



obliquity = 23" 27' 44".8 = 23° 27' 44".8 

In the same way the 2d observation gives 23 27 44 .9 

tlie 3d observation gives 23 27 45 .2 

the 4tli observation gives 23 27 45 ,3 

the 5th observation gives 23 27 45 .3 

sumzz in°18'45".5 

The mean =z 23"27'45".l 

2. Ttie right ascensions and declinations of the sun on severa 

successive (lays, were as follows ; 

Dec. 20 0's R. A. - n" 51" 14* 23^ 26' 48".4 S. 

21 17 55 40 23 27 30 .0 

22 18 7 23 27 44 .0 

23 18 4 33 23 27 29 .5 

24 18 9 23 26 45 .5 



what was the obliquity ? 



Ans. 23' 27' 44".7. 
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CHAPTER VI. 

PRECESSION AND NUTATION. 

73. The ecliptic is not a fixed, but a moving plane, and its 
observed position in the year 1750 has been adopted hy astro- 
nomers as a Jixed plane, to which its situation at any other 
time is referred. 

The motion of fho ecliptic is sliowii by the changes in the latitudes 
of the stare. 

74. Celestial motions are generally separated into two por- 
tions, secular and periodical. 

Secular motions are those portions of the celestial motions 
■which either remain nearly unchanged, or else are subject to a 
nearly uniform increase or diminution, which lasts for so many 
ages, that their limits and times of duration have not yet been 
determined with any accuracy. 

Periodical motions are those whose limits are small, and. 
periods so short, that they have been determined with consider- 
able accuracy. 

75. The true position of a heavenly body, or of a celestial 
plane, is that which it actually has ; its meatt position is that 
which it would have if it were freed from the effects of its 
periodical motions. 

The raciin position is, consequently, subject to all the secular 
changes. 
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little less than the half of a second each year, thus causing a 
diminution of ihe obliquity of the ecliptic. 

Let NAA' (fig. 41) be the fixed plane of 1750, and NA^ the 
mean ecliptic for the number of years ( after 1750. Let A be the 
vernal equinox of 1750, and AQ the equator. Let 

H — NA and ^ = [he angle ANA^ ; 
then, upon the authority of Bcsset, the point of intersection IV of 
the ecliptic, which is called the node of the ecliptic, with the fixed 
plane, has a retrograde motion, by which it approaches A at the 
annual rate of 5". 18, and if this point could have existed in 1750, 
its longitude would have been 17 1" 36' 10", so that 

JT— nrSG'lO' — 5'.l8f. (485) 

Moreover, the angle which the mean ecliptic raaljes with the fixed 
plane increases at the annual rate of 0".48S92, but tiiis rate of in- 
crease is itself decreasing at such a rate, that at the time t this 
angle is 

=r ~ 0".48892 t — 0".0000030719 i^. (486) 

77. Problem'. To find ike change of the mean latitude of a 
star, which arises from the motion of the ecliptic. 

Solution. Let 

L — the *'s lat. in 1T50 
a L ;:; its change of lat. 
^ — its long, in 1750 — ITF 36' 10" + 5".1S ( (487) 

= its long, referred to the node of the ecliptic 
3 ^ ^ its change of long, from the node ; 

then, if Z (fig. 42) is the pole of the fixed plane, P that of llie 
ecliptic, and B the star ; we have 

PZ^-"^, ZB =^90'— Z, PiJ — 90° — I, — J L 
PZB ~^^° -\-^, r — W^A — iJ. 
Draw ZC perpendicular to PB, and we have, since PZ, FC, and 
CZ are very small, 

rC = PZ COS. F=::^ sin. ( J + S J), 
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or ~ ^ sin. A 

COS. PZ : COS. PC ^ COS. BZ : cos. BC, 
or PZ :^ BC 

FC= PB — BZ= — iL = ^sm.^. 
iL~ — 7r sin. J (188) 

~ — (O'-.-lSSaS i — O".0000030719 (2} sin. J. 

Again, the triangle ZPB gives, by (354), 
sin-i {PZB-fP) : cos. J (PZB—P) r= tan. i ^ : ian, i (PB+PZ) 
But 

-"-■■ iiFZB-\~F) = SO" — ?^iJ, i{PZB—P) = J-\-iS^, 
whence d j =i it cos. j tang. L (489) 

— (0".48892 ( — 0".0O00030719 t^) cos. J fang. L. 

78. The mean celestial equator has a motion by which its 
node upon the fixed plane moves from the node of the ecliptic 
at the annual rate of about 50", while its inclination to the 
fixed plane has a very small increase proportioned to the 
square of the time from 1750. 

Thus, if .AQ (fig. 41) is the equator of 1750, and A' Q' that for the 
time i, so that A is the vernal equinox of 1750, and A^ that for the 
time (. 

Let ^ — AA', ^T=NA'Q', 

then A' moves from A at the annual rate of 50". 340499, and this rate 
is diminishing so that at the time t 

^ ~ 50",340499 t — 0".00012I7945 t^, (490) 

and the value of w in the year 1750 was 

..'—23° 28' 18", 
and is increasing at a rate proportioned to the square of the time, so 
that 

»>—»' + 0".00000984233 t^. (491) 

70, Problem. To fi»d the change of the mean obUqidty of 
the ediplic and that of longitude. 
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Solution. 


Let (Bg. 41) 








JV^,(J" = ,„ NA, 


: = + 


. + Hi 


tlei), ij (369) and (370), 






Sil 




tang. 


*(. + .,) 




"tail 


S-1' 


CO! 


.. [7T+iW + +,)] 

ra"-S(+-'i-.) 


long. , 


Liii.:^ 




tai 


»g.j» 



(492) 



Now in calculating the parts of 4'i — A' and w, — m, which are 
proportional to the time, we may, since ^ and ij'i differ but little as 
well as a and cj,, and since w is small, put 

JT+1 (-4' + 4'j) ^ II, sin. ^ (,]. -.1. Jrz ^ (■■i' + 'l' J sin. 1" 
tang. J ^ = ^ :t tang. 1" — i ^ sin. 1" = ^ (0".48893) ( sin. 1" 
^(". + ..)zr:<tang.J{".,_-) = H-i--)«i"-l" 
COS. 1^ ('4' — 'j'l) ::^ 1) 
which, substituted in (492) and (493), give 



+-+ 


J — '.48892 t sin. 


n cotan. iJ 


(494) 


„,— 


. = 0-.48892 ( ooB 


. n. 


(495) 


which are thus computed, 






0".48892 


9.68924 


9.68924 




171° 36' 10" 


CO.. 9 99.i32. 


sin. 9.16446 




_ 0".4S368 


9.68456n 








23° 28' 18" 


cotan. 0.36229 




0".164431 




9.21599 




that is, «, — u— — 


0".48368 ( 




(496) 


+ -4-,= 


0". 164431 1 




(497) 


or ^,z:;23' 


• 28' 18" — 0" .48368 t 


(498) 


». = 50" 


.340499 ( — 0".164431 i = 50".1760G8 1 


'. (499) 



(492) 



, in computing tlie parts of "j ^ — •« and ^ — -■\' y, which de- 
jpon fi, wc need only retain the part depending upon t"^ in the 

of tang. 4 =r, and neglect these parts in the other terms of 

and (493), we thus have 
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233 

(500) 



— sin. n + 45."08 ( sin. 1" cos. n 

COS. [ Jr + ^ (-4' + -^J] ^ COS. (jt) — 45".08 t sin. 1" sin. jr (501) 

tan.J^ — i^Tsin.l" — J-sm.l"{0".48893i— 0".0000030719i3 (502) 

coian. A (-.-f B J — colan. (™' — 0".24184 i) (503) 

_ I-{-0".g4I84 fain. I'Mang. ,^' 
"" tang, u,' — 0".24J84 ( sinTP' 

z= cotan. ».' + 0".24184 t sin. 1" (1 -|- cotan.^ .u') 
= cotan. =i' + 0".34184 I sin. 1" cosee.^ c^' 
COS. \{^ — rj.,) ^ 1, sin. J (-^ _ 4,^) =^ ^ {^J. _ >|, J sin. 1" 
sin.J (.,-.) :=^ (.,-.) sin. 1", 
which, substituted ia (492) and (493), give 
^~~-^^= 0".164431 ( + 0".48892 (^ sin. 1"45".08 cos. ir cotan. <^' 
+ 0".48S92 (2 sin. 1" X 0" .24184 sin. jr cosec.^ «' (504) 
— 0".00000307 19 (S sin. u cotan. o,' 
„^ _ „ — „ 0'.48368 i — 0".48893 P- sin. 1" 45".08 sin. u 
— 0'''.0000030719 i^ COS. n, 



i'hich are tlms computei 


i, 




0".48892 
1" 


9.68924 
sin. 4.68557 




45'''.08 


1.65398 




171° 36' 10" 


sin. 9.16446 < 


30S. 9.99532. 


- 0".000015605 


5.19335 




|-O".000003O39 


0".0000030719 


4.48741 


-0".0000 12566 


4.48273" 


0".0000030719 


4.45741 
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171" 36' 10" 

23" 38' 18" 



sin. 9.16446 
colan. 0.36229 



TuosoMY. [cH, vr. 

Ds. 9.99532 <. sin. 9.16446 
0.36229 cosec.2 0.79958 



— 0".000001033 4.01416 sin. 1" 4.68557 

45".08 1.65398 

0".48692 9.66924 

— 0".000243445 6.38640'< 



0" .000000528 3.72238 

— 0".000243950 

so that ^~^^^= 0".164431 1 — 0".000243950 (^ 

^^ — ., — — 0".48368 i — 0".000012566 t^ 
^, — 5O."176068 i — 0".0001217945 (^ -|- 0".000243950 fi 



(505) 
(506) 

(507) 
(508) 
Tahula 

(509) 
(510) 
(511) 

But these formulas were obtained from the physical theoiy, and are, 
as Beasel says, subject to errors, on account of the uncertainty with 
regard to some of the data ; so that we shall adopt Poissoii's formulas, 
because they agree ia the variation of the obliquity almost exactly 
with Bessel's observations, and shall change the value of ">' to that 
determined by Bcsscl from observations; our formulas are, then, 



= 50".176068 t -f 0".O00122156 fi 

(Uj — 23° 28' 18" — 0".4836S t — 0".000002T24 f^ 

or more accurately, from BessePs Fundamenta Asironomia:, 

if-i — 50".1?6068 t + 0".0001221483 t^ 

=-1 — 23" 26' 18" — 0".48368 t — 0".00000272295 t. 

These values were afterward changed by Bessel in his 
Regiomontana to 

1^ = 50".37572 i — 0".00012I7945 (3 

^, = 50".21129 t -\- 0".0001221483 fi 

ij^, — 23° 28' 18" — 0".48368 t — 0". 000002722 9 5 t^. 
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«.' — 23° 28' ll".G6 (512) 

^ — 50'''.37572 t — 0".00010!)05 fi (513) 

■^,:= 5O".233O0 ( + 0".00D11637 i^ (514) 

a — 33' 38' 17".65 + 0".00003001 i^ (515) 

a^ = 23° 28' I7",65 — 0".45693 ( — 0".000002242 ;a. (516) 

If, now, the value of -4', is added to that of a ^ (489), the resulting 
value is the total change of a star'a mean longitude. 



80. The backward motion t^i of the eq^iiin 
precession of the equinoxes. 



81. Problem. To find the intersection of the mean equator 
wUh the equator of 1750 and its inclinatiott to it. 

Solution. Produce AQ and A'Q' (fig. 41) till they meet at T, 
and let 

AT='i>, A'T= *' 
and the triangle ATA' gives, hy (350, 354, and 369), 
COS. J (.0' — «=) : cos. i (-' -{'•')= tang. ^ ^ : tang. J (*' — .p) (517) 
sin. ^ (.' _ ») : sin. i (-< + -) :i3 tang. ^ -^^ : tang, i (<!>' + *) (518) 
sin J. (*'-j-'f>) : sin. ^ (*'—<?>) — cotan. i T : cot. J- («' + ">) (519) 
so tliat fi may be neglected in all the terms but 4', and wc have 

I : COS. <^'-i^ sin. 1" : ^ (■»' — ■/>) sin. 1" (520) 

: sin. -' ^ J ^ sin. 1" : tang. ^ (■?-' + ^) (521) 

1 : ^ (0' _ •;*) sin. 1" =: tang. ».' : ^ T sin. I'''. (593) 

Hence i {'^' + <i>) = 90" (523) 

i [<P' — <l>)=zi^ COS. «.' (534) 

r^ (*' — -7.) tang, to', (535) 
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[CH. - 



m' 


COS. 


9.96249 


COS. 9.96249 


25".18786 




1.40120 




23". 103 




1.36369 




0".000054525 






5.73660 


0".0000o00J3 






5.C9909 


Lu' 


tang. 


9.63771 


9.63771 










10'.032 




1.00140 




0'.0000217i7 






5.33680 



= 90° — 23",103 t + 0".000050013 (^ 
:: 20".0540 t — 0".000043434 IK 



(527) 



63. Problem- To find the variation of a star's mean right 
ascension and declination. 

I. The variation, which arises from the change of the equator's 
inclioatioQ, may be found precisely in the same way in which the 
variations of latitude and longitude were found in § 77, for a similar 
change in the position of the ecliptic ; so that formulas (4S8} and 
(489) give, by substituting for J, L and :r, 

- 90' -|- 23".103 i = R — 90° 



J^ *'s 



zD,^ 



I R= Ts'ia. Ktang. D] 



(528) 
(539) 



or instead of counting the value of T and ( from 1750, they may be 
reduced to the beginning of each year, and the square of J may then 
be neglected. 

II. The variation in right ascension is to be increased by the 
change in the position of the equinox, arising from its precession, 
which is thus found. Had the ecliptic remained stationary, the 
equinox would have removed from A to A', so that if AP is perpen- 
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dicular to the equalor, we sliouid have for the increase of right 
ascension by (515) and {o24), 

A'P = AA' COS. AA'P ~ ^ COS. « (530) 

— {^1,1 cf>) 

^ 46".206 [ — 0".000100026 &. 

But t!io equinox advances upon tho equator from the motion of the 
ecliptic by the arc A'A^, which is thus found. We have, by (350), 

cog. J (», — c.) : cos. i (-, + ^) = tang. ^ A'A^: tang. J (^ — '}',). 

But cos. ^ (coj — tti) := 1 

COS. i (i", — I") = cos. (o.^ — 0".23846 () 

— COS. t,' -f 0".22846 t sin. 1" sin. -«' 

sec. J(nij-|-«') — sec. -^ — 0''.22846 ( sin. 1" sin. «' sec.^ »>' 

tang. ^ -4'j1l i::^ -} ^'^1 sin. 1" 

tang.i(i|'— ^PJ- ^ (-^^ — ^,) sin. 1" 

= J sin. 1" (0". 15273 i — 0".00022542 t-), 

whence ^M^ = 0".I5272 ( sec. >"' 

— . 0".00022542 i^ sec. .^', 

which is thus computed, 

0".15272 9.18390 

w' sec. 0.03751 0.03751 

0".16S5 9.22141 

0".00O22542 6.35299 

0".000245i5 6.39050 

so that 

-4'^, = 0".1665 t — 0'.00024575 i\ (531) 

and, by (489) and (490), 

S R — 46".0395 t + 0" 00016593 fi + Tsin. R tang. D. (C32) 
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83. By the motions of precession and of diminution of the 
obliquity, the mean pole of the eqnator is carried rotmd the 
pole of the ecliptic, gradually approaching it; but the true 
pole of the equator has a motion round the mean pole, which 
is called nidation. This moiion is in an oval, at the centre of 
which is the mean pole, and is such that the position of the 
mean equinox differs from that of the true equinox by the 
longitude 

jlong. = isin.a, + /jsm.2St + 'i2siii.2 j)+i3siii.2 0,(533) 

£\j = the mean longitude of that point of itilersectlon of 
the moon's orbit with the ecliptic, through which the 
moon ascends from the south to the north side of the 
ecliptic, and which is called the moon's ascending 

H = the moon's true longitude, 
O = the sun's true longitude. 

The values of i, i,,^^, i^,ave given differently by clllTRrrnt nstrano- 
mers, and those which are, at present, adopted in the Nautical 
Almanac, are 

i = — ir'.2985, i, = 0".3082 (534) 

i^ = — 0".2074, i3= — 1".2550. 

This nutation of the polo causes also the true obliquity of the eclip- 
tic to change from the mean obliquity by the quantity 

a». = A:cos.a + 'tiCos.2a + 't3Cos.2 5 + i3Cos.2 0, (535) 
in which the values of k &g., at present adopted in the Nautical 
Almanac, are 

k — 9".2500, !c, — — 00".0903 (536) 

A, = 0".0900, /:,.= 0'.5417. 



84. Corollary/. The effect of nulation upon the right ascen- 
sions and deciinalions of the slars may be computed by ^83, 
and the formulas which are obtained agree with those given in 
the Nautical Almanac, and which depend upon the terms, 
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called C and D in the formulas for Reduction of the Almanac ; 
these terms contain also the changes arising from the mean 
motion of the equinoxes, and the formulas are so reduced that 
t is coimted from the beginning of each year. 

85. Examples. 

1. Find the mean oTjIiquity of the ecliptic for the year 1840, and 
reduce the formulas for finding the variations of right ascension and 
declination to the beginning of that year. 

Solution. In (516) let t = IMO— 1750 =90, 
and it gives 

«i = 23' 28' 17".65 — 41". 12 — 0".02 = 23° 27' 36".51. 

In (527, 528, and 532), let i ^ 90 + i, and neglect tlie terms 
depending upon f^, so that 

T = SO' 5".76 — 0".35 + 20".0640 r — 0".0078 (' 
= 30'5".41 +20".0662i', 
and the mean variations, counted from the beginning of the year, 

t' D^ 20".0562 (' COS. R 

i' R — 46".0693 t' + 20".0562 (' sin. R tang. D. 

Finally, the variations arising from nutation are thus found. The 
change in the obliquity of the celiptic gives at once, from (488) and 
(489), by referring the positions to the mean ecliptic instead of to 
that of 1750, 

I' D — ^S^, sin. R 

6' R= — S o:j^ COS. R tang. D, 

and the change in the position of the equinox gives by (525, 528, 
529, and 530), 

T — — ^ visiii. c,^ 

S' D — f ^sm.'^^cos. R 

i' R = S A COS. "^j -j- i> -^ sin. '■', sin. R tang. I?. 
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Heuce, 


if w 


■e take ' 




46' 


'.0693 C ~ 46".0693 r + J J cos. „, 

c = 46".0693 + 20".0562 sin. M tang. D 
c' = 20".0562 COS. R 
d — COS. R tang. D 
d' = ~ sin. R, 


we havt 




= i' _ 0.3448 sin. a+ 0.00415 sin. 2 ^ 

— 0.00413 sin.2. D— 0.02502 sin.2 Q, 


and the 


cntu 


re changes of declination and right ascension are 
3' D— Cc' — 3u,.d' 
d' R= Cc —i-^.d. 



which agree with the formulas in the Nautical Almanac, except in 
the coefficients of (', which are 46".O206 and 20".O426 instead of 
46".0693 and 20".0620. 

If, again, we fake 

/=46".0693C, 
g COS. G = 20". 0562 C, g sin. G — — J lu, 
the above formulas become 

!■ D=gcos. Gcos. E — gsin. (? sin. fi:^^cos. (G + R) 
S' R=/-j-g sin. R cos. G lang. D-\-g sin. G cos. R tang. D 
= /+gsin.(R + G)tang.A 
as in the Nautical Almanac. 



2. Find the annual variations in the right ascension and declina- 
tion of » Hydree for the year 1840, and its true place for mean 
midnight at Greenwich, January J, 1840; its mean right ascension 
for January I, 1839, being 9' 19"'40'.620, and its declination 
— 7° 57'49'.50, and using the numbers of the Nautical Almanac. 
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AKD NUTATIOK. 


34 


Soluiion. 






20".0426 


1.30195 


1.30195 


R = 9* 19'™ 40'.620 c. 


3s. 9.86374r, 


sin. 9.80872 


J'D^ — 15".y35 


].ie5(iy» 




D = — r 57' 49".50 




tang. 9.14584' 


3R^46".020S— 1".8031 




0.25851. 


= 44".2i55 — a-.g-is. 






Hence its mean place for Jan. I. 


, 18J0, is 




R = 9'' 


ig" 43'.568 





D = 



-T 5 



To calculate the effects of nutation, wo have 

£i = 339° 40', J) — 242" 30', © = 281" 15' 
— 0.3448 ain. a= 0.1205, 9".25 cos. £i~ 8".6n 
1. 3 SI = — 0.0027,— 0".0903 cos. 2 St ~ — 0".068 
in. 2D ^—0.0034, 0''.0900cos.2 ;]) — — 0".032 
1. 2 Q ^ 0.0096, 0".544r cos. 2 O := — 0".504 



0.00415 s; 

— 0.00413 si 

— 0.02502 si 



C — l'+ 0.1240, j„, = 8".049 

C C — c' J' + 20'^0426 X 0, 1340 cos. R 

~ c' (' — 15".335 X 0.1240 — c'i'— 1".901 
— l^u.d' — 8".049 sin. R = 5".181 
Cc^ct' + 0. 1240 X 2'.948 ~ c i' + 0'.365 
— l^d~ — 8".049 COS. R tang. D=z — 0".861 = — 0'.058, 
whence the variations arising from riutation are 

J'U^3".38, S'R = 0'.30, 
and the true places are 



- 7= 58' 1".55, 



_ 9;. 19. 43,_g^_ 



J obiiqulfj- of the ecliptic for the year 1950, and 
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reduce the formulas for finding ihe variations of mean ri 
and declination to the beginning of that year. 

Ans. "., — 23-26' 3G'M8. 

S'D = 19^8903 f COS. R 

d'R — 46".1059 t' + 19".8903 t' sin. R tang. D. 

4. Find the annual variations in the right ascension and declination 
of p UrsEB Minoria for the year 1839, and its true place for mean 
midnight at Greenwich, Aug. 9, 1839 ; its mean right ascension for 
Jan. 1, 1839, being 14' 51" I4'.943, its declinatioa 74" 48' 4S".89 N., 
the longitude of the moon's ascending node for Aug. 9, 1839, being 
347° 17', that of the moon 144° 2', and that of the sun I3S° 30', and 
using the constants of the Nautical Almanac, which give for Aug, 9, 
1839, 

/^32".33, g=16".70, G = 32T30'. 
Ans. Var. in E. A. — — 0'.277 ; var. in Dec. = 14".71 ; 
and for Aug. 9, 1839, 

R = 14' 5r I6'.36 
D — 74' 48' 32".46. 

5. Calculate the values of f, g, and G for April 1, 1839, mean 
midnight at Greenwich, when £i = 354° 10', O = H" 34', and 3) is 
neglected. 

Ans. /=ia".53, g=ll".05, G = 299° 34'. 

In Table XL of the Navigator, the decimal is neglected, and 20 
used instead of 20.05S2. Table XLIII is calculated from the 
formulas of Bcsscl, which differ a little from those of Bailly used in 
the Nautical Almanac. The construction of these two tables is 
aufficiently simple from the calculations already given. 
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86. The intervals between the successive returns of the 
mean place of a star to the meridian are precisely equal, and 
the mean daily motion of the star is perfectly uniform ; so that 
sideral time is adapted to all the wants of astronomy. The 
instant, which has been adopted as the commencement of the 
stderal day, is the upper iransU of the vernal equinox. 

The length of the sideral day, which ia thus adopted, differs there- 
fore from the true sideral or star day by the daily change in the 
right ascension of the vernal equinox. But this change is annually 
about 50" or 3'.3, so that the dally change is less than O'.Ol, and is 
altogether iasenaible. 

87. Corollary. The difTercnee between the sideral time of 
different places is exactly eqiial to the difference of the longi- 
tude of the places. 

88. The interval between two successive upper transits of 
the sun over tiie meridian, is called a solar day ; and the. hour 
angle of the svin is called solar time. This is the measure of 
time best fitted to the common purposes of life. 

The intervals between the successive returns of the sun to the 
meridian, are not exactly equal, but depend upon the variable motion 
of the sun in right ascension, and can only be determined by an 
accurate knowledge of this motion. 

89. The want of uniformity iu the sun's motion in right 
ascension arises from two diiferent causes, 



d by Google 



244 SPHEKICAL ASTRONOMY. [Cll. VII. 

I. The sun does not move in the equator, but in the 
ecliptic. 

II. The sun's motion in the ecliptic is not uniform. 

The variable motion of the sun along the ecliptic, and its deviations 
from the plane of the mean ecliptic, cannot be distinctly represented, 
without re/ercnce io the variations of its distance from the earth, and 
to the nature of the curve which it describes. This portion of the 
subject, therefore, which involves the determination of the sun's 
exact daily position, that is, the calculation of its ephemeris, must be 
reserved for the Physical Astronomy. It is sufiicienl, for our present 
purpose, to know that the sun moves with the greatest velocity when 
it is nearest the earth, that is, in its perigee ; and that it moves most 
slowly when it is farthest from the earth, that is, in its apogee. 

90. The sun arrives at its perigee about 8 days after the 
winter solstice, and at its apogee about 8 days after the sum- 
mer solstice. The menu longitude of the perigee at the be- 
ginning of the year 1800, was 279° 30' 5", and it is advancing 
towards the eastward at the annual rale of about 11".8 ; so 
that, by adding the precession of the equinoxes, tlie annual 
increase of its longitude is about G2". 

91. To avoid the irregulariiy of time arising from the want 
of uniformity of the sun's motion, a fictitious sun, called a 
mean sun, is supposed lo move uniformly in the ecliptic, at 
such a rate as to rettirn lo the perigee at the same time with 
the true sun. A second mean sun is also supposed to move in 
the ec[iiator at the same rate with the first mean sun, and to 
return to each ecuiinox at the same lime with the first mean 

We shall denote the first mean sun by Q , , and the second mean 
sMby ©2. 

92. Corollary. The right ascension of the second mean sun 
is equal to the longitude of the first mean sun. 

93. The time which is denoted by the second mean sun is 
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perfeelly uniform in its increase, and is called mean time; 
whijf! that, wliich is denoted by the true snn, is called true or 
apparenl lime; the difference between meati and true time is 
called the eqiiation of time. 

94. The time which it takes the sun to complete a revolution 
about ihe earth, is called a yenr. 

The time which it takes the mean sun to return to ihe same 
longitude, is Ihe common or tropical year. 

The time which it takes it to return to the same star, is the 
sideral year ; and the time which it takes it to return to the 
perigee, is the anom,alistic year. 

The length of the mean tropical year is 

Y z= 365'' 5'' 4S'" 47'.808, (537) 

ao that the daily mean motion of the sun is found by the proportion 

Y:\^— 3C0° : daily motion — 59' 8".3302. (538) 

95. The fraction of a day is necessarily neglected in the length of 
the year in common life, and the common year is taken equal to 365'', 
By this approximation, the error in four years amounts to 

23'' 15" IP.232 — 1' — 44" 48'.768, (539) 

or nearly a day, and an additional day ia consequently added to the 
fourth year, which is called the leap year. At the end of a century 
the remaining error amounts to nearly — 0''.75, which is noticed by 
the neglect of three leap years in four centuries. For pmctical 
convenience, those years are taken as leap years which are exactly 
divisible by 4, and the centurlal years would thus be leap years, but 
only those are retained as leap years which are divisible by 400. 

96. When the mean sun has returned to the same mean longitude, 
it baa not returned to the same star, because the equinox from which 
the longitude is counted has retrograded by 50" .223, so that the mean 
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sun has 50" ,223 farther to go, and the time of describing this arc is 
the fourth term of the proportion 

59' 8".3303 : 1" =. 50".223 : 20"" 22%786, (540) 

so that the length of the sideral year is 

r, — r+ 20"22'.786 = 365'' 6' 9" 10'.594. (541) 

97. The length of the mean solar day is also different from that of 
the sideral day, because when the O21 '" its diurnal motion, returns 
to the meridian, it is 59' 8 ".3302 advanced in right ascension; so 
that 360° 59' 8".3302 pass the meridian in a solar day, instead of 
360°, which pass in a sideral day. Hence the excess of the solar day 
above the sideral day, expressed in solar time, is the fourth term of 
the proportion. 

361)'' 59' 8".3302 : 59' 8".3302 = 1'' : 0*.0027305 

or 3' 55''.9094 ; (542) 

that is, 1 sid. day = 0.9972695 sol. day, 

or 24* sid. time — 23* 56" 4'.0906 of solar time ; (543) 

which agrees with (394) and the table for changing sideral to solar 
time in the Nautical Almanac, and with Table Lit of the Navigator. 

In the same way this excess expressed in sideral time is the fourth 
term of the proportion 

360" : 59' 8".3302 = I'' : 0''.002738 or 3" 56'.5554 ; 
that is, J sol. day = 1.002738 sid. day, (544) 

or 24" sol. time = 24*^ 3'" 56".5554 sid. time ; (545) 

which agrees with the table for changing solar to sideral time in the 
Nautical Almanac, and with Table LI of the Navigator. The remain- 
der of Tables LT and LIl, as well as the corresponding ones given in 
the Nautical Almanac, are calculated by simple proportions from the 
Hiimbers which are given for 24'. 

Tlie sideral day begins with the transit of the true vernal equinox. 
At the time of the transit of Os) then, that is, at mean noon, we have 
the sid. time = E. A. of O2 from the eqninox 
^ R. A. of Os from mean equinox 

-{- Nutation of equinox in R. A. 
= sun's mean long. -(- Nutation in E. A. (546) 
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98. The sun's mean long, for Jan. 1, 18G0, at Paris, was found by 
Bessei to be 379° 54' U"M. Its longitude for Jan. 1, of any other 
year t, may thus be found. Let/be the remainder after the division 
of t by 4, the number of days, then, by which Jan. 1 of the year t is 
removed from Jan. 1, 1800, is 

365^ (i — /) -|- 365/^ t . 36E3J. — if 

= Y .t + t .W^ 12'A92 — -lf (517) 

= Y .t-\-t . 0''.00778 — 1-/. 

But in Yt days the sun's longitude increases exactly ( . 360°, which 
is lo be neglected ; and its increase in longitude is 

59'8",3302 (i + 0.00778 — ^/) = i.27".61 — /. W' 47 '■'.08 3, (548) 
or more accurately from Bcssej, the mean longitude E, for the iii-st 
of January of the year 1800 -|- ( at Paris, is 

E = 279° 54' 1".36 + t 27".605844 + t'' . 0".0a0122!805 

— /. 14' 47".083. (549) 

The mean longitude is found for the first of January, for any other 

meridian by the following proporiion, derived from the interval of 

time between the O^'s passage over this meridian and that of Paris. 

24' : long, from Par. — 59' 8".3302 : change in value of E. (550) 

The sun's mean longitude for any mean noon n of the year after 
that of the first of Jan. is 

£ + n . 59' 8".3302. (551) 

Henpe the sideral time of the mean noon n is 

n K. A. (552) 



24"* — S (converted into solar time). (553) 



1. Find the sideral interval which corresponds lo IC' of solar time. 
Alts. 10'' l"" 3&'.5647. 
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2. Find the solar inlcrval which corresponds lo 10* of sidci-al lime. 

Ans. 9* 58™ 2P.7044. 

3. Find tho sideral interval which corresponds to 10"" of solar 

Ans. ]0«' l'.64a8. 
4.' Find the solar interval which coi'responds to 10"' of sideral 
Ans. 9'^ 58'.3617. 

5. Find the sideral interval which corresponds to 10* of solar lime. 

Alls. lOs.0274. 

6. Find the solar interval which corresponds to 10' of sideral 

Ans. 9'.9727. 

7. Find the sideral interval which corresponds to 0'.85 of solar 

Ans. 0'.85233. 

8. Find the solar Interval which corresponds to 0'.85 of sideral 

Ans. 0'.84768. 

9. Find the sun's mean longitude at Greenwich for the mean noon 
of April 4, 1839, the sideral time at this noon, aad the solar time of 
the transit of the vernal equinox from the preceding nooa ;' the 
meridiaa of Greenwich is 9" 21'.5 west of that of Paris, 

Ans. Tho sun's mean longitude = 12° 7' 3".02. 

The sideral time of mean noon iz: 48'" 3r.27. 
Time of tran. ver. eqai. = April 3d, 23'' 11" 39'.68. 

100. Problem. To find the lime hy observaiion. 

SoJulion. First Method. By equal altitudes. 

I. If the slar does not change its declination. Observe the times 

when the star is at equal altitudes before and after passing the 
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meridian ; the arithmcfica! mean between these two times is the 
time of the star's passing the meridian, which compared with the 
known time of this passage, gives the error of the clock at this 
time, and the correction of this error gives the time of each obser- 
vation, 

11. When the declination of the star is changing, the time of the 
star's arriving ut tlio observed altitude A is alfccted ; thus if 

L ~ the latitude, 

D x:; the declination at the meridian, 
3D= the increase of declination from the meridian, 

h := the hour angle, supposing no change in the declination, 
ik — the increase of the hour angle in time, 
we have, by (429), 

sin. A = sin. L sin. B + cos. L cos. D cos. k (554) 

= sin. L sin. (D+ JD) +cos. Lcos. (D-lfSD) cos. {h + sh 
— sin. i sin. J? + JDsin. l"sin. Z,cos.Il-|- cos. Xcos.ZJcos.A 
~Ji)sin.l"cos.i,sin.Z)cos./i— 15(i7isin.I'''cos.icos.J3sin.A, 

Q:=dD sin. L COS. D — J D cos. L sin. D cos. h 

— 15* /(COS. Xeos. i) sin. ft 

i5 A ~ yi^ J D tang. L cosec. h — t'^^^D tang. D cotan. h 

— "^ _ '' ^ _____ 

~ 15 cotan. L sin. k 15 cotan. J) tang, h' 



.55) 



an 1 s nee 1 e o obse v o s ^re t nea j the same distance from 
the tj e i a 1 alue of J / he s m for both of them ; so that 
tl e r mean sag nen edby,iAad*/ s consequently to be sub- 
tracted fro n tl e eao of t) e ob e pI s in order to obtain the 
true t e of he s a s piss ng the e i dn 

Ii calculat g le al e of *A vo erras may be calculated 

sepi elj Nov f D he d ly a on of the star's decliaa- 

,fl = 'i!'f_=?iil£, (556) 
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the pans of (555), tins part P is calculated by the formula 



+ Prop. lug. i' D, (557) 

which agrees with [B. p. 219], for 



III. If the altitude at the two observations had differed slightly, 
the mean time would require to be corrected ; for this purpose, let 

G A := the excess of the second altitude above the first, 

* A ^^ the increase of the hour angle, 

and we easily deduce from (554) 

COS. AS A — — 15 COS. L COS. D sin. k i Ji, (559) 

so that ih = ~. -. g^- ^^ . , . (560) 

15 COS. L cos. D sin. h ' ' 

The time of the second observation being thus increased by J ft, 
that of the mean is increased by J J h, which is, therefore tlie cor- 
rection to he subtracted from this mean. 

The corrections (555) and (560) must bo both of them applied 
when the star is changing its decliaation, and at the same time the 
observed altitudes are slightly different. 

Second Method. By a single aMttide. [B. p. 208-218.] 
When a single altitude is observed, there arc kuown in the triangle 
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PZB (fig. 35), the throe sides, to find the hour angle ZFB, which 
isthusfouad by (336), 

^^^(. + 90=~£ + ri (561) 

which corresponds to [B. p. 210,] 

The hour angle may also be found by (341) ; thus if we [)iU 

^ = HA + L+f), (563) 

we have 
s = J (180° ^A — L-\-p) — SO''-'S--\-p — m'' — A — L + s' 

s — ^ = 90° — s', s — (90° — L) — s' — A, 
whence 

which corresponds to [B. p. 209.] 

Third Method. By the distance from a fixed terrestrial object. 

If the position of the terrestrial object has been before determined, 
its hour angle and polar distance may be considered as known. 

Hence, if T (fig. 40) is the position of the terrestrial object pro- 
jected upon the celestial sphere, P the pole, and S the star. Let the 
distance TS be observed, and let 



FT=F, PS=p, TS=d, 




TFZ = H, TPS— h\ SPZ = h. 




,= i{P + p + d), 


(565) 


we have 




, ,„ ,/.in. (.-p)sin. (.-p)\ 


(566) 


or 




e...i. = v(^!=-^5Mi_-z^y 


(567) 
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If the polar distance and hour angle of the terrestrial object is not 
known, but only its altitude and azimuth, the polar distance and hour 
angle can be easily found by solving the triangle PZT. 

Fourth Method, By a meridian tramit. [B. p, 221.] 

If the passage of a star is obsei-ved over the different wires of a 
transit instrument, the mean of the observed times is the time of the 
meridian transit, which should agree with the known lime of this 
transit. This method surpasses all others in accuracy and brevity. 

Fifth Method. By a disappearance behind a terrestrial ohJEct. 

If the instant of a star's disappearance behind a vertical tower has 
been observed repeatedly with great care, the observed time of this 
disappearance may afterwards be used for correcting the chronome- 
ter. For this purpose, the position of the observer must always be 
precisely the same. Any change in the right ascension of the star 
does not alfect the star's hour angle, that is, the elapsed time from the 
meridian transit ; this change, consequently, affects the observed lime 
exactly as if the observation were that of a meridian transit. 

A small change in the declination of the star affects the hour angle, 
and therefore the time of observation. Thus, if P (fig. 44) is the 
pole, Z the zenith, ZSS' the vertical pkne of the terrestrial object; 
then if the polar distance PS is diminished by 

the hour angle ZFS is diminished by the angle 
SPS' — S h, 
But S'R is nearly perpendicular lo SP, and the sides of SS'R are 
so small, that their curvature may be neglected, whence 

RS' ^S D tang, S— 15 cos. D. l h, 
so that i k — j\3 D tang. S sec. D. (56S) 



101. Examples, 

1. On May 20, 1823, in latitude 54° 20^ N., the sun was at equal 
altitudes, the observed interval was 6' 1" 36' ; find the correction for 
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the mean of the observed times. The sun's declinatiuii is 19° 48' N., 

and his daily increase of deeliaation IS' 44". 

Solution. 8.S239 S.8239 

54° yO' cotan. 9-8559 ISMS' colon. 0.4437 

6' J'" 36' sin. 9.8510 tang. 0.0030 

e-'S' P, L. 1.4747 1.4747 

12' 44" P. L. 1.1503 1.1503 

— 12'.57 1.1558 3'.29 1.6956 



— lO'.S z:= the required correction. 

2. On.Sepfetnber 1, 1824, in latitude 46° 50' N., the interval be- 
tween the observations, when the sun was at. equal altitudes, was 
7' 46" 35'; the sun's declinatioa was 8° 14' N., and his dully increase 
of declination — 21'49"; what is tlie correction for the mean of 
the otiservations ? 

Ans. 16'. 4. 

3. On March 5, 1825, in latitude 38° 34' N., the interval between 
the observations, when the sun was at equal altitudes, was b* 29" 28' ; 
the sun's declination was 6°2' S., and his daily increase of declina- 
tion was 23' 9" ; what is the correction for the mean of the obser- 
vations ? 

Ans. 15'. 4. 

4. On March 27, 1794, in latitude 51° 32' N., the interval between 
the observations, when the sun was at equal altitudes, was 7* 29™ 55'; 
the sun's declination was 2°47'N., and his daily increase of declina- 
tion 23' 26" ; what is the correction for the mean of the observations ? 

Ans. ~21'.7. 

5. In latitude 20° 26' N., the altitude of Aldebaran, before arriv- 
ing at the meridian, was found to be 45° 20', and, after passing the 
meridian, to be 45° 10'; the interval between tho'observatious was 
7* le-" 35', and the declination of Aldebaran was 16° 10' N. ; what is 
the correction for the. mean of the observations ? 

Ans. 19'. 
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6. In latitude 36°39'S., the sun's correct ccnlml altitude was 
found to he 10° 40', when his declination was 9° 27' N. ; what was 
the hour angle ?' 

Ans. 4'' 36"" 9'. 

7. In latitude IS'H'N., the sun's correct central altitude was 
found to be 36" 37', when his declination was 22" 10' S. j what was 
the hour angle ? 

Ans. 2* 42'" 52'. 

8. In latitude 50' 56' 17" N"., the zenith distance of a terrestrial 
ohject was found to be 90° 24' 28", and its azimuth 35° 47' 4" from 
the soulli ; what were its polar distance and hour angle ? 

Ans. Its polar distance ^^ 121° 6' 43" 
Its hour angle = 2'* 52-" 18'. 

9. From the preceding terrestrial object, three distances of iho 
sun were found to be 78° 9' 26", 77° 39'26'^ and 77° 29' 2r, when 
his declination was 14° 7' 13" S. ; what were the sun's hour angles, 
if he was on the opposite side of the meridian from the terrestrial 
ohject ? 

Ans. 2''45'"49S 2''43'"26s and 2*42'" 40'. 
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CHAPTER Yin. 

LONGITUDE. 

103, Problem. To find the longitude of a place. 

First Method. By terrestrial measurement. 

If the longitude of a place is known, that of another place, which 

is near it, can be found by measuring the bearing and dlslance ; 

whence the difTcrciicc of longitude may be culcuiatcd by tlie rules 

already given in Navigation. 

Second Method. By signals. 
The stars, by their diurnal motion, pass round the earth once in 
24 sideral liours ; hence they arrive at each meridian by a diK'erence 
of sideral time equal to the difference of longitude. In the same 
way, the sun passes rouod the earth once in 24 solar hours ; so that 
it arrives at each raeridiao by a diiference of solar time equal to the 
difference of longitude. The difference of longitude of two places 
is, coDsequently, equal to iheir difference of time. Now if any sig- 
nal, as the bursting of a rocket, is observed at two places ; the 
instant of this event, as noticed by the clocks of the two places, gives 
their difference of time. 

Third Method. By a chronometer. 
The difference of time of two places can, obviously, be deter- 
mined by carrying a chronometer, whose rate is well ascertained, 
from one place to the other ; and if the chronometer did not change 
its rate during the passage, this method would be perfectly accurate. 

Fourth Method. By an eclipse of one of Jupiter''s satellites. 

[B. p. 252.] 
The signal of the second method cannot be used, when the places 
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are more than 20 or 30 miles apart ; and, when the distance is very 
great, a celestial signal must be used, such as the immersion or emer- 
sion of one of Jupiter's satellites. For this purpose, the instant, 
when any such event would happen to an observer at Greenwich, is 
inserted in the Nautical Almanac ; and the observer at any other 
place has only lo compare the time of his observation with that of 
the Almanac to obtain his longitude from Greenwich. 



Fifth MelJiod. By an eclipse of the. moon. [B. p. 253.] 

The beginning or ending of an eclipse of the moon may also be 
substituted for the signal of the second method to determine the 
difference of lime. 



^zth Method. By a meridian transit of the moon. [B. p. 431.] 

The motion of the moon is so rapid, that the instant of its arrival 
at a given place in the heavens may be used for the signal. Of the 
elements of its position its right ascension is changing most rapidly, 
aod this element is easily determined at the instant of its passage 
over the meridian by the difference of time between its passage and 
that of a known star. The instant of Greenwich time, when the 
moon's right ascension is equal to the observed right ascension, 
might be determined from the right ascension, wnich is given in the 
Nautical Almanac for every hour. But this compulation involves 
the observation of the solar time, whereas the observed interval 
gives at once the sideral time of the observation. 

The calculation is then more simple, by means of the Table of 
Moon-Culminating stars given in the Nautical Almanac, in which the 
right ascensions of the suitable stars and of the moon's bright limb 
are given at the instant of their upper transits over the meridian of 
Greenwich, and also the right ascension of the moon's bright limb 
at the instant of its lower transit. Hence the difference between the 
right ascensions of the moon's limb, at two successive transits, is the 
change of its right ascension in passing from the meridian of Green- 
wich to that which is 12" from Greenwich ; so that if the motion in 
right ascension were perfectly uniform, the right ascension, which 
corresponded to a given meridian, or the meridian, which corresponded 



dbyGoogle 



^ 102.] lOKGiTCDE. 257 

lo a given right ascension, might be found by the following simple 
proportion, 

12'' : long, of place = diff. of right ascensions for 12* : diff. of 

right ascensions for long, of place, (569) 

in which the longitude of the place may he counted from the me- 
ridian IS* from that of Greenwich, provided the change of right 
ascension for an upper transit is computed from the preceding right 
asceDsion, which is that of a lower transit at Greenwich, that is, if 
the place is in east longitude. 

Let then T ^= loQg., if west, 

or ~ 12* — long, (if the long, is east) ; 

and let A ^^ diff. of right ascension for the Greenwich transits, 

which immediately precede and follow the re- 
quired or observed transit, 
and let ^ A ^= change of right ascension from the preceding 

Greenwich transit to the observed transit, 
and we have, by (569), 

IQ'iT^AiiA, (570) 

AT 12" s A 

- — ^ ■^- (571) 




(572) 

log. S A = log. A + log. T + (ar. co, ) log. 43200 

— log. A + log. T + 5.36452 (573) 

.„a j.= !2^ (5,4) 

log. r — 4.63548 + (ar. co.) log. A + log. i A, (575) 
and formulas (573) and (575) agree with the parts of the rules in 
the Navigator, which depend upon A, and are independent of the 
want of uniformity in the moon's motion. 

The corrections which arise from the change of the moon's 
motion may he calculated, on the supposition that this motion is 
uniformly increasing or decreasing so that the mean motion for any 
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interval is equal to tlie mition i\h ii t liia i 


t the middle inslant of 


that interval. If we put, then, 




B = the intieiie oi motion it 


1 12', (576) 


A is not the mean diily motion for thp nterval of longitude T and 


the instant J T after the meudian tnnsit at 


(jreenwich, but for the 



interval 12* and the m'Jtant 6* aflei this fiansit 
motion for the instant i T is therefore, 

(6- -IT)B 

^ Tif ' 

SO that the correction for A is 

(6'' — I T) -B _ (21600' — ^:: 



(577) 



(580) 



and the correction of ^ ^ in (573) is 

T(21600--JT) r (43200 -T) 

'^- pS200r ■«-- -2743200)'^ ■^' ''*™' 

and tlie value of * B ia easily calculated and put into tables, like 

Table XLV of tlie Navigator. 

In correcting the value of T (574), the correction (if 3 A i.'? to be 

computed from Table XLV by means of llio approximate value of T, 

and the correction of 2" is then found by the formula to be 

43200 J B 
J J -■ J— 

It only remains, to show how to find the value of S fioi 
Nautical Almanac. Now if A' denotes the motion in right a 
for the 12* interval of longitude, which precedes that to which A 
corresponds ; and if A" denotes tlie motion in right ascension for the 
12" interval of longitude which follows that of A ; we have 
2 B :^ ^" — il' 
B — ^ {A'- — A'), (581) 

and tiie calculation agrees entirely with that given in tlic Navigator. 

When the longitude is small, or nearly la", the correction for the 
Tariation of motion may be neglected, provided, instead of A, the 
motion is used which corresponds to the time of the neafest Green- 
wich transit. Now, in the Nautical Almanac, this motion is given 
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for an hour's interval, of which the middle itislant is that of the 
transit, so that if if ^= this hourly motion, the motion for the time T 
may be found by the formula 

V:'r=H:iA 
whence 

log. r= 3.55G30 + log. S A -\- (ar. eo.) log. II, (583) 

which agrees with [B. p. 432]. 

The formula (583) may be rendered more correct, if the value of 
ff ig taken for the instant^ Tof longitude; and the value can be 
computed precisely in the same way in which the right ascension 
was computed for the time T, by noticing the want of uniformity in 
its increase ; aod the formula thus corrected is accurate for small 
differences of longitude. 

Seventh Method. By a lunar distance. 

The distance of the moon from the sun or a star may be used as 
the signal; but the true places of these bodies differ from tbeir 
apparent places, as wilt be shown in succeeding chapters, so that the 
observed distance requires to be corrected ; and the correction cannot 
be found witliout knowing the altitudes of the bodies. It is sufficient, 
for the present purpose, to know that the difference between the true 
and apparent places is only a diUeronce of altitude, and not one of 
azimuth, and that the apparent place of the sun or a star is higher 
than its true place, while that of the moon is lower. The true dis- 
tance may, then, be calculated from the observed distance by one of 
the following methods. 

I. Let Z (fig. 45) be the aeniih, S the apparent place of the sun or 
star, and S the true place, M \)io apparent place of the moon, JIP 
the true place ; let 

a ^= the star's apparent alt. ::: 90° — ZS 

a' = its true all. — 90° — ZS' 

b — the moon's app. alt. =:: 90" — ZM 

b' — its true alt. ~ 90° — ZM' 
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E = the app. dist, — SM 
E' =^ the true dist. zz S'M' 
Z — the angle Z 

ia^SS'^a — a' 

} h = MM' =:b' — b 

ih = E< — E. 
Then the triangles ZSM and 7.SM- give, by (332), 



and we have, by (584), 
COS. E< + COS. {a' -\-h) = 2 cos. m cos. £ + 2 cos. m cos. (a + h) 
= co,.(£ + m) + cos.(i;-«)+oos.(o + 6+m) + cos.(»+6-».) 
COS. E' = - COS. (a' + t') + COS. (£ + «)+ cos. (E — n) 

+ COS. (a + J + »i) + COS. {a+l^m), (586) 

whence £' can be fouud by a table of nalura! sines and cosines, 
when m has been found from (585). 

n. la the same way by (338), we find 

.(si„.lZy = -'°-"- .i^ = -'°'- ^--ig:^'(587) 
' ■^ ' COS. a COS. e COS. a' COS. &' ' 

COS. {a' — h') — COS. £' — 2 cos. m cos. (n — 5) — 2 cos. m cos. £ 

^cos.(a~6+M) + cos.(«-6-«.)-cos.(£ + m)-cos.(E-.m) 

COS. E' — COS. (a' — 60 — cos. (« — J + m) — cos. {a — J — m) 

+ COS. {E + m) + COS. {E — m). (588) 

III. The correction may be separated into two parts, one of which 
depends only upon the sun or star, and the other upon the moon ; 

i' E ^= the part of r! E which depends upon the sun or star, 
i" E =: !hc part which dcpfnds upon the moon. 
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Now if the correction were oti]y to be made for the moon, SM would 
be decreased to SM', whence 

SM' = E-\-i"E, 
and if we put 

S = ZSM, M — ZMS, 

s = H« + ft + -E), (589) 

the triangles SMM' and SZM give 



(sin. i Mf : 



in. E cos. h 



_ Bin. [£ + HJ"- E-J i)-]^\n.JjrE±n) 
— sin. J 6 sin. E 

~ ^+'''' [ 1 + J cotan. E sin. 1". (^" £ — j 6}] (590) 

60^ + i" £ - (59' 42 ' — 56)+ '^'^^■^^'"■(^— _f) , l.'ll. 
' ^ ' ' sm. E COS. & 

_|_ 18" _ J cotan. E sin. 1" [(J" Ef — (J &)S]. (591) 

The triangles BSMwA SZM" give, by (336) and ('340), 

_ .i.. [E + }(''E-'") ]"°^i(''-E + ''') 



_ d « + J' E 



(592) 



60' + J' £ = (60' - ) o) + — ^i;' £ - 

If now 31'ii: and S*! aro drawn perpendicular to JlfS, and Sh to 
JVf S, we have nearly 

S'Jlf = £ + J E = Siir + SL' = £ + J»E + SI' 
J£ = 1" £ + SI' = J" £ + i' J3 + (SI' — J' £) (594) 
J' £^ SI ^ Jncos. S (595) 
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y~da COS. {S'SL) = J a cos. (S—MSM') 
' = ia COS. S-J^Sa sin. S sin. MSM' 

~ i'E + SL sin. MSM' (596) 

'J~~ S'E — S'L sin. MSM'. (597) 



But from M'SK, 

i^civf, _ sin 

in. E 



...MSM=^^^^m^ (59S) 



whence 

5I.-fi; = g^^>'f''^''°-'" (599) 

and 

(600) 



in which 1° is added to S' E and fl"JE, in order to render them 
positive. Now, of 60' + I'E (593), the part tiO' — 3 a is given in 
Tahle XVII or Table XVIII ; and the remaining! term is computed by 
proportional logarithms, and is the first correction of the First Method 
of the Navigator. [B. p. 231.] The proportional logarithm of the 
factor 2 * a sec. a, is the logarithm of the Table from which 60' — ia 

In the same way, the two first terms of 60' -\- J" E are taken from 
Table XIX and (591). The remainder of (591) combined with the 
third term of (601), is computed and inserted io Table XX of the 
Navigator, 

In calculating Tabic XX, the value of S" E is used, which is 
obtained from the two first terms of (591); and S'L and Jlf'^ are 
found from SSL and MKM' in which the sides are so small that 
their curvature may be neglected, and we have, nearly, 

SL = »/ {S a^ — S' &) (602) 

MK — V (■> *^ — • "" £^)- (603) 

IV. The calculation of the values of J a and J J will be fully 
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explained in subsequent chapters ; but wc need only remark, in this 
place, that the value of J a, for a star, is given in Table XH ; for the 
sun, it is the number of Table XII (Jtminished by that of Table XIV ; 
and for a planet, it is that of Table XII diminished by that of Table X, 
A. The value of ^ h is obtained by the formula 

Sb~P COS. h — i'h, (604) 

in which S' I is the number of Table XII, and P is the number fakea 
from the Nautical Almanac, and which is called the horizontal par- 
allax. In computing Table XX, the value of P is taken at its mean 
of 57' 30". 

In the formulas for the corrections, the zenith distances may be 
introduced instead of the altitudes, and if we put 



», = H' + Z + E), (605) 

we have, by neglecting the term depending upon the correction of 
Table XX, as well as the other small quantities, 

_ Bin. [E + t(l"E + J J)] s h.Ha-i'E) 



= -^fTT- (™6) 

l"E = li — ^-?^' J^ "e11'7 ~' ' (*'"') 



->a+- 



in. E s 



Then tlie second term of the value of 3' £ is the first correction oi" 
the Third Method of the Navigator [B. p. 242], and the second term 
of the value oi^"E is the second correction of this method; and the 
computation from {604, 607, 60S) agrees entirely with ihis method. 
The third correcdou is taken from Table XX, as in the first method. 
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V. Draw ZN perpendicular to MS, so as to make SN acute. In 
the right triangle ZSN and ZSM let 

B = 90° — 5iV, B' = 90° + MN, A—^ (F + £), (609) 

E = MN+ SN= B'— B, (610) 

and, by Bowdilch's Rules for oblique triangles, 

COS. ZS : COS. ZM = cos. NS : cos. MN, 
or sin. fl : sl.i. i — sin. B : sin. B'; (611) 

and, by the theory of proportions, 

sin, a + s in. I _ sin. B -\- si n. B' 
sin. S — sin. a ~ sin. £'— sia, if ' 
that is, 

tang. j-(a+i ) _ tang. A 

lang.i(6-a)- tang.^S ' * 

tang. J — tang. ^ (a + i) cotan. i (i— a) tang, i E (613) 
£' — ^_|_j£, iJ = ^_^£, (614) 

and the right triangles ZSN, MZN, SLS', MKM, give 
cos, S z= z= coian. ZS tang, a cotan. B 

— COS. M — — p = — cot. ZM tang. MN = tang. J cotan. B' 

S'E = l a tang, a cotan. B (615) 

a"£ = J t tang, i cotan. B\ (616) 

and the formulas (613-616) correspond to the Fourth Method of the 
Navigator. [B. p. 243.] 

It may be observed, that since cotan ^ (6 — o) is the only term of 
(613) which can change its sign, A is acute when S is greater than 
a, and obtuse when h is less than a. 

VI, The most important of corrections of iTie distance arise from 
that term of J J (604), which depends upon the parallax. If we 
consider this, therefore, as the only correction of the moon's aiti- 
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tude, we may calculate the corrections of the distance a 
by putting 

Sb = MM = P COS. b. 


rising from it 
(617) 


The triangles ZSM and M'MK, give then 




,,. ^,_ '■"^- _^ln.a-co.E.;n 


f618^ 


""^■^^ Pcos. i sin. £ COS.* 


^DIOJ 


fl" £ ^ — r sin. a cosec £ + P cotan. E sir 


1. S, (619) 


aand if we put 

S, E ir: P sin. a cosec. E 
a^ £ = ± -P cotan. Esin. 6, 


(620) 
(621) 



in which the signs are taken so that l^ ^ '^ always positive, we have 
i" E — — ^i Ezt^g E 
10' + a" E :r: (5° — f^E)-\- (5" ± ^2 E). (623) 

Now Table XLVII is a common table of proportional logarithms, 
like Table XXII ; but the angle which is placed at the top of the 
table is 

5" — the angle of Tabic XXK, (624) 

and the angle at the bottom of the tabic is 

5° + the angle of Table XXII ; (625) 

so that the terms of (623) may be directly obtained from these 
tables ; and this method of computing the corrections, which depend 
upon the moon's parallax, agrees with the second method of the 
Navigator. [B. p. 239.] 

The remaining corrections may be computed from the formulas 
(607 and 608), and the corrections of Table XX may bo neglected, 
provided ilie value of E is corrected for the parallax. These com- 
bined corrections may be inserted in a table like Table XLVIII, 
which serves for the star, and, by means of the part P, for the sun ; 
or like Tables XLIX and L, which serve for the planets. In calcu- 
lating those tables, the moon's horizontal parallax is taken at its 
mean value of 57' 30" ; and the planet's or sun's parallax in altitude 
is obtained from the formula 
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in which F is the horizontal parallax. The value of P, used in the 
construction of the part P of Tahie XLVIII, is 8".6 ; that used for 
Table XLIX is 35" ; and since these corrections are proportional to 
the parallax, they are easily reduced to any other parallax, This 
reduction is actually made in Table L. 

VII. The value of il" E (618), might be found by the formula 
„ ^ ^ _ 2.i„.,-.i„.(t+E)-,i n4L--E) ^_ j^jjjj 

which is easily calculated by means of the table of natural sines and 



VTII. The true distance may be obtained from observation by 
either of the preceding methods, and the time of the observation 
must be compared with the time when the distance is the same to an 
ohservet at Greenwich. Now this latter time can bo obtained from 
the Nautical Almanac by precisely the same process of interpolation, 
which has been applied to the changes of right ascension. The 
distances are given in (he Nautical Almanac for every three hours, 
and the proportional logarithm of the difference of these distances. 
If, then, the distance increases uniformly at the rate of increase, F, 
for every three hours ; the interval T, at which it has increased by 
the quantity P, is found by the proportion 

F-.F'^&'-.T (627) 

Prop. log. T— Prop.log.P — Prop.log.F+Prop.log.3\ (628) 
But , Prop. log. 3*- 0; {Gi9) 

and if we put 

Prop. log. P=i Q, (630) 

(628) becomes 

Prop. log. T= Prop. log. F' — Q. (631) 

If the distance increased uniformly, the value of Q would be 
invariable ; but Q is variable, and must be regarded as belonging to 
the middle instant of the interval to which it belongs; and it in- 
creases while the distance decreases, and the reverse. Let then 
t Q=^ the decrease of Q in three hours, 
J T — the correction of T, arising from the change of Q, 
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and the value of Q for the interval T la 

so that by (631) and (399) 

Prop. log. (T+ST)- Prop. log. T—l'Q (633) 

\og.{T+ST) = ]og.T+S'Q (634) 

log. (T+ J T) - log. T= log. (l + ;~) ^ S' Q- (635) 

But if io (167) we substitute 



e have, by (635), 



(.+V0=^. («-) 



o that by (632) and (164) 

_ r.'' Q __ (ISO" — T) r^Q 

' ~ log. e ~" 2 X 180 *. X 0.4a4 
_ (160" — T)T^Q _ 
~ 156"' ' 



(639) 



and the table [B. p. 245] for correcting by second differences may 
be calculated by this formula ; and, in order to obtain the value 
of 3 r expressed in seconds, the factor T should be expressed in 
seconds, while (180" — T) is expressed in minutes ; and it must not 
be forgotten, that the proportional logarithms are decimals. 

IX. When the distance is observed for a star, whose distance is 
not given in (he Nautical Almanac, the Greenwich time of the obser- 
vation can be found approximately by adding the assumed longitude, 
if west, to the observed time, or subtracting it if east; or the time 
can be taken from the chronometer if it is regulated to Greenwich 
time- 
Find, in the Nautical Almanac, -the right ascension and declination 
of the star, and the declination of the moon, for this time. Then, if 
T and S (fig. 40) are supposed lo be the moon and star, and P the 
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pole of t!io equalor, D and B' their decli nations, disregarding their 
names, so that their polar distances are 90° i D and 90' i D\ and 
if R is their dllTereiice of right ascensions, we have, when their 
declinations are of the same name, by putting 

S=J(I> + JJ' + fi) (640) 

cos.JR' = cos.iSPr..v('-^2'^^^)- (641) 

But if the declinations are of the same name, 

sin. J R' sin. J SFT = V ( ~ „ ~n~ 

and the right ascension of the moon being thus found, the Greenwich 
time, when it has this right ascension, Is easily found from the moon's 
hourly ephemeris in the Nautical Almanac, and this method is the 
same with that in [B. p. 428]. 

X. The latitudes and longitudes may be used instead of the right 
ascensions and declinations, and the calculation will be as in [8. p. 
427]. The variation of daily motion is, in this case, to be }iad 
regard to, precisely as explamed in (606-611). 

XL The distances of the Nautical Almanac can be calculated from 
the tight ascensions and declinations of the sun, moon, and stars, or 
their latitudes and longitudes, by i-esolving the triangles TFS (fig. 40) 
by either of the methods which have been given, when two sides and 
the included angle are known, as in [B. p. 434]. 

In calculating the distance of the sun and moon, the lathude of the 
sun may be usually neglected ; so that if SR (fig. 46) is an arc of 
the ecliptic, S the sun's place, M the moon's, and MR perpendicular 
to SB., 

MR — L= the moon's latitude, 
SR = L^ = the dlff. of long, of © and ]> , 
and COS. E = cos. SM ~ cos. L cos. i,, (643) 

as in [B. p. 433], 

It would, however, be rather more accurate to take 
L ~ the diff. of lat. of © and 3 . 
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XII. The determination of the longitude by solar eclipses i 
occultationg, will be reserved for another chapter. 







103. 


Examples. 








1. Calculate the correction of Table XLV 


, when 








T = 


1*50™, 


and B:=9'^ 


-540. 






Solution. 




P50™ 


P. L. 1™ 50' 


ar, 


■ CO. 


8.0080 


12'' — 


l^SOm 


— 10'' 10™ P. L. 10™ 


lO ar. 


CO. 


8.7519 








2 P. L, la-" 






2.3522 


iB 


^270' 
— 34^9 










3.4314 

1.5435 



2. Calculate the correction of Table XLV, when 

T=3M0™, and 5 = 11™. 

Am. 64'. 1. 

3. Find the right ascension of the moon's bright limb, Sept. 25, 
1830, at the time of the transit over the meridiaQ of New Yorlt. The 
right ascension of the moon for the two preceding and the two 
following transits at Greenwich are 

Sept. 25. Moon II. L. T. 2'' 0" 36'.69 

Moon II. U. T. 2 30 38 .08 

Sept. 26. Moon 11. L. T. 3 1 33 .18 

Moon II. U. T. 3 33 19 .89 

The Longitude of New York is 4 56 4 .5 

Ans. 2" 43™ 14'.4. 

4. At a place in west longitude, Oct. 25, 1839, the moon's brigh; 
lirab passed the meridian 10™ G^.SS sideral time, before the star 
C. Tauri; find the longitude of the place of observation. 

The right ascension of the star C. Tauri was 5* 43™ 16^84, and 
those of the moon 
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Ot;t. 25. Woon [l, L, T. 4'' 43'" 53«.55 

Moon 11. U. T. 5 18 28 .40 

Oct. 28. Moon li. L. T. 5 52 51 .91 

Moon II. U. T. 6 26 40 .00 

Arts. 76° 53' 33" W. 

5. Find iho moon's parallax in altitude, and die correclion and 
logandim of Table XIX, when the altltixle is 40° 40', and the horiaun- 
tal parallax is 58'. 

Solution. 58' P. L. 0.4918 

40' 40' see. 0,1200 

Parallax In alt. = 44' P, L. 06118 

By Table XII. Eufrac. — 1' 6" 9.6990 

Corr, — 16'48"* — 59'42" — 42'54" P. L. 0.6228 

Log. of Tabic XIX ~ 0.2018 

6. Find tlie correction and loj^arillim of Tabic XVII for a star, 
\vhcn the altitude is 13" 15'. 

Ans. Corr. ^ 56' 2", Log. — 1.3433. 

7. Find tlie correction and logarithm of Table XVII for Venus oi- 
Mars, when the parallax is 20", and the altitude 24° 30'. 

Ans. Corr. — 58' 14", Log. == 1.6617. 

S. Find Ihc correction and logarithm of Tabic XVIII, when the 
altitude is 56". 

Ans. Corr. = 59' 26", Log. — 1.9544. 

9. Find the correction and logarithm of Table XIX, when the alti- 
tude is 70°, and the liorizoiital parallax 54'. 

Ans. Corr. ^ 41' 34", Log. = 0.2S99. 



* The numbers of Table XTX are so disposed in the Navigator, tliat the 
corrections of proportional parts of parallax are all additive. This is effected 
by placing each, nnmber opposite that parallax, which is 10" less than the one 
10 which it belongs. There is, therefore, a correction for 0" oil paralla):. 
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10. Compule the value of the aoxifiary angle m, in the first and 
■second methods of correcting the Junar distance, when the moon's 
apparent allilude is 40° 40', its horizontal paraHax 58', and the sun's 
apparent altitude 70°, 

Solution. Tlie values of m might be computed directly from (5S5), 
but it is more convenient to obtain it by some process of approxima- 
tion. For this purpose lot 

m — 60° + J m, 
and we have 

2 COS. (60° + J «0 ^ ""''■ ^^+P ' - --^^-7---' 

= 2 COS. 60° COS. Jm~2 sin. 60° sin. dm (644) 

= (cos. i i — tang. S sin. dh) (cos, ^ a -|- tang, a sin. ^ a), 
in which we may put 
2 COS. 60° = 1, COS. Sh = 1 — 2 sin.3 -^ H = 1 — ^ S !/i sin.^ 1" 
COS. am = 1 — ^ i m^ siri.a l", 
iind (644) becomes 

2 d m sin. 60° ^ J /) tang. h.— Sa lang a (645) 

^.^(Sia — d„fi)^in. I". 
But if wo take 

e — 2 J J sec. S.and e=2 d usee, a. 

Prop, log. e is the logarithm of Table XIX, and Prop. log. e' is the 

corresponding logarithm for the sun, star, or planet ; and by (()45), 

Sm=^i e sin. b . coscc. 60° — i e' sin. a cosec. 60° (646) 

-f 4 (,I i^ — J m^) sin. 1" colan. 60°, 

whence in the present case 

e P. L. O.aOlS e' P. L. 2.0173 

40° 40' coscc. 0.1860 70° cosec. 0.0270 

(}0° sii). 9.9375 9.9375 

1° -35' 7" 0,3253 1' 53" 1.9818 
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approx.dm=ii(r25'7"— r53") — J-(l°23'14") = 20'48"=il248" 

J 6 = 42' 54" zi; 2574" 

ib-\-^m= 3822 3.5823 

3 J _ J m — 1326 3.1225 

1" sin. 4.6856 



coiT. J m = 7" =^ J (14") 1.1518 

a m — 20' 48" -j- 1" — 30' 55". 

11. Compute the value of the auxiliary angle m, when the moon's 
apparent altitude is 25° 30', the horizontal parallax 60', and the star's 
apparent altitude 10". 

Ans. m" 14' 3", 



12. Find the correction of Tabic XX, when the distance is 25°, thi 
sun's altitude 10°, aad the moon's altitude 25". 


Solution. We should find, in this case. 


fb— 50' 6" 


da= 5' 6" 


r£^ — 27'92" 


e' E — — 3' 15" 


n — i"E — V 17' 28" = 4G4S" ^ a 


— }'E= 8' 21" = 501' 


Sh + s"E= 22' 44" ^ a 


+ d' E=i 1' 51"=^ 111' 


22' 44" =1 P. L. 0.8986 


0.899 


1° 17' 28" = 4648" (ar. co.) 6.3327 


P. L. 0.366 


25° tang. 9.66S7 


2 sin. 9.252 


1" cosec. 5.3144 
1'6"==66" 2.2114 


1" 2 cosec. 0.629 
501" (ar. CO.) 7.300 


i (66 ') ^ 33" 

24"- 


111" (ar. CO.) 7.955 

2)6.401 

18" + 6" .3.200 


57" = corr. Table XX. 
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13. Calculate the correction of Table XX, ivlien tho distance i 
ISO", the sua's altitude 20°, and the moon'a altitude 10°. 



14. Calculate the corrections of Tables XLVIII, XLIX, and L, 
when the apparent distance is 28°, the moon's apparent altitude 38°, 



e planet's apparent 


altitude 18°, and il 


:9 horizontal paralia: 


i 16". 


Solution. 








57' 30" 


P. L. 0,4956 




0.4956 


18° 


cosec. 0.5100 


38° cose 


c. 0.2107 


28= 


sin. 9.6716 


tani 


^. 9.7257 



5° — 1st cor. — 4° 22' 9" 0.6T72 5° + 2d cor. — 6" & 34" 0.4320 
6° 6' 34" moon's par. in alt. — 45' 

28^ moon's approx. alt. ~ 38° 45' 

28° 29' :z= approx. dist. 
18° 45'' + 29' = 74' = 4440" ar. co. 6.352S 

38° 45' 45' — 29' z:r 16' P. L. 1.0512 

28-' 22' — i sum tang. 9.73235 28° tang. 9.7257 

10° 22' = I difT. cotan. 0.73771 1" coaec. fl.3l44 

J (28°) — 14° tang. 9.39677 2)39" 2.4439 

A — 36° 21' tang. 9.86683 20" 

lsttang.:^22°21' tang. 9. 6 MO 9.614 

18° cotan. 0.4882 0.488 

By Table Xll 2' 54" P. L. 1.7929 Table X, A. 33" P. L. 2.515 

2' 18" 1.8951 25" ~ cot. Table XIX 2.617 

Sd ang. = 50° 21' tang. 0.0816 i% X 25" — 11" — cor. Table L. 

38° cotan. 0.1072 
By Table Xll 1' 13' P. L. 2.1701 

47" 2.3589 

Cor. Table XLVIII = 2' 18" — 47" + 20" = V 51". 
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15. Calculate the correction.? of Tables XL VIII, XLTX, and L, 

when the apparent distance is 60°, the moon's apparent altitude 50°, 

the planet's apparent altitude 30", and its horizontal parallax 30". 

Ans. Cor. Table XLVffl — J' 25" 

XLIX =—31" 

L — — 18". 



16. Find the correction of the Table [B. p. 245] for the interval 
of 2^ 30™, and the difference of the Proportional Logarithmg equal 



17, If the observed distaoce were 45° 34' 10", Ihe moon's apparent 
altitude 22° 19', its horizontal parallax 60' 19", the planet's apparent 



altitude 42" 12', its horizontal 


parallax I5".3; 


what is tlie true 


distance ? 








Solution. I. In this case 






w= 60° 12' 28" 


a— 42° 12' 


Sa- 


-51" 


a' — 42M1' 9" 


h== 22° 19' 


Sh- 


= 53' 31" 


J' — 23°12'31" 


a' + l'= 65" 23' 40"— N.I 


;os.=.- 


-0.41637 


E ~ 45° 34' 10" 


£ + m=I05°46'38" N. . 


=os.z=- 


-0.27189 




a-\-b + w.— 124° 43' 28" N. • 


30S. — - 


-0.56963 
-1.25789 




£_m- — 14°38'18" N.. 


;os.^ 


0,96754 




a-^h—m= 4°18'32" N.cos.— 


0.99717 




E' — 45" 1' 24" N. < 


;os.= 


0.70682 




II. a — h-\-m= 80° 5' 28" 


^N. CO 


s.^ — 0.17208 


a — b — m — —40 19 


28 


-~ N. co> 


5.^ — 0.76239 


E-{-m= 105 46 


38 


N. co; 


i,= — 0,27189 
— 1.20636 


a'-~h'= 18° 58' 


■38" 


N. co: 


B. = 0.94565 


E — m — —li 38 


18 


N. CO! 


i. - 0,96754 
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m. s=i{a + h-\-E) = 55° 2' So" sec. 0.2419 

£ — 45' 34' 10" sin. 9.8538 9.8538 

« ~ a = 12 50 35 cosec. 0.6531 0.6531 

s — E= 9 28 25 sec. 0.0060 6' 11". T. XIX. 0.1920 

59' 8". Table XVH 1.9907 30' 38" P.h. 0.9408 

43". P. L. 2.40a6 32" Table XX. 

59°.5I 27' 31" 

E' = 45' 34' 10" + 59' 51" + 27' 21" — 2' = 45" Z' 22". 

IV. 2 =2 47° 48' * = 67' 41' 

s,— 80° 31' 35" cosec. 0.0060 
E = 45° 34' 10" sin. 9.8538 

9.6990 

9.5588 9.5588 

Z — 47° 48' sin. 9.8697 z = C7° 41' sin. 9.9662 

Sj — « = 12''50'35" cosec. 0.6531 

s, — Z^32'43'35" cosec. 0.2671 

S a — 51" P. L. 2.3259 J & = 53' 31" P. L. 0.5268 
1st C01-. — 42" P. L. 2.4075 2d cor. l''26'22" 0.3189 

Jfc= 53' 31" da = 51" 

E'= a4'13"+45''34'10"+31"— 18" — 1°27'13" — 45"1'23". 

V. ^(a + &)— 32°15'30" tang. 9.80014 

§ {a — i) — 9 56 30 cotan. 0.75627 

^E — 22 47 5 tang. 9.6-2330 

A = 123 28 14 tang, 0.1797J 

1st ang. = 100" 41' 9" tang. 0.7242 

2d ang. — 146" 15' 19" tang. 9.8248 

a — 42° 12' colan. 0.0425 h — 22° 19' cotan. 0.3867 

^ a — 51" P. L. 2.3a.'>9 H = 53' 31" P. L. 0.5268 

1st cor. = —9" P. L, 3.0926 

2d cor. — — 32' 53" P. L. 0.7383 

E' — 45° 34' 10" — 9" — 32' 53" + 31" — 18" — 45" 1' 21". 
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VI. 60' 19" p. L. 0.4748 0.4748 

— 42" 12' cosec. 0.17iJ8 h — 22° 19' cosec. 0.4205 

E — 45° 34' 10" sin. 9.8538 tang. 0.0086 

1st cor. = 4° S' 16" 0.5014 2d cor. = 5" 23' 28" 0.9039 

Cor. Table XL VIII, XLIX, and L — 1' 31" 
E' = 45' 34' 10" + 4- 3' 16" + 5° 22' 28" + 1' 31" — 10" = 45" 1' 25". 

VII. 

a— 42" 12' N. sin. 0.67172 

i+E— 67° 53' 10", JN.sin. — 0.46322 60' 19" P. L. 0.4748 
6 — £^ — 23° 15' 10", JN.sin. 0.19739 

0.40589 ar. co. 0.3916 

S~ 45" 34' 10", sin. 9.8538 

Cor. Table XL VIII, &,c. = 1' 31" cor. = — 34' 17" 0.7202 

E' — 4.1" 34' 10" + 1' 31" — 34' 17" — 45° 1' 24". 

18. The apparent distance of the sun and moon is 70° 50' 33" ; 
the moon's apparent altitude is 35° 45' 4", its horizontal parallax is 
54' 24" ; the sun's apparent altitude is 70° 48' 1" ; what is the true 
distance ? 

In this example m 60° 17' 28". 

Am. 70' 8' 47". 

19. The apparent distance of a star from the moon is 3 1° 13' 26" ; 
the moon's apparent altitude is 8° 26' 13", its horizontal parallax is 
60', the star's apparent altitude is 35° 40' ; what is the true distance ? 

In this example m 60° 4' 16". 

Ans. 30° 24' 46". 

20. Find the Greenwich time, Oct. 3, 1839, when the moon's dis- 
tance from the sun was 38° 12' 9". 
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Solution. 








Distance 1839, Oct. 3, 15' 


38" 59' 21" 


P.L. 


0.3180 




38 12 9 


P.L. 




18* P. L. 3189 


iT 12" 


0.5813 


3180 T-1 


* 33" 16' 


P.L. 


0.2633 


9 cor. T. =; 


— 3- 







Greenwich time == 16" 38™ 7'. 

21. Find the Greenwich time, Jan. 2, 1839, when the moon's dis- 
tance from Aldebaran was 70° 45' 13". 

1839. Jan. 2, 9' Greenwich time, Dist. — 69" 26' 29" 

P. L. — 0.2853 
12'' P. L. = 0.2863 

Ans. 11* 31™ 47'. 

23. The correct distance of the moon from p Corvi, 1839, April 
3d, IP 20", in longitude 70° W. by account, was 54° 8' 15" ; what 
was the li 



Solution. 


54° 8' 15" 


Gr.T. 


- 


:11' 


' 20'^ -f- 4'' 40~ = 


3>'s Dec. 


= 26 48 52 


by 


N. 


A. 


sec. 0.04940 


*'s Dec. 


= 32 30 11 








sec. 0.03439 


J sum 


= 51° 43' 39" 


cos. 9.79198 


Dist. — i sura 


=z 2 24 36 








COS. 9.99961 




2)19.87538 




3* 59" 43' 








COS. 9.93769 


*'s E. A. 


— 12 25 56 











J) 's E. A. = 16" 25" 37' at Greenw. time = 16* 
Long. = 16* — 14'' 20" = 4* 40" — 70° 



23. T!ie correct distance of the moon from Castor, 1839, Nov. 



d by Google 



878 SPHERICAL ASTRONOMY. [CH. VIII. 

29'' 19'', in loflgitude 45° W. by account, was 78° 3' ; what was the 
longitude ? 

Greenwich, 1839, 

Nov. 20'' 21", J> 's R. A. — 12' 15" 16=,5, Dec. := 3° 48' 31" S. 

92", ])'sIi.A. = 12 17 2.9, T)ee.=ii 2 39 S. 

Castor's E. A, = 7 24 24 .4, Dec. = 32 14 2 N. 

Arts. 44° 18' W. 

24. Find the distance of the moon from the sun, 1839, August 12^ 
Greenwich time at mean noon, 

^'sE.A.z3 g'SS-SKTS, Dec.^l5° 7' 51".5 N. 
5 's R. A. z^ 11 42 23 .48, Dec. — 57 27 .9 N. 
Ans. 36" 33' 14". 

25. Find tho distance of the moon from the sun, 1839, August 14'', 
Greenwich time at mean noon. 

©'sIt.A.— 9^33"24'.57, Dec. z^ 14° 31'28".2 N. 
J 's E. A. ^ 13 8 37 .62, Dec. — 10 25 54 .5 S. 
Ans. 68° SC 38". 
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CHAPTEK IX. 



ABEKRATION, 



104. The apparent position of the stars is affected by two 
sources of optical deception, so that they are not in the direc- 
tion in which they appear to be. 

The first of ihese sources is the motion of the earth, and the 
corresponding correction is called aberration. 

Aberration, like the earth's motion, is either annual ox di- 
urnal. 

103. Problem. To find the aberration of a star. 
Solution. The apparent direction of a star is obviously that of 
ike telescope, througii whicli the star is seen. Let S (fig. 47) be 
the star, and the place of the observer at the instant of the ob- 
servation ; SO is the true direction of the star, or the path of the 
particle of light wliich proceeded from the star to the observer, and 
it would be the direction of the telescope if he were stationary. But 
if he is moving in the direction OP the direction of the telescope 
or must be ucl 1 t lee d T as at tie pont E, In the line 
OS, at the sa e s ant vl ch 1 e part cle of light was at this 
point. Tie leng h RT s tl ere fore 1 d ance gone by the 
observer vl le he I gl t 3 des r b j, th 1 OR 
If, then, ve p 

V ::=: the velocity of light, 
« ^ the earth's velocity, 
I— TOP— RTO, 
d I^: — ROT ^ the aberration from tlie true place, 



. 1'^ 



(647) 
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we have, 

V:v=OR:TR = sin. J : — 3 7 sin. 1" 

^ i — — m sin. /. (648) 

106. Problem. To find the annual aberration in latitude 
and longUude. 

Sohaion. The earth is moving in tlic piano of the ecliptic at 
nearly right angles to the direction of the sun. Hence if TP 
(fig. 48) is the ecliptic, 5" the point towards which the earth is 
moving, S the true star, S' tho apparent star, 

O = the sun's longitude, 

J 2= the star's longitude, i! ^ =^ the aberration in long. 

L ~ the star's latitude, i L ^^ the abeiTation in lat. 

ST —I, SP = L, 

long, of r = — 90% PT— O —O0'- — J=z J^ 

FP' — Sj= TP— TP', J L — SP' — SP 

COS. T= cofan. I tang. -*, = cotan. {I-\-i I) tang. {J^ — S J), 

lu.n.{^,—SJ) tang.(J+aJ) ,„.„. 

whence ^— ^ ' = — ^ — '-^—^, (649) 

tang, jl 1 tang, 1 

and, by (346 and 347), 



(650) 



sin. (2 ^,— a-^) sin. (2 /+ J J ' 

or omitting S A and J J in the denominators, and reducing by means 
of (648), 

sin. 2 J 



sl=— ■ / i I 



1.21 ~ sin. I COS. I 



(651) 



" COS. I 

OS. I = COS. J, COS. L, (652) 



Ds. (0~^) sec. L. 
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We also have 






sln.L sin.(i + ^X) 
"■' sin./ sm.(I+Ji)' 




(654) 


whence 






Bm.lBin.(J+lJ) = .in.Jsin.(I + ; 


'D, 


(655) 


•nd li sin- i ■="■!■, j- 










= — m tang. L cos. 1 






= — m COS. Ji sin. i 






= -»sin.(0-^)s 


in. i. 


(656) 



107. Problem. To find the annual aberration in distance 
and direction from the vernal equinox. 

Solution. Let A (fig. 48) bo the vernal equinox, and let 
M= SA, SM= aberration of M 
N = SAT, I N = aberration of N. 

Now we have 



in. O— COS. Jlfcos. I 



(657) 



^ sin. If 

But 

COS. 1= sin. O COS. M — cos, © sin. 3f cos. N, (658) 
whence if we put 

B=^—m sin. O (659) 

C = — m COS. O, (660) 

!iM= B sin. M-]- C COS. JH" cos. N. 
Again ; the triangles ASS and ATS' give by (302), 

.in,^ST==i!i.H.^=_55lJ|i^^ ^^^^ 

' sin. JV 
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I08. Problem. To find the anmtal aberration in right as- 
cension and declination. 

Solution. If ^r (fig. 48) were the equator, we should have 
D= SP, R = AF, 
and if we put 

JVj — SAP, ■" = obliqiiity of ecliptic, 

N^ — N-\-m, 
and the triangles ASF, AS'P' give 

sin. D = sin. ilfain. iVj (663) 

sin. {B — SD) = sin. {M ~ S M) sin. {N, — dN) (664) 
COS. DiD= sin. M cos. IV", J JV+ cos. M sin. N^lM (665) 
^ B sin. M COS. M sin. JV, 
— C (sin. JV cos. iV, — C0S.2 JIT sin. iV, cos. iV), 
and if we put 

A — C COS. ■„ (666) 

h' == sin. M COS. M sin. N^ sec. X* (667) 

a' = — (sin. iVcos. iV, — cos.^ ilf sin. JV, cos. iV) sec. Dscc. c, (668) 

cos. M = COS. D COS. jR (669) 

cotan. JV, = sin. R cotan. D (670) 

sin. ili cos. iV, ~ - '"• .^'^!^ — J ^ sin. I> cotan. JV, (671) 

= sin. D sin. R cotan. B = sin. R cos. U 
6' — sin. D cos. fi cos. D sec. D — sin. D cos. JJ (672) 
a' — — [sin. (JV— JV,) -I- sin.2 Jlf sin. JV", cos. JV] sec. D sec. m 
=z[sin.B. — sin,2 j5i^sin.2 JV, sin.uj sec. J>sec.o 
— sin.3 M sin. JV, cos. JV, cos. w sec. D sec. m 
— ( 1 — sin.2 JJ) sin. B, sec. D sec. i^— sin. Jlfsin. Dcos. JV, sec. D 
= cos. D\a.n.a— sin. R sin. I> (673) 

JJJ = jla'+5S'. (674) 
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Again, we have 

cos.M:^cos. Rcos, i> (675) 

COS. (M + IM)^ COS. (R-J^SR) cos. {D + S D) 
COS. U sin. R a B ^ ain. MiM—co^. R sin. DID 
= B (sin.2 M—h' COS. R sin. D) 
+ A (sin. M COS. M cos. iV sec. ^ — a- cos. R siti. D), (676) 
and if we put 
a = (sin. M cos. iWcos, iVsec. a — a' cos. R sin. 2)) sec. B coscc. Ji 
i =; (sin.2 M — h' cos. E sin. U) sec. B cosec. R, 
we have 
a COS. D sin. E = sin. M cos. M cos. iVj -|- sin. E cos. E sin.^ D 
+ (sin. M cos. M sin. JV^ — cos. E sin. I) cos. D} tan. ^ 
= sin. E COS. E (C03.2 D -|- sin.a D) 
-f (sin. M sin. iV, cos. E cos. O— cos. R sin. M sin. W; cos. D) tan. ^ 
— sin. E COS. E 
ffi - COS. R sec. D (677) 

6 COS. i? sin. E = 1 — cos.^ ilf — sin.^ D cos.^ R 

— l„cos.^ Dcos.^E — sin.3Z»cos.2E 

J — sin. E sec. i> (678) 

lR = Aa-\- BJ>, (679) 

and formulas (659, 660, 672, 673, 674, 677, 678, 679) agree with 

those given in the Nautical Almanac for finding the annual aberra- 

109. Corollary. The value of mi, which is used in the Nautical 
Almanac, is 

m = 20".36O0, 

m COS. -> = 20".3600 cos. 23° 2T 36".98 — 18".6768. 

110. Scholium. In the values of the aberration in riglit ascension 
and declination, each term consists of two factors, one of which is the 
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same each ioatant for all the stars, and the other is the same for each 
star, during several years. 



111. Corollary. If in (674) and (679) we put 

i = A tan. « (680) 

B=:k COS. H (681) 

A = hsia.H; (683) 

they become 
3 D = i COS. D — h sin. H sin. R sin. D -f A cos. H cos. E sin. D 

— t COS. D + h COS. (If + B) sin. D (683) 

J Ji = 7( sin. if COS. R sec. D + ft cos. H sin. B sec. D 

= h sin. (H+ R) sec. i>, (684) 

which agree with the formulas in the Nautical Almanac. 

112. We have from (659-679) 

i R — sec. D [— ™ cos. ^ cos. © cos. R — m sin. © sin. R] (685) 
^ sec. D [— I ™ (cos. .. + 1) (cos. © cos. R + sin. © sin. R) 
+ J m (1 - COS. «) (cos. COS. R - sin. © sin. R)] 
-sec. I?[— mcos.s^»,cos.(R — ©)+™sin.ai«,cos.(R + ©)], 
and if we put 

Q=B-©, Q' = R + © (686) 

M — — m cos.e i«',n' = m sin.^ J .., (687) 

(645) becomes 

f R = sec. D (n cos. Q -{- n' cos. Q'), (688) 

and the values of n cos. Q and «' cos. Q may be put in tables like 
Parts I and 11 of Table XLII of the Navigator. 

Again, wc have 
3 D = sin. B (m cos. o. sin. R cos. © — «i cos. R sin. ©) 
— m sin. "■ COS. © cos. D 
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= sin. Slim (cos. „ + 1) sin. Q — J ni ( 1 — cos. <■:) sin. Q'] 

— im Bin. « [cos. (O + D) + (cos. G — -D)] 

= sin.D[— mGos.2|»(co3. Q + 90°)+5wtsin.aj«.cos.(Q'+90'')] 

— im sin. «, [cos. {©+!)) + cos. (© — iJ)] 
= sin. D[—n cos. (Q + 90°) + n' cos. (Q' — 90°)] 

-im sin. «, [cos. (Q + I>) + cos. (© - !>)]> (689) 

and the values of 

~im sin. «. cos. (© + D) and - J m sio ,. cos. (# - D) 

may be put in a table like Part III of Table XLTI. The rules for 
finding the variations in right ascension and declination are then the 
same as in the explanation of this table. 

113. In constructing Table XLII, the values of m and m were 
taken 



m ^ 20", m — 23° 2r 28", 


(690) 


whence 

n = — 19M73, n' — 0".827, 


(691) 


— J m sin. » — — 3".9814. 


(692) 


114, By putting 




® - ^ = P, 


(693) 


we liave, by (653 and 656), 




i L = — M COS. {P — W) sin. L 


(694) 


).<=— moos. P sec. £, 


(695) 


so that if the values of 




— 11. CO.. P 





are inserted in tables like Table XLI of the Navigator, the variations 
of latitude and longitude are found by the rule given in the explana- 
tion of this table, 

115. If the star is nearly in the ecliptic, the aberration in latitude 
may be neglected, and the aberration in longitude will be by (695) 
iA~ — m cos. P (696) 
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116. Problem. To find the d'lUi-nal aberration in right 
! and declination. 



Solution. Let 

v' ^^ the velocity of a point of the equator, a 
from the earth's rotation, 



'"-TiiiTF- ^"■"' 

The velocity of the observer is evidently in proportion to the circum- 
ference which he describes in. a day, that is, to the radius of this 
circumference, or to the cosine of the latitude. 

The velocity of the observer ^ ji' cos. lat. 
Now, the diurnal motion is parallel to the equator, whence the 
formulas (653) and (656) may be referred at once to the present 
case by putting 

Z =^ the right ascension of the zenith, 

and changing m into m' cos. lat., Q — a into Z — R, and L into D ; 
whence the diurnal aberrations in right ascension and declination are 

"' R — — m' cos. (Z — fl) sec. D cos. lal. (698) 

i'D^ — m< sin. (Z — R) sir.. D cos. lat. (699) 

117. The value of m' is nearly 

m' — 0".31. (700) 

118. Problem, To find the aberration which arises from the 
motion of a planet. 

Solution. The most important planets revolve about the sun almost 
uniformly in circles, and in tlie plane of the ecliptic. At the instant, 
then, of the light's reaching the earth, the planet has advanced in its 
orbit by a distance proportioned to its velocity, and to the time which 
the light takes in reaching the earth. Let then S (fig, 49) be the sun, 
and OjOi perpendicular to OjS the path of the planet; and put 
■w J = the velocity of tlie plane. 



in. 1"' 
r, = 0,S, 



P, = 00, s, 
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WO have 



But it will be shown in Theoretical Asironomy that 



(701) 



(703) 
(703) 



and this aberration being combined with (696) gives the whole aber- 
ration in longitude, from which a table, like Table XSXIX of the 
Navigator, may be constructed. 



J -^ z= — ms/ — - COS. P J ; 



119. Examples. 



1. Find the values of log. A^ 
,839, when © — 40° 52' 56". 

Ans. log, A 



li, H, and i for May 1, 



3. Find the values of h 
the year 1S39. 

Solution, 
K — 19" 42" 55" 
= 8° 26' 52" 



1.1498" 

1.1248- 
h = 19".42 
Jff— 226''40' 
* — — 6". 13 

;. h, log. a', log. b' for Altair ii 



R COS. 9.63760 
B sin. 9.16704 

log. b' ~ 8.80464 



JOS. 9.63760 
sec. 0.00474 

I :^ 9,64234 

sin. 9.95466" 
sin. 9.16704 



sin. 9.95466'. 
sec. 0.00474 

log. S = 9.95940" 



. 9.99526 

0.13234 9.12170" «. tan. 9.63747 
0.42927 9.63273 

: 0.56161 log. a' = 9.74944 
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3. Find the values of log. a, log. b, log. a', log. h', for Regulus 
in the year 1839, for this star, 

B = 9* SS"- 48s -D = 12" 45' 1". 

Ans. log. a = 9.94816n 
log. b = 9.71048 
log. a'= 9.49516 
log. i'=9.28122» 

4. Find the numbers of the different parts of Table XLII for tlie 
argument 7'30° =230°. 

Ans. 12".32 for Part I, 

— 0".53 for Part II, 

2".56 for Part III. 

5. Find the number of Table XLI for 7' 20°. 

Ans. 12".9. 



6. Fmd the aberration in right ascent 


(ion and declination of Alti 


"or May 1, 1839, 








Solution. I. 










A 1.1498" 




1.1498' 




a 9.6423 




a' 9.7494 


_6".20 


0.7921" 


~7".93 


0.8992' 




B 1.1348" 




1.1248' 




5 9.9594" 




b' 8.8046 


12". 14 


1.0842 


— 0".85 


9.9294. 


» R ~ 5".9 = 


0'.39 SB^ 


— 8".78 
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n. 




H+» = 162»44' + 360" 


sin. 9.4725 


i = 19".42 


1.2883 


D = S''^< 


sec 0.0047 


<K = 5".83 = 0'.39 


0.7654 



sin. 9.1670 
-2".72 0.4352n 



ico9.Z) = — G".oe 
lD=:—8".18 

m. 

B — O — 255° 40' — 8^ 15° 50' P. I. = 4'''.75 

E + O — 76° + 360 = 2' 16° + 13= P. II. ~ 0".20 

4".95 



a R =^ 5" = 0'.33 




0.699; 


8'15°40' + 3'=iri5MO' 


P. I. — 18".57 




2M6° + 3'^5M6° 


P. II.— 0".SO 






— 19".37 


1.2871 « 




D 


sin. 9.1670 




— 2".85 


0.4541 n 


0+D=48° = ri8° 


— 3".66 




O— -D^32=^F 2° 


— 3".38 




dD =z 


— 8".89 




7. Find the aberration . 


in right ascension and declination c 


Eegulus for May 1,1839. 








Ana. By Naut, Aim, 


,sR= o-.ae 

»D =~1".87 




By the Navigatoi 


■dR = ^ 0'.38 
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8, Find the aberration of Reguliis in latitude and longitude 
May 1, 1839. 

Alls. J^ = 6".5 



9, Find the aberration of Venus in longitude, when the difference 
of longitude of Venus and the sun is 45°, 

Solution. T 0.0000 0.0000 

/, ar. CO. 0.1407 ^ (ar. co.) 0.0703 

P zz 45° sin. 9.8495 20" log. 1.3010 

P,— sin. 9.9902 cos. 9.3214 

0.6927 

— 5" when Pj is acute, -|- 5" when P^ is obtuse, 

— 14" from Table XLI, — 14" 

i A = — 19" whenPjisae,,= — 9" when P,is obtuse. 

10. Find the aberration of each of the planets in longitude, when 
the difference of longitude of the sun and planet is 15°. The value 
of log. rj for each of the planets is 

For Mercury 9.5878 is the mean value, 
Venus 9.8593 

The Earth 0.0000 
Mars 0.1829 



Jupiter 


0.7161 






Saturn 


0.9795 






Uranus 


1.2829 






Ans. 


For Mercury 


—43" when P. 


is acute. 






4" when Pi i 


is obtuse. 




Venus 


—41" when P. 


is acute, 






3" when Pi i 


s obtuse. 




Mars 


35" 






Jupiter 


28"- 






Saturn 


26'^ 






Uranus 


24" 
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1 1. Find the diurnal aberration of right ascension and declination 
of Polaris for Jan, 1, 1839, and latitude 45°, when the hour angle ia 
0" SO". 

Solution. 0".31 9.4914 9.4914 

45° cos. 9.8495 9,8495 

D = 88° ar sec. 1.5G78 sm. 9.9998 

0^30"-- COS. 9.9963 sin. 9.1157 

[5' R r= — 8".04 = — 0'.53 0.9050 yl>=:0".03 8.4564 



12. Find the diurnal aberration of I Urs^ Minoris in right 
and declination for Jen. 1, 1839, and latitude 0°, wbcn the s 
upon the meridian, 

Dec. of ^ UrsEe Minoris — 86° 35', 

Ans. >' R = — 0'.35 
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CHAPTER, X. 

REFRACTION. 



120. LrGHT proceeds in exactly siraight lines, only in tlie 
void spaces of the heavens; hnt when it enters the atmos- 
phere of a planet, it is sensibly bent from its original direction 
according to known optical laws, and its path becomes curved. 
This change of direction is called refraction ; and the corres- 
ponding change in the position of each star is the refraction of 
thai s/cu:. 

121. Problem. To find Ike refraction of a star. 

Solution. Let O (fig. 50) be the earth's centre, A the position of 
the observer, AOK the section of the surface formed by a vertical 
plane passing through the star. It is then a law of optics, that 

Astronomical Refraction takes place in vertical planes, so as to 
increase the aUUude of each star without affecting its azimuth. 

Let, now, ZIS be the section of the upper surface of the upper 
atmosphere formed by the vertical plane, SI the direction of the ray 
of light which comes to the eye of the observer. This ray begins to 
be bent at 1, and describes the curve lA, which is such, that tho 
direction AC is that at which it enters the eye. Let, now, 

^ = ZAC ^ the }^''s apparent zenith distance, 

r = the refraction, 

= the diff. of directions of AC and IS, 

= SIL — S'CL 
u = COZ, 
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and we have 

LCS' ~ (p — u, 
SIL^^ — u + r. 
Again, it is a laiv of optics that the ratio of the sines of the 
two angles LIS and ZAS' is constant for all heights, and 
dej>endent upon ike refractive power of the air at the observer. 
Denote this ratio hy ra, and we have 



sin. £p 


' 


and if 




JJand R = the values ofw and r at the horizon. 




we have 




-■(?-« + •■) , „,(;; K), 


(705) 


whenco 




.in.» — sin.(» — ti + r) 1 _ cos. { i; — K) 
si„.«. + siB.tf-. + r) 1 + cos. (ff-K) 


(706) 


t.ng.J(._r) ,„,..(n- E> JT 


(707) 


Mg.[»-i(._r)] '"S-HU «) i». 


and since J (ji—j-) is small, 




}(>.-r) = JVtang. [?-5(,-r)]. 


(708) 


Again, to find m, the triangle COA gives 




sin. (t-.) 0^ 


<tm\ 



Now the point C is at different lieighta for different zenith dis- 
tances of the star ; but this difference in the values of OC is small, 
and may he neglected in this approximation ; so that 

^=4t^=e«s..= -, (710) 

.i..»_si„.(t-.) ^ 1-cos.ir 

sin. <p-i- sin, (if — v) l-j-cos, V ^ ' 

Ian. lu=z tang.a ^ V tan. (^— ^ «). (713) 
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and since u is small, 

^u = tang.^i t/tang. (ip — Ju), (713) 

which, compared with this rough valuo of -^ (m — r) from (708), 



i («->■) = lV»n.tt.- J.) 


(714) 


r 


(715) 


"" 1 — ivcota^ a^ ^' 


I if we put 

" JT-1 


(716) 


P = i(iV'-l), 


(717) 


have, by (708), 


(718) 


r — jntan. {^ — pr), 


(719) 



and the values of m and p must be determined hy observation ; 
and their mean values, as found by Bradley, and adopted in the 
Navigator, are 

mz=57".035, p iiz 3, (720) 

by which Table XII ia calculated. 

122. The variation in the values of m and p for different alti- 
tudes of the star, can only bo determined from a knowledge of the 
curve which the ray of light describes. But this curve depends upon 
the law of the refractive power of the air at diiferent heights ; and 
this law is not known, so that the variations of m and p must be de- 
termined by observation. At altitudes greater than 12 degrees, the 
mean values of m and p are found to be nearly constant, and obser- 
vations at lower altitudes are rarely to be used. 

193. The mean values of m and p, which are given in (720), 
correspond to 

the height of the barometer — 29.6 inches, (721) 

the thermometer =: 50° Fahrenheit. (722) 

Now the refraction is proportional to the density of the air ; but, 

at the same temperature, the density of the air is proportional to its 

elastic power, that is, to the height of the barometer. If then 
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h ^ the height of the barometer in inch 

r = the refraction of Table XL!, 

r ^ the correction for the barometer ; 



r-\-dr = 29.6 : h 


(123) 


39.6 J r = (4 — 29.6) r 


(724) 


(;■ — 29.6) 
" -29.6 -'• 


(726) 


ing correolioi. of TaMe XXXTI i 


s calculated. 



whence the correspond! 

Again, the density of the air, for the same elastic force, 
by one four-hundredth part for every depression of 1° of Fahrenheit ; 
hence the refraction increases at the same rate, so that if 

S' r =: the correction for the thermometer, 
f^ the temperature in degrees of Fahrenheit, 

wlienee the corresponding correction of Table XXXVI is calculated, 

124. ExAJiPLEs. 

]. Find the refraction, when (he altitude of the star is 14°, and the 
corrections for this altitude, when the barometer is 31.32 inches, and 
the thermometer 72° Fahrenheit. 

Solution. 5r',035 log. 1.75614 

76° tan. 0.60323 

1 St app. r — 228".7 = 3' 48".7 2.35937 

57".035 1.75614 

76=_3>- — 75''48'34" tan. 0.59711 

2d app. r — 226'^ ~ 3' 46" 2.35325 2.353 

31.32 — 29.6 =1^1,72 0.235 50 — 72 ~ — 22 1.342» 

29.6 ar. co. 8.529 400 ar. co. 7.398 

,1 r = 13" 1.117 s' r = — 12" 1.093 
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3. Find the refraction, wlien the altitude of the star is 50°, and the 
corrections for this altitude, whea the barometer is 31.66 inches, and 
the thermometer 36°. 

Ans. The refraction — 48" 

Correction for barometer ^ 3" 
Correction for thermom. := 2". 

3. Find the refraction, when the altitude of the star is 10", and the 
corrections for this altitude, when the barometer is 27.80 inches, and 
the thermometer 32°. 

Ans. The refraction ^ 5' 15" 

Correction for barometer ^; — 19" 
Correction for thermom. zn 15". 



125. Problem. To find the radius of curvature of the paili of 
the ray of light in the earth's atmosphere. 

Solution. By the radius of curvature is meant the radius of the 
circular arc, which most nearly coincides with the curve. Now this 
radius may be found with sufficient accuracy, by regarding the whole 
curve AE aa the arc of a circle ; and if wc put 

r, = the radius of curvature, 
Rj =1 OA ^ t!ie earth's radius, 
we have 

AC:R,= sin. u : sin. {<p + u), (727) 

or, nearly, 

AB: R, — Msin. 1"; sin. <p 
Ji, Msin. 1" 

sm. <? ^ ' 

Again, the radii of the arc AB, which are drawn to the points A 
and B, are perpendicular to the tangents AS and BS, so that tho 
angle which they make with each other is 

S'AS — r ; 
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that is, r is the 


.ngle 


at tile centre, which is m( 


iasurod by tiie arc ylB, 


consequently 










AB-. 


- fj sin. r = r^r sin. I 


(729) 


whence 












nS, 


(730) 


But, by (718), 




« = 7r. 


(731) 


wlience 




_ 7 K, 

t ~ sin. (^ ' 


(732) 



SO Oiat at the horizon 

r, -7K„ (733) 

as in {384, 285). 

126. Prohlem. To find the dip of the horizon. 

Solution. Tlic dip of the horizon is the error of supposing tlie 
apparent horizon to be only 90° from the zenith, whereas it is more 
than 90°. If O {fig. 51 ) is the centre of the earth, B the position of the 
observer at the height AB above the surface, O' the centre of curvature 
of the visual ray ST, which just touches the earth's surface at T, BV 
perpendicular to O'S, Is the direction of the apparent horizon, and 

SH=^HBT= OBO' r= the dip. 
The triangle 500' gives 

BO': 00^— sin. BOO' : sin. J H— sin. 507": sin. J ff, 
or, since BO' = 7 BO nearly, and 00' — 6 BO, 

and JHnnd BOT'are small, 

7 : 6 ^ BOT' X i H 

i II = & BOT =z S ,^'^ . . (734) 

^ ^ AO sm. 1" ^ ' 

But, by (285), we have, if we put 

R — AO, h = AB 

^AT=^s/(lR}i) 

— 2\^{^Rh) (735) 
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whence 

log. -! H = log. 2 — log. (^ J R) — log. sin. 1" + J log. A 

= 1.77128 + J log. A, (737) 

which is the same with the formula, given in the preface to the 
Navigator, for calculating Tahle XIII. 

i'27. Probletn. Tojind the dip of the sea at different disian- 
ces from the observer. 

Solution. Let (fig. 52) be the centre of the earth, B the observe r 
at the height 

h — AB (ill feet) 
above the sea, anil A' t!ie point of the sea which is observed at the 
distance 

d — AA' (in sea miles) = AOA' 
from B ; and let 

M — the length of a sea mile in feet. 
If the radios OA' is produced to iJ', so that 
A'B' = AB, 
the point B' will he elevated by refraction nearly as much as the 
point A'. But the visual ray BB' will, from the equal heights of B 
and B', be perpendicular to the radius OC, which is half way between 
B and B', so tliat the dip of B' is, by (734), 

J B = f BOG = ? AOA' = ^d. (738) 

The dip of the point A' will he greater than B' by the angle 
i = B'BA, 

which it subtends at B, and which is found with suiRcient accuracy 
by the formula 
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'' 


(740) 




'-m,m.rd- 


«, by (286), 








"'" 10800' 


(741) 


1 


_ '*»»', -0.56514. 


(742) 


Jf sin. !• 


that the dip of ^' is 






'A- 


= f rf H- 0.56514 p 


(743) 



which is the same willi the formula, given in the preface to the 
Navigator, for calculating Tabic XVi. 

138. Refraction, by elevating the stars iii the horizon, will 
affect the times of their rising and setting; and the star will 
not set until its zenith distance is 

90° + horizontal refraction, 
and the corresponding hour angle is easily found by solving 
the triangle PZB (fig. 35). 

139. Another astioiiomical phenomenon, connected with the 
atmosphere, and dependent upon the combination of reflection 
and refraction, is the twilight, or the light before and after 
sunset, which arises from the illnminated atmosphere in the 
horizon. This light begins and ends when the sun is about 
18° beiow the horizon; so that the time of its beginning or 
ending is easdy calculated from the triangle PjiB (fig. 35). 

130. ExAIIPLES. 

1. Find the dip of the horizon, when the height of the eye is 
twenty feet. 

Ans. 264" = 4' 24". 
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2. Find the dip of the sea at the distance of 3 miles, when the 
height of the eye is thirty feet. 

Solution. f X ^ — T- — l'-3 

0.56514 X ^ = 5'.6 

dip = T. 

3. Find the dip of the sea at the distance of 2} miles, whon the 
height of the eye is forty feet. 

Ans. 10'. 

4. Find the dip of the sea at the distance of ^- of a mile, when 
the height of the eye is thirty feet. 

Ans. 68'. 
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CHAPTER, XI. 



PARALLAX. 



131. The fixed stars arc at such immense distances from 
the earth, that their apparent positions are tlie same for all 
observers. But this is not the case with the sun, moon, and 
planets; so that, in order to compare together observations 
taken in different places, they must be reduced to some one 
point of observation. The point of observation which has 
been adopted for this purpose, is the earth's centre; and the 
difference between the apparent positions of a heavenly body, 
as seen from the surface or the centre of the earth, is called its 
parallax. 

132. Problem. To find the parallax of a star. 

Solution. Let {&^. 53) bo the earth's centre, A the observer, 
S the star, and OSA, being the difference of directions of the visual 
raya drawn to the observer and the earth's centre, is the parallax. 
Now since SAZ is the apparent zenith distance of the star, and SOZ 
is its distance from the same zenith to an observer at 0, the parallax 

OSA =p 
is the excess of the apparent zenith distance above the true zenith 
distance. If, then, 

s — SAZ, R= OA — the earth's radius, 

r=:. OS^ the distance of the star from the earth's centre, 
we have r-.U^ sin. % : sin. p, 

or sin. ^33^^*, (744) 

P^^^r (745) 
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133. Corollary. If P is the horizontal parallax, wc have 

sia.Pz.:^, (746) 

or P- ^ ^„ i (747) 

r sin. 1" ' 

whence sin. j) = sin. P. sin. s, (748) 

or p= F. sin. ^, (749) 

which agrees with (604) and Tables X A., XIV, and XXIX, are 
computed by this fortnula, combined, in the last Table, with the 
refraction of Table XII. 

134. Corollary. In common cases, the value of the hori- 
zontal parallax can be taken from the Nautical Almanac ; hut, 
in eclipses and occiiUations, regard must he had to the length 
of the earth's radius, which is different for different places. 
The earth is not a sphere, but a spheroid slightly coTtipressed 
at the poles ; the polar radius being less than the equatorial one 
by about shis'^ pari. The spheroid may be obtained from the 
sphere by such a compression over the whole surface parallel 
to the polar axis, that each place is brought nearer to the plane 
of the equator by ^"' part. 

Thus, if OEAP (fig. 54) is a section of the earth through the 
polar axis OF and OEA'P', the section of the sphere of which the 
equatorial semidiameter OE is the radius; and if A'AM^ B'BN, 
are drawn parallel to OP, each of the distances A' A, B'B, F'F, &c., 
will be ^^''' part of the distances A'M, B'N, F'O, &c. 



133. Problem. To find the reduction of parallax. 

The horizontal parallax is, by (747), proportional to the earth's 
radius, so that it diminishes at the same rate, from the equatorial 
value which is given in the Nautical Almanac. Hence, if AR is 
drawn perpendicular to OA, 

L" = A'OL, 
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S R := the diminution of R for the latitude X, 
*P = tliatofP, 

R =z tiie radius at tlie equator, 

P ^^ the parallax at the equator, 

we have 

A-M =1 OA' sin. A'OM — R sin. I," 
AA' — m R sin. i" — mj R sin. L nearly 
J R = A'R nearly 

= il^' sin. A'AR = mR sin.^ L 

^^i^R{l — <ios.2L) (750) 

''-P = irJff P sin. 2 L 

:-^iT,P(l-cos.2L), (751) 

and if P is expressed in minutes, while 3 P ia expressed in seconds, 
(751) becomes 

J P in seconds = ^^ (P '" minutes) (1 — cos. 2 I), (753) 
which agrees with the formulas for calculating the reduction of 
parallax given in the explanation to Table XXXVIIl of the Navi- 
gator. 

136. In reducing delicate observations to the centre of the earth, it 
must be observed that the centre is not exactly in the direction of the 
vertical. Thus, if A is the observer, Z the zenith, ZAL the vertical, 
Z' the point where the radius OA produced meets the celestial sphere, 
Z' is called the true zenith, and Z the t^pm-ent leniih. The angle 
ZAZ', which is the difference between the polar distance of the true 
and apparent zenith, is called the reduction of the latitude, and must 
be subtracted from the angle ALE, or the latitude to obtain the 
angle AOE, or the direction of the observer frotn the earth's centre. 
The angle A OE is called tlie reduced latitude, and is to be substituted 
for the latitude in reducing delicate observations to the centre of the 

137. Problem. To find the rediicllon of the latitude. 
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Solution. Draw AC and A'C (fig. 54) parallel i 
AB ia perpendiculaJ to AL, tho angle 

L=iALE = CBA. 
Let L' — AOE, 

and s L =zL — L' 

is the reduction of the lalitvndc. 
Let also x — OM, x' — ON 

,y=A-M, y' = B'N 

so that AM =ny, BN =. n y- 

wc have their terras 

A'C .V — x' A'M 



[CH. XI. 

OE 1 and since 



" B'C ■ 
AC 



AM_ 
' MO ' 



' MO ' 

1 

- - t 

^ = n lang. L" 
f^^jy^ 1.0067001 



tang. L"= -^ ^ -^^ = ^^ = ^ (754) 

(755) 
(756) 

which agrees with the formula given in the explanation of Table 
XXXVni in the Navigator, and which must bo computed by means 
of tables of 7 places of decimals. 

138. CoroUarij. By applying (346 and 347) to (757), wc obtain 

(758) 



m.lL 



siii.(3Z. — Ji) l + n^ 2 — 2m + 
— .0033389 
= m nearly 

d L = . ^\ ■ sin. (2 i — J 



d by Google 



^ 139,] PAKiLLAX. 

=:z ~ — — sin. 2 L nearly 



2 L — ^^. — ~ sin, 2 L nearly (760) 



130. Problem. To find the parallax in latitude atid longi- 
tude. 

Solution. Let Z (lig. 55) be the zenith, P the pole of tlic ecliptic, 
and M' the apparent place of the body whose parallax is sought, and 
iWits true place. Let also 

B =z PZ := the zenith distance of the pole, 
:^ the altitude of the nonagesimal, 
.^ r= 90° — ZM' = the apparent altitude, 
A'~ 90' — ZM— the true altitude, 
D = 90° — FM =z the true latitude of the body, 
k =: ZPM — the true difF. of long, of the body and the 

zenith, 
P z= the horizontal parallax, 
p = P COS. A — MM' = the parallax in altitude, 
3!i — ZPM'~ZPMz= the parallax in longitude, 
I D =. PM' — PM — the parallax in latitude, 

D' — D — SD. 
The triangles PMM' and ZPM' give 

_ p sin. M- _ p sin. B sin, {j -\- S h) 
^ -^ ~ COS. D ~ COS. A COS. D 

— P sin. B sec. D sin. (A + s h). (761) 
Draw PJV to bisect the angle MFM', draw MH and il/'i/' perpen- 
dicular to PN, join ZJfand ZH'\ and we have 

- MN cos. JV + M'N cos. JV 

= (MJV + M'N) cos. iV ^ MM' cos. JV 

^ P COS. A COS. JV. (762) 
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But the triangle ZH'M' gives, by putting 

N^ZH'H, ZiF- 90" — ^", 
since BM'N — 90° — JV 

COS. A" : COS. JV = COS. A : cos. JV' ; 
whence cos, A cos. JV = cos. A" cos, JV' 

and dD=zP cos. A" cos. N'. 

Produce H'Z and R'P to E and C, 

making 90" = H'E — H'C. 

The right triangle ZEC will give 

£C=JV, ZE — ^O'—ZH'^A" 
cos. ZC = COS. ZE COS. £C — cos. A" cos. JV, 
whence J D — P cos. ZC ; (763) 

and the triangle ZPC gives 

PC — 9Q° — PH'—D' nearly, 
ZPC= leC — ZPH'^lSO" — (A + ^6/(), 
whence, by (307), 

COS. 2C = cos. Bcos. D'— sin. P sin. B' cos, (h + ^sn) 
aj> — f cos. Bcos. D'— Psin. £ sin. i>' cos. (/i + i^S)' (^64) 

and formulas (761) and (764) agree with the rule in the Navigator 
[B. p. 404]. 

140. Corollary. By putting 

k = P sin. B sec. D, (765) 

(761) becomes 

3 A — S sin. (ft + ^ /i) 

rr fc sin. h COS. ^ 7( -j- ^ cos. h fl 7i. 
Hence, if 

n — k COS. ft (766) 

(1 — n) i h" k sin, A cos. S h 

k sin. h P sin. P sec. D sin, /t ,_„. 

^'^ = (l-«)sec.^/. ^~(r^^)1^7— ■ <'^^) 
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The logarithm of the reciprocal of 1 — n is called the correction 
for n, and la found from Table I, at the end of this volume, where it 
is placed opposite to the log. n. 

141. Corollary. Another process for computing 3 D may be ob- 
tained from (763). This equation gives 

*i) = Pco3. iVcos. (A'—p) 

= P COS. N cos. A' cos, p -]- P p cos. JV sin. A' 

= P COS. N COS. A' cos. p^P.P cos. A cos. N sin. A- 



= P COS. N COS. A' COS. p-\-Pi5 D sin. A'. 


(768) 


Let n' = Psm.A', 


(769) 


and (768) gives 




{l~n')s D = P COS. JV COS. A' cos. p 




Pco..Nco..A'^ 

(l-7l')«CC.p 


(770) 


The triangle ZMH gives, by putting 




N" — ZHH', ZH^W—A'", 




since flJlfZ — 90° + lY 




COS. A'" : COS. iV^ COS. A' : cos. JV"; 




whence cos. A"' cos. ff" — cos. JVcos. A' 




,i, = -p~-^"' "•■»", 


(771) 



and A"' and N" can be deduced by direct solution of tiio triangle 
ZHP, in which 

ZPII =h + isk, PH= PM = 90= — D nearly, 

and A'" may fae substituted for A' in determining the value of the 
small quantity n' by means of (769), and sec. S D may ho substituted 

142. Problem. To- find the ■parallax in right ascension and 
declination. 
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Formulas (761-771) may be applied immediately to 
this case, by putting 

B :^ the altitude of the equator =z the co-Iatitudc, 
D = the true declination, 
ly^ the apparent declination, 

ft ^ the right ascension of the body diminished by that 
of the zenith ^ the hour angle of the body, 
* D rr the parallax in declination, 
J A =z; the parallax in right ascension. 

And formulas (761, 767, 771) correspond to those given by Wood- 
house, in his method of calculating eclipses and occultations, in the 
Nautical Almanac for 1826. The mean values of see. I D and sec. p 
are there substituted for them, which is 0.00006. 



143. The apparent diameter of a heavenly body is the angle 
which its disc subtends. 



144. Problem. To find the apparent semidiameter of a 
heavenly body. 

Solution. Let O' (fig. 56) be the centre of the heavenly body, A 
the observer, and AT the tangent to the disc of the body. The 
angle TAO' is the apparent semidiameter. Let 
Rj =zi O'T 
n ;z^ OAT 
r — AO', 

we have ^m.o=^^ = ^. (772) 

Hence, by (fig. SS), if A is the apparent altitude of the body, A' 
the true altitude. 



os.(A-i-j,)-Kcos.^' 
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^1 


c.(^+p) 


=¥ 


:-s^.- <™) 


But if S ia tlie liorizontal s 


eraidiamcter, we have 


j = 


5lj^- (776) 


which is also the semidkmeter, as seen from the earth's centre ; 


whence (774) becomes 




COS. A 


^cos. {A! — p) 


" - ~ COS. A 


''~ COS. ^' 


= -'^±f^ = -'C + ^'=-*M™) 


or, by (769), 




= 


-(!+>') ("') 


= 


T^ (nearij) (778) 



= ^lf- T^- 



145. Corollary. We have 

R, — 0.3725 E (779) 

E = 3.67 Ej (780) 

E, 

so that formula (775) agrees with [B. p. 443. No. 10 of the Rule]. 

14G. Corollary. If J "is the augmentation of the scmidiameter for 
the altitude A, we have, by (776), 

■I « zz: •£ P sin. ^' = -2 P sin. A 

= ^1 P^ sin. A (782) 
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or, in order to express S a and P in seconds, 

io = ^P^sm. l"sm.A. (783) 

Now for the mean horizontal parallax of 57' 30'', we have 

log. ^ pa sin. 1"= 1.1965S (784) 

^ F^ sin. 1" = 15.73, (785) 

agreeing very nearly with tho cxplaaation to Table XV of the 
Navigator. 

147. Corollary. The augmentation can also be calculated without 
determining the altitude. Thus, from (774) 



But from (fig. 55) and (761) 

COS. A = sio. ZM ^ -'"-(^' + ^^0;Co;-P-^^) (,8,j 



s. A'— sin. ZM = '• (788) 



Ds^ _ _ sin, (h + Ui). COS. (D - J D) 
OS. A' ~" sin. h COS. D 



(789) 



_ CO S. 7i COS. ( D — SD)Sh cos.{ D — SD) _ 
"" COS. Dlm7h ' cos7D 



~^ COS. 2) sin. A 

Now the latitude of the moon is so small, that, in the first term, we 
may put 

cos D=l, (790) 

which gives hy (786), and putting 

H^sP. COS. A sin. B (791) 



Ho,iBdb,Google 
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= H-lrHcot.hih-\-H' 

= H+H.P.cos.ftsin.if + i? 



Now we have, by (791) and (792), 

H^i^.P. [sin. (B + h) + .in. (B - /.)] (794) 

H'= 2 (tang. D .lD-{- cos. 6 D — i), (795) 

and formulas (793 to 795) agree witli tlie method of calculating the 
augmentation of the scmidiamctci' given in Table XLIV of the Navi- 
gator. The tliree first parts of this tabic are calculated for the value 
of-£, 

i ~ 16^ = 960" 
whence J i* . P ~ 8".ie. 

The fourth part of the table is the correction which arises from iho 
difference between the actual value of ^ and that assumed in the 
three former parts. If wo put 

i' a :^ the value of J a for j nz 16', 
wc have, by (782) and (795), 

a <.:<!'<. = 22 : (16')a (796) 

'' *"^ 356 ''' " 

= '" + {&-')'' 

., , j2 — 256 , 

= ^'" + -256—^'" 



256 
as in the explanation of this tabic. 

148. Examples. 
1. Find a planet's parallax in altitude, when its hi 
is 2&\ and its altitude 30°. 
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3. Calculate the reduction of parallax for parallax 61', and lati- 
tude 82°. 

Solution. We have in (752), ^J^- P — G.l 

2L — 164% COS. 2 L — — .961, 1 — cos. 2 L — 1.961 

ipz:: 12".0 

3. Calculate the reduction of parallax for parallax 57', and latl- 
tude 32°. 

Ans. V'.6. 

4. Calculate the reduction of parallax for parallax 53', and lati- 
tude es". 

Ans. 7".9. 

5. Calculate the reduction of latitude for latitude 70". 

Solution. Wo have by (759) 

~— COS. 2.83804 

sin. 1" 

2L = 140° sin. 9.80807 

Istapp. .li^ 0°7'23" = 443" 3.64611 

2 I, — J L = 139" 52' 37" sin. 9.80918 

tL— 7'23".8 — 443".8 2.64732 

6. Calculate the reduction of latitude for latitude 20°, 

Ans. 7'21".5. 

7. Calculate the reduction of latitude for latitude 50°. 

Ans. IV 18".6. 

8. Find the moon's parallax in latitude and longitude, when her 
horizontal parallax is 59' 10" .3 ; her latitude 3° 7' 19" S., her longi- 
tude 44° 36' 16" ; the altitude of the nonagesimal 37° 56' 14", its 
longitude 25" 27' 16", the latitude of the place 43° 17' 18" N. 

Solution. By (761) and (764), 
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Reduced parallax = 59' 10'^3 — 5".3 — 59' 5" = 3545" 
Reduced latitude — 43" IT 18"— 11' 27" =; 43° 5' 51" 
A =^ 44" 36' 16" — 25° 2T 16" = 19° 9' 
3.54962 
COS. 9,89691 sin. 



3545 


3.51962 




37° 56' 14" 


sin. 9.78873 




3° ri9" 


sec. 0.00064 


3° 7' 19" 




sin. 9.51593 


46' 32" 


19° 9' 


3° 53' 51" 


13' 


2.85492 
sin. 9.52027 


46' 30" 


19° 21' 


3^ 53' 49" 


U:=12'3" 


2.85926 
Si 




19" 21' 3" 


—2' 20" 




3 ^ 44' 10" 



3.550 

9.7S9 



. 9.975 
2.145 



9. Find the moon's parallax in latitude and long lude hen tl 
horizontal parallax is 60" 6".3 ; her latitude 1° 30' 12 N 1 e lo „ 
tude 130° 17', the altitude of the nonageaimal 85° 14 ts lon^ tud 
125° 17', the latitude of the place 46° 11' 28",4 N. 

Ans, Parallax in longitude i= 5' 18" 

Parallax in latitude — 4' 30".5. 

10. Calculate the parts of Table XLIV, when the argument of the 
first part is 3' 19° — 109° ; that of the second 12".4, the moon's true 
latitude 1° 20' N., the moon's parallax in latitude 50', the sum of 
the three first parts 13", and the moon's horizontal semidiamefc-r 
14' 50". 



Solution. 



8".l845s;n. 109° ^ 7".74 
_ (t2".4)^ 



- Part I. 



tll^ 



0'.16. 



Part III = 960" [sin. 50' tang. 1° 20' — 1 + cos. 50'] 
^. 960" [sin. 50' fang. 1° 20' ~ 2 sin.a 25'] 
= 960" [0.00023] ^ 0".22. 
37 
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30' 50" X 1' 10" _ 13" X 30.83 X 1-17 



11. Calculate the parts of Table XLIV, when the argument of the 
first part is 9' 16", that of the second 15".5, the moon's true latitude 
3° S., the moon's parallax in latitude 30', the sum of the three first 
parts 11", and the moon's horizontal scmidiameter 15' 20". 

Ans. Fart I = 7".94 
Part II — .25 
Part III ^ — .48 
Part IV ——0 .90 

12. Calculate the number of Table XV, when the altitude is 45°. 

Ans. 11". 

13. Calculate the augmentation of the moon's semidiaraeter in 
Example 8; when the horizontal semidiameter is 16' 50'^ 



Part I = 6".87 -H 2".58 


= 9".45 


Part 11 = 


.09 


Part III = 


— 0.75 


sum 


= 8".79 


Part IV =2 


.92 



augmentation ::= 9".71 

14. Calculate the augmentation of the moon's semidiameter, i 
Example 9, when the horizontal semidiameter is 15' 30". 

Ans. 15".54. 



15. Calculate the moon's parallax in right ascension and declina- 
tion, and her augmented semidiameter, for the Cambridge Observa- 
tory, when her hour angle is 57° 46' 48", declination 21° 42' 55" S., 
aod horizontai parallax 61' I6".9. 
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Solution. 
P — the reduced parallax = 61' 16".9 — 5".6 — 61' n'^3 = 3671".3 
90° — B — reduced latitude = 42° 23' 48" — 1 1' 26" = 42° 1 V 22" 
P 3.56482 A — 61" 46' 48" 

sin. B 9.86978 -J H 20 48 tan. B. 0.04268 



sec. D 0.03197 


'' + } 


Ih 


58° 7' 36" 




COS. 9.72268 


k 3.46657 






3.46657 




tan. a 9.76536 


A COS. 9.72687 




sill. 


9.92737 




1= 30- 13' 30" 


n 3.J9344 




oon. 


330 
8 


D 


= — 2r42'55" 


.ec. I h 


&— 8^ 30' 35" 


I h ^ 2495".8 






3.39721 




sin. « 9.70191 


i> 




tan. 


9.17600 




sec. 0.00481 



tan. (/( -|- .|- S h) 0.20635 

COS. 9.88863 tan. 9.91307 

tan. 9.06363 sin. 9,06074 

COS. 9.99711 P 3.56482 

P 3.56482 n' 2.62556 



sec. SB 6 hor. par. 3.36548 

S D — 2827".4 3.45139 const. 9.43537 

s = 1004".0 3.00179 
16. Calculate the moon's parallax in right ascension and declination, 
and her augmented seraidiameter, for Providence, when her hour 
angle is 58° 0' 18", declination 21° 42' 52" S., and horizontal paral- 
lax 6P16".2. 

The latitude of Providence is 41° 49' 22 ' N. 

Ans- The parallax in right ascension ^= 2523".2 
" " docliiiation = 2e03".9 
d semidiameter ^ 1003".8 
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17. Calculate the moon's parallax in right ascension and decli- 
nation, and her augmented semi diameter, for Mount Joy Observatory, 
Portland, when her hour angle is 58° 15' 54", declination, 21° 42' 52" 
S., and horizontal parallax 61' 16".2. 

The latitude of Mount Joy Observatory is 43" 39' 52" N. 

Ans, The parallax in right ascension = 2426".0 

" " declination ^ 2864" .2 

the augmented semidiameter := 1003" .8 

18. Calculate the moon's parallax in right ascension and decli- 
nation, and her augmented semidiameter, for Mr. Bond's observatory, 
in Dorchester, when her hour angle is 60° 38' 34", declination 
23° 42' 8" N., and horizontal parallax 56' 14".4. 

The latitude of Mr. Bond's observatory is 42° 19' 10". 

Ans. The parallax in right ascension — 2375".3 

" " declination = 1632".& 

the augmented semidiameter = 928".5 
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CHAPTER XII. 

ECLIPSES. 

149. A SOLAR eclipse is an obscuration of the sun, arising 
from the moon's coming between Ihe sun and the earth ; and 
occurs therefore at the time of new moon. 

It is central to an observer, when the centre of the moon 
passes over the sun's centre. It is total, when the moon's 
apparent disc is larger than the sun's, and totally hides the 
sun. It is annular, when the moon's apparent disc is smaller 
thaa the sun's, but is wholly projected upon the sun's disc. 

The phase of an eclipse is its state as to magnitude. 

150. An occullaiion of a star or planet is an eclipse of this 
star or planet by the moon. 

A transit of Venus or Mercury is an eclipse of the sun by 
one of these planets. 

151. Problem. To find when a solar eclipse will take place. 

Solution. Let {fig. 57) be the sun's centre, and Oj the moon's 
centre at the time of new moon, ani let 

/3 =: tlie latitude of the moon at new moon 
= 00^. 

Let OZVbe the ecliptic, and N the moon's node, so that IVO, is the 
moon's path. Let 

JV 1= the inclination of the moon's orbit to the ecliptic ; 

Draw OP perpendicular to tho moon's orbit, and if, when the moon 
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arrives at P, the sun arrives at O', the least distance of the centres 
of sun and moon is nearly equal to O'P. Now the triangle OFO^ 
gives 

0P^/3cos. JV— /3 — p(l — COS.JV) ■ 
= ^ - 2 ^ sin.a J JV^ p „ J ^ sin.a JV 
n ^ ratio of the sun's mean motion divided by the moon's 

= -jV nearly, (798) 
we have 00' = n X OjP — np sin. JV. 

Draw O'B perpendicular to OP, and we have nearly 
0B= OP— O'P = 00' sin. JV" 
= n!i sin.2 JV. 
Hence 

0'P = p — {l-\-n)p sin.a JV = ^ — -i^ ^ sin.2 JV. (799) 

The apparent distance of the centres of the sun and moon is 
affected by parallax, and the true distance is diminished as much as 
possible for that observer, who sees the sun and moon in the horizon, 
and OP vertical, in which case the diminution is equal to the differ- 
ence of the horizontal parallaxes of the sun and moon. Let, then, 
■jr ^ the moon's horizontal parallas, 
^ ■:= the sun's horizontal parallax, 
^ r^ the apparent distance of the centres, 
we have 

the least apparent dist. ^ OP — (a- — n) 

— ^ _- ^ ^ sin.3 JV— ^ + 17. (800) 

Now, an eclipse will take place, when this least apparent distance 
of the centres is less than the sum of the semidiamctcrs of the sun 
and moon. Thus, let 

s :^ the moon's semidiameter, 
o = the sun's semidiameter. 
Iq case of an eclipse, we must have 

^_^/3sin.aiY~-3r + Jr<s + <f, (801) 

or /3 <^- ^+ s + " + iV ^ sin.3 JV. (802) 
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152. Corollary. We have, by observation, 

the greatest value of t ^; 61' 32", 
the least value ~ 52' 50", 

the mean value =:: 51' 11", 

the greatest value of n r:; 9", 

the least value ~ 8", 

tbe greatest value of s ^^ 16' 46", 
the least value — 14' 24", 

the mean value = 15' 35", 

the greatest value of ff :=: 16' 18", 
the least value =: 15' 45", 

the mean value = 16' 1", 

the greatest value of IV — 5°20' 6", 
the least value =4''57' 22", 

the mean value =^5" 8' 44". 

Now, in the last term of (802) we may put for JV its mean value, 
and for ^ its mean value obtained by supposing it equal to the pre- 
ceding terms, which gives 

p ~ ^ _ J7 -j, 5 + « — 68' 38" — 5318" (803) 

-^^fi = 3102" 
sin. iV = sin. 5° 8' 44" = 0.09, sin,^ JV=: 0.008 

-/a .3 ain.2 N = 25", (804) 

whence (802) becomes 

^^■^ — n^s-\-«-\- 25". (805) 

153. Corollary. If, in (805), ihc greatest values of jt, s, and o, 
and the least value of ri are substituted, the limit 

/3 < 1° 34' 52" 
is the greatest limit of the moon's latitude at the lime of new moon, 
for which an eclipse can occur. 
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154. Corollary. If, in (805), the least values of 5r, s, and ff, and 
the greatest values of n are substituted, the limit 

/3 < 1= 23' 15" 
is the least limit of the moon's latitude at the time of new moon, for 
which an eclipse can fad to occur. 

153. Problem. To find vjhen a lunar eclipse will happen. 

Solution. The solution it the same as in § 151, ccept that the 
seraidiameter of the earth's shadow at the distance of the moon is to 
be substituted for that of the '■un, and the change in the position and 
apparent magnitude of the mooa from parallav may be neglected, 
because when the earth's shadow falls upon the moon, the moon is 
eclipsed to ali who can see it Now if S (fig 63) w the ^un, E the 
earth, GF the semidiametcr of the -swiU. shadow at the moon, we 
have ' 

the app. semi. = PEG = EFL — EIF — ^ — EIF 

— ^ — {KES — EKI) 

= ^_<,+ ^, 

or rather, this would be the apparent semidiameter, if it were not for 
the earth's atmosphere, which increases the breadth of the shadow 
about 5'ijth part ; so that 

tlie app, semidiam. zz: |J (^ — o -j- jz), 
and therefore, in order that an eelipse must happen, wo must have, 
by (302), 

,8 — the latitude at the time of full moon, 

^ < f A ('' + -"-«) + s + /^ ^ «in-^ ^- (806) 

156. Corollary. In the last term of (806), we may put for N its 
mean value, and for /5 its mean value obtained by supposing it equal 
to the preceding terms, which gives 

^ =. 57' 35" — 3455", i^ ? = 2015" 
sin.s «■ — 0.008, -^^ (i sin.a JV = 16", 
whence (806) becomes 

'i<l*(»+"-')+«+16"- (807) 
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157. Corollary. If, in {S07), the greatest values of is, Ji, and s 
are substituted, and the least value of o, the limit 

/3<63'45" 
is the greatest limit of the moon's latitude at the time of full moon, 
for which an eclipse can occur. 

158. Corollary. If, in (807), the least values of sr, n, and s are 
substituted, and the greatest value of o, the limit 

/3 < 51' 57" 

is the least limit at which an eclipse can fail to occur. 

159. Problem. To calculate when a given phase of a lunar 
eclipse will occur. 

Solution. If in (fig.^KJ l^POy is the path of the moon relatively 
to the centre of the earth s shadow wh ;,h s at O, the required com- 
putation consiitfi, simply, m findmg the mstant when the mooti's 
distance from O is that which corresponds to the required pliase. 
The indefiniteness of the outiioe of the earth's shadow renders an 
accurate calculation auperfluous, and it is sufficient to regard 0,OJV 
as a plane triangle. 

160. Corollary. At the beginning or end of the lunar eclipse, we 
have 

^ = the distance of the centres of the moon and shadow 
= l4('+''-«)±». (808) 

in which the upper sign corresponds to the first and last contacts 
with the shadow, and the Sower sign to the beginning and end of the 
total phase. 

ICl. Problem. To compute the general drcitmstances of a 
solar eclipse. 

Solution. This problem will be found to subdivide itself naturally 
into several others, but the general mode of solution may be de- 
veloped in a preliminary view of the whole question. The method 
here given is substantially Bessel's. 
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The moon's shadow upon the earth is the geometrical intersection 
of a right cone, which is in contact with the sun and moon, and for 
every point within this shadow there is a total eclipse of the sun. If, 
however, this shadow does not reach the earth, there will still be 
within the limits of the umhral cone produced beyond its vertex, an 
eclipse of a portion of the sun equal to the apparent size of the 
moon, and this dark portion, surrounded by the bright ring of the 
uneclipsed portion of the sun, constitutes ao annular eclipse. But 
there is also an eclipse beyond the limits of this cone of all that 
portion of the sun which is hidden by the moon, and, therefore, for 
every place included within the penumhral cone which is drawn in 
confact with the sun and moon, and which has its vertex between 
these two bodies ; but this is a partial echpse. 

A plane may now be supposed to be drawn through the earth's 
centre, perpendicular to the line which joins the centres of the sun 
and moon. The moon's shadow and penumbra upon this plane are 
concentric circles, and the path of their common centre upon this 
plane may be computed and described. Any point of the earth may 
be referred to this plane by a line drawn from the vertex of the 
cone through the point, and the relative position of the common 
intersection of this line with the plane and the moving shadow or 
penumbra of the moon, will show the successive phases of an eclipse 
at that point. 

It will promote perspicuity to carve the problem into several sub- 
divisions. 

"163. Problem. To find the position of the line which is 
drawn through the earth's centre parallel to the line joining the 
centres of the sun and moon. 

Solution. In the triangle formed by joining the centres of the sun, 
moon, and earth, the angle at the earth is the apparent angular 
distance of the sun and moon, and the angle at the sun is the angle 
which the required line makes with the line drawn to the sun. 
Let Y =^ 'lis angular distance of ihe sun and moon, 

c — the angle at the sun ; 
r' ^= the distance of the moon from the earth, 
r = the distance of the sun ; 
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we have 



c^'-y. (810) 

Since the iine which is drawn from the earth's centre parallel to 
that which joins the centrcg of the sun and moon is in the plane of 
the above triangle, it eufs the surface of the celestial sphere at a 
point {F) which is in the arc of the great circle joining the sim and 
moon, and produced on the side of the sun by a dibtance equal to r. 

163. Corollary. By putting 

U =z the sun's equatorial horizontal parallax 
JT ^ the moon's equatorial horizontal parallax 
n' = the mean value of n — 8".5776 



e the following form in the compufafion of m. 



log. m = log. sin. u' — log. r — log. sin. tt 

— 5.6189 — log. r — log. sin, IT (81)) 
n which r is expressed in unity of the sun's mean distance. 



164. Corollary. The right ascension and declination of the point 
(F) may easily be computed from the sun's ri 
declination. Let 

a z= the sun's right ascension 
a = the right ascension of F 
i Tzz the sun's decliaation 
d ^ the declination of F 
I =:;: the sun's loDgitude 
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?. 1=^ the (moon's — sun ) !nng t de 
/3 ~ the (moon's— sui ) la uJe 

z^ the obliquity of tl e eci pt 

u ^ the angle which y makes w 1 the circle of latitude drawn 
through the sun 

01 = the angle which y makes with the circle of declination drawn 

through the sun. 

If then (tig. 59), S is the sun's place in the ecliptic, M the moon's 
relative place, JV the pole of the ecliptic, Z that of the equator, we 
have 

JfSJV" r= u, MSZ = », 

MS^y ZN=0, 

tan. u = sin. a cot. ^ (812) 

tan. y = tan. x cosec. m, (813) 

from which w and y may be computed, and the substitution of (813) 
in (809) gives by (811) 

c ^= «i tan, y cos. y cosec. 1". (814) 

The sun's place in the ecliptic gives 

cosin. I — cot. .■r^ZSN= cot. tan. (u — ..) 

-ee*, (m — a) = COS. 7 tan. 0, (815) 

in- 

from which M — » may be computed, and thence ■". We tlien have 

obviously 

i — d = ccos.^, (816) 

» — a ^^ c sin. u sec. J. (817) 

165. Problem. To find the path of the centre of the moon's 
shadow upon ike plane which passes ihrottgh the earth's centre 
perpendicular to the line which Joins the centres of the stm and 
moon. 

Solulion. The angle which the line drawn from the moon to the 
earlh makes with that drawn to the centre of the shadow, which 
is simply the continuation of the line drawn from the sun, is c -(- y. 
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Hence if e is the distance from the earth's centre to the centre of 
the shadow, we have 

e =^ r' sin. (c-I-t) =:^s!n. (c + r), (818) 

in which r' and q are expressed io units of the earth's equatorial 

The direction of the line q may be conveniently referred to the 
intersection of the plane of reference with the circle of declination 
drawn through the earth's centre and the point F. Let 

u' =: the angle which ? makes with the line of intersection, 
and a' is evidently the inclination of the arc c to the circle of decli- 
nation drawn through F. It differs, therefore, very iittic from m, and 
the difference may he found from the triangle formed with c, and 
the circles of declination passing through F and the sun to be 



16G. Corollary. Let x be the distance of the centre of the 
shadow from the above line of intersection, and y the elevation 
towards the north of the foot of the perpendicular let fall from the 
centre of the shadow upon this line of intersection above the earth's 
centre, and we have 

x = e sin. 0.', (820) 

y = e COS. «'. (821) 

167. Problem. To find the vmbral and penvmhral radii upon 
the plane of reference of the preceding problem. 

Solution. Either of these radii is plainly equal to the product of 
the distance of the vertex of the cone from the plane, by the tangent 
of the angle of the cone. If then 
H z= the apparent scmidiameter of the sun at his mean distance 

= 959".788 
K = the ratio of the moon's radius divided by that of the earth 

= 0.37227 
/= the angle of the wnc 
23 
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S= the distance of the vertex of the cone from the plane of reference 
s'^^ the distance of the centres of the sun and moon 

= r CO.. »-;■' »>.(, + ,), 
or since c is very small, 

s' — r — r' COS. (c + y) 
= r[l-mcos. (c + r)] (832) 

The sun'a radius = sin. 11 
The earth's radius = sin. n 
The moon's radius = K sin. n 

. . sin. fl =F jE'sin, jz , . 



in which the upper sign corresponds to the umbral and the lower to 
the penumbral cone, and s' is expressed in units of the sun's mean 
distance ; we have, moreover, hy taking the earth's equatorial radius 

B = the moon's distance from the plane of reference 
= r' COS. (c + r) = J_ . cos. {c + y) (834) 

S=z^ s"ir? (®^^^ 

^' ^= the radius of the shadow 
=^ S tan./ 
— z tan./± Ks&c.f. (836) 

168. Corollary. We have iu (833) 

log. (siQ. R~K sin. n) = 7.66669 (837) 

log. (sin. Jr+Zsin. 77) ^7.66880. (838) 

169. Corollary. For any plane which is drawn parallel to the 
plane of reference, and at a distance %' from it towards the vertex 
of the cone, tlie radius of the shadow will be diminished by 

.' tan./, (829) 
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nnd the relative position of the centre of the shadow and of the point 
of intersection with the line drawn through the centre of the earth 
parallel to the axis of the cone will remain unchanged. 



170. Problem. To find the position of any point of the 
earth's surface with reference lo ike axis of the shadow. 

Solution. Let (fig. 35) JV£SW represent the plane of reference 
drawn through the centre of the earth, P the north pole, Z the point 
in which the line drawn from the earth's centre parallel to the axis of 
the cone cuts the surface, and B the place. Let 

9' ^ the reduced latitude of the place, 
j' ^ its longitude, 
E =: its distance from the centre, 
^' = BPC; 

d=zPN, 

and let now that plane of reference be adopted which is drawi) 
through B parallel to the original plane. The line of intersection 
of this plane with the plane of the meridian NZS corresponds to the 
line NS in the original plane. If BC is drawn perpendicular to 
NZS, we have 

x' =: the distance of B from this line 
= R sin. BG 

= R COS. e' sin. ^' (830) 

y' z= the distance of the foot of the perpendicular from B upon 

this line from the intersection of the plane with the line 

from tho centre to Z 

=: R COS. BN=R sin. 6' cos. d — R cos. 6' sin. d cos. f' (831) 

s' =z tho height of B above the original plane 

::=R COS. BZ=::R sin. «' sin. d-\-R cos. «' cos. d cos. ,,'. (832) 

171. Corollary. The radius of the shadow or penumbra for this 
pUne i. 

«'±!'taii./, (833) 
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the upper sign being for the shadow in a total eclipse, and the lower 
for the other cases. 



172. Corollary. The distance J of the place 
the shadow is obviously given by the etjuation 



173. Problem. To mvesHgale the condition of the commence- 
m^nt or lerminalion of an eclipse. 

Solution. At either of these phases of an eclipse, the distance 
^ is exactly equal to the radius of the shadow, or by (833 and 
834} 

(«' ± =' tan./f ={x~ x'f + (y - y'f, (835) 

or by transposition 

(i -.')= = (,' ± 2' ton. /)•-(}- s')«. (836) 

The second member of this equation, being the difTcrencc of two 
squares, may be separated into the two factors 

B' = (,' ± z' ton./) + (J - ,■) (837) 

C'=(8'±.'lBn./)-(y-rt, (838) 

or by (831 and 832) 



B' =<i'-\- y — Rsm. a' (cos. d ^ sm. d ton./) 




+ R COS. fl' COS. J'' (sin. (i it COS. d ton. /) 


(839) 


C =z e' — 3; + E sin. fl' (cos. (i ± sin. d ton./) 




— R COS. I'co.. !.' (.in. i =F cos. d ton./). 


(840) 


if WO pat 




B = V + V 


(841) 


c = -,' + y 


(842) 


E =z cos. d + sin. d ton./= cos. {d — /) sec./ 


(843) 


f = cos. d - sin. d ton./= cos. (i +/) sec./ 


(8«) 


G = sin. d — CO.. d ttn./= .in. ^d _/) .eo./ 


(846) 


fl-= .in, d + COS. <f ton./= sin. (<i +/) sec./ 


(846) 
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we have, by a modification of Bessel's formuIiE suggested by T. Henry 

Safibrd, Jr., for the penumbra 

B'= B—ER sin. fl' + GR cos. 6' cos. ,«' (847) 

C' = — C + FR sin. fl' — HR COS. fl' cos. ^' (848) 

A'^={x — x')^-B'C'. (849) 

The formulte for the shadow ia a total eclipse are obtained from 

(847 and 848) by interchanging E with F and G with H, or by 

making q' negative in tliis case the formula may remain unchanged. 

The values of k, B, C, E, F, G and H, which are independent of 
the place, may be computed for various times and arranged in & 
tabular form. The value of R may be found from (750). 



174. Corollary. The value of ."' ior different places changes with 
the longitude, so that if 

fi ^ the value of ^' for the first meridian 
r^ R. A. of the first meridian — a, 
we have 

F' = ,. + 1, (850) 

and the value of ><■ for diflerent times may be given in the table. 



175. Problem. To find the time of the beginning or e 
of an eclipse at any place. 

Solution. If for any time the value of B'C is found to differ but 
little from A'^, the instant of the required phase may be computed 
by the following process of approximation. Let for the assumed 

H'2 = B'C. 

Let also 

x" := the change of x in one second 

y" ^ that of 3/ 

f" = that off. 
The changes of e', E, F, G and JET are so small, that ihey mtiy be 
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•.<\. Hence if £", C",j1" and H" are the changes in one second 
of B', C, A' and H', we liavc very nearly 

B" — y" — GR COS. S' sin. <■' . sin. fi" (851) 

C" = _ y" -(- 7JR COS. fi' sin. ,.' . sin. ^" (852) 

2 H' H' := B' C" ■}- C B" - (C — B')!/"-~(GC' ~HB')R COS. S' 

A" =x" — R COS. »' COS. ,.' sin. .<". (854) 

Owing to the smallness of tan./we may by (845) and (846) put 
in (853) 

G = H==sm. rf, (855) 

whence (853) becomes 

2 H'H" —{O — B') {y" — R cos. e' sin. ti sin.,." sin. ,■'). (656) 

If now we put 

we have 

— -gj- — J tan. i ^^ — I cot. J ^ 

_ sin.H4— cos.H^ „ co..^P_ ^ct-J-- ^-^ 
- 3 sin. J ^ COS. J ^ - sin-^i- '^°'- ^ ^-^' 

H" = — cot. ■4' (i/" ~ R cos. fl' sin. rf sin. ,<'' sin. ,<'). (858) 

The change of H' — A' in one second is then H" — A'\ so that 
the number of seconds in which it will decrease by the whole 
of difference if' — A' is 

H' —A' 



-W' 



(859) 



176. Corollary. It is sufficiently accurate in this example to put 

f " = 15" 
sin.^<"— 5.8617. (860) 

177. Corollary. It is easy to see that 4' is the angle which the 
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line joining the centre of the shadow with tlie place makes with the 
line of reference ; it is nearly the angle front the north point of the 
suit to the point of contact at the end of the eclipse. 

178. Problem. To find the limits wUhin which the eclipse is 
seen in the horizon. 

Solution. In this case the place is nearly in the plane of reference 
which passes through the earth's centre, and the deviation from this 
plane may be neglected without much error. If then (fig. 62), S ia 
the earth's centre, AB the path of the centre of the shadow, Mxha 
position of the centre at the instant when the eclipse is seen in the 
horizon at m, the sides of the triangle MSm arc 

V — SM, e' —Mm, R = Sm. 
Let ^=zmSm, 

and we have by (152) 



s;..i, = ±v(< ''-' + '"< '^+i=JS\ 



■■R 



in the first compulation of which R may he supposed to he the 
earth's mean radius, or that for the latitude of 45°. 

If, fhet), SC is the line of reference already adopted, wc have 



in which both signs must be used for the twc 
problem. 


-. n', (S62) 
) different solutions of the 


If now in (fig. 35), L represents the phic 
by the right triangle LNP 


^o wof (lig. 62),wehavo 
',. d (863) 



sin. (!' - COS. ,' COS. d 


(863) 


cot. .«'=: — col. 'I'sin. d 


(864) 


i' = .'-~f'. 


(865) 


179. Corollary. The beginning or ending of the c 


(■lipso upon the 


earth, corresponds to the cases of 




i = v'± R, •! — 0. 


(866) 
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180. Problem. To find Ike northern and southern limits of 
the eclipse upon the earth. 

Solution. For this problem, it is accurate enough to regard the 
shadow upon the primitive plane of reference as being of uniform 
width, and the path of its centre as a straight line. If (fig. 62) 
represents a plane of reference at any height 

* - R sin. <S>, (867) 

above theoriginal plane, and if AB is one of the bounding lines of 
the shadow which is drawn parallel to the path of the centre at the 
distance 

^-^tan./ (868) 

from this path. If FS is the perpendicular let fall vtpon AB. 

Let P' = FS 

5 = FSC, 
FSC being counted negatively, we have 

un.l = 'J^ (869) 

P = the perpendicular upon the path 

= e cos. (^ + (870) 

P'-P-e' + Stan./. (871) 

Let CSB — ./, 

and we havo 

SB = R COB. ^ 

we have, then, in (fig. 35) 

BZP = ,,' 
Bi = », 
whence the triangle BZP gives by Napier's analogies 

tan.}(B — ,') = .in.J(» — <*) =ec. } (» + <i) cot. J 1- (873) 

Un. i {B + :•>) = CO,, i if— d) cosecj (? + i) cot J V (874) 

cos. I' = sin. V CO.. »' cosec. ,.'. (875) 
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The value of ." may be fouod from the value of x by ingpection of 
the table, and the value of K is given by the equation 

x = R COS. ip sin. ',' — {a' — z tan./) sin. |. (876) 

This solution may be corrected by introducing the actual motion 
of the shadow's centre at the instant, and the motion of the point upon 
the earth's surface, which Is effected by substituting in (869) for y" 
and x'\ the motion of i/ — y' and x — a:', by which it becomes 

tan. I = ^. (877) 



181. Cornllary. The phenomena of the central eclipse may be 
determined by putting 

e'=0 (878) 

in the various equations. 

182. Problem. To find (he instant and amotint of greatest 
obscuration. 

Solution. The instant of greatest obscuration must he when the 
motion of the axis of the shadow and of the place are neither 
towards nor from each other, but in parallel lines. In this case thfe 
relative motion of the centre of the shadow on the plane of reference 
is perpendicular to the line drawn from the place, or in other words 
we then have 

£ = — ^. (B79) 

Now when i has been found for a time near that of greatest 
conjunction, it changes so slowly,- that it is only necessary to find 
when — ■4' has this same value. 

But if for any time we have — if' different from i, and denote by 
P the perpendicular upon the relative path of the centre, we have 

P^ff cos. (.H-l), (880) 

and the distance by which P the centre must approach the line of 
reference before it arrives at the point of nearest approach is 

ff»n. + + ffcos.(+ + i)sin.t = H'.m.(+ + i)oo».S. (881) 
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Hence tlie inten-al of time required for this approach is 

._g-.i..(-)- + i)c...i ,.„, 



The amount of obscuration is proportioned to the distance by 
which the place is immersed within the penumbra, and is denoted by 
12 digits when it is totai; that is, wlieo it is immersed by the 
distance 

e' for penumbra — q' for shadow =:: M. (883) 

When it is therefore immersed, as in this case, by the quantity 

e' for penumbra ~P=zN, (884) 

we have 

n = the number of digits echpsed 

= 13. J. (885) 

183. Corollary. In the case of an annular eclipse u' in the second 
term of M must be taken negatively 

184. Corollary. In the case of the first or last instant of contact, 
when 

S' = q' for penumbra, (886) 

iV^if'[l-cos.(-^-c)]^2H'sin.H(4'-?) (887) 

and by putting 

e' for shadow 
e =: -r-=- — — ■ — r— (SOB) 

il' for penumbra 

»=j^-^sin.«J(-!'-i)- (889) 

185. Corollary. In Ihc case of occultations we have 

/=0 

e' = .27227. (890) 
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186. Problerrt. To compute the longitude of a place fro 



Solution. By means of on assumed longitude find the approxi- 
mate Greenwich time of the observation ; and compute the eclipse 
for this time hy art. 175. The principal effect of an error in the 
assumed longitude is to change the Greenwich time, and does not 
materially affect the value of y.'. If, then, in computing the correction 
of the time, fi" is supposed to be zero, the correction obtained be- 
comes one of longilude, to he applied negatively to the eastern 
longitude. 



187, Problem. To compiiie the effect of an increase of one 
second of arc in (he moon's relative longilude -upon the computed 
time of an eclipse. 

Solution. By this change in longitude, the moon's shadow is 
advanced upon the plane of reference by a quantity 



in a direction which is inclined by ao angle 90° — (u — «■) to the 
line of reference, so that 

X and A' are increased by r' sin. 1" cos. (w — m), 

y, B, and C are increased by r' sin. 1" sin. (u — w). 

Hence m will be increased by 

(0 — B)r'sm. 1", 
and If by 

^"^■^ r' sin. 1" — — cot. ^ r' sin. 1" sin, (a — a,), (89 1 ) 

and ^ — ^' by 

- [cot. ^ sin, («-.) + COS. (u - .)] r' sin. 1" 

sin fti- -(- M <"\ 

_ _ ^v -r " 1 ^, gi„_ i„ ^3321 

sm. -^ 
and the corresponding change of time is found from (859). 
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188. Problem. To compute the effect of an increase of ojie 
second in the moon's relative latitude upon the computed time 
of an eclipse. 

Solution. By this increase of latitude the values of a: and A are 
iacreased by 



and y, B and C ar 


c increased by 




r' sin. 1" 


Hence H is inc 


reased by 


— ■ 


cot. ^ r' sin. !'■ 


and H — A' by 





— COS. (^J- + u _ ^) cosec. <\' r'sin. 1", (893) 

and the change of time is found by (859). 

189. Problem. To compute the effect of an increase in the 
moon's semidiameter upon the time of an eclipse. 

Solution. An increase of 4 s in the moon's se mid ia meter in- 
creases V for tho total shadow and penumbra, and decreases it for 
the annular phase hy about this same amount. Hence H'^ is in- 
creased by 

IB' + C')is 
and H' is increased by 

:^^- a 5 = ( J tan. i^-{-i cot. i^)}s = cosec. ^ I .% (894) 

and the change of the time is computed hy (859). 

190. Problem. To compute the effect of an increase of the 
moon's parallax vpon the lime of an eclipse. 

Solution. By an increase of a fractional part il ^ in the moon's 
parallax, the quantities s:, y, % are proportionally dlmmishcd, the 
moon's distance from the earth is proportionally diminished, and, to 
preserve the same apparent semidiameter of the moon, X must be 
proportlomtUy diminished, and therefore also e'. 



d by Google 



^ 191.] ECLIPSES. 337 

Hence B is diminished by 

W + })!'. 
C is diminished by 

(J --,.)•-. 
H'^ is diminished by 

C(«' + ,)'» + B'(t'-y)j», (895) 

H' is diminished by 

Hiid ^' is diminished by 

Hence H' — A' is diminished by 

cosec. ij* g' J 5r — cot. ^ y I " — X 3 T 

^^ cosec. ^ (i' S'n — e cot. if' COS. i^i' I tc — 5 sin. m' S^ 
— cosec. ^s-Tvlv' — q cos, {-^ — <=>')}. {S97) 

The effect upon the time is computed by (859)- 

191. Examples. 

1. In the solar eclipse of July 28, I85I, to find the position of 
the line, which ia drawa through the earth's centre parallel to the 
line joining the centres of the sun and moon. 

Soluiion. The following data are taken from the Nautical Almn- 
nac and Airy's Lunar Tables with Longslrclh's corrections. 

Greetiw. 



3)'s— O's 


>'s — Q's 


O's long. - 


:/ 


long, i^ >■ 


lat. — /3 






—r 32' 55".C 


csrie^o 


124° 45' 14' 


'.2 


—0 58 24 .0 


40 39 .2 


124 47 37 


.7 


— 23 51 .0 


44 2 .2 


124 50 I 


.2 


10 43 .4 


47 24 .9 


124 52 24 


.6 


45 19 .1 


50 47 .4 


124 54 48 


.1 


1 19 56 .1 


54 9 .7 


124 57 11 


.6 
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12T 6' 5".0 19''5'S4".7 60' 30' 


.6 


127 8 32 .6 19 4 50 .2 60 31 


,7 


127 11 .0 19 4 15 .7 60 33 


.8 


127 13 27 .3 19 3 41 .2 GO 33 


.8 


127 15 54 .6 19 3 6 .6 60 34 


.8 


127 18 21 .8 19 2 32 .1 60 35 


.9 


= obliquity of the ecliptic = 23° 27' 27". 1 




r = log. of dist. from sun to earth = 0.00657 




sidereal time of mean noon = 8' 22" 13'.27 




m is thus computed for 0' from (811) 




const. 5.6189 




log. 1- 0.0066 




log.siD.:i: 8.2455 




log. m 7.3668 




a and d are found from (812-817) 




i sin. 8.43181 » tan. 8.43197 « 




p cot. 1.96494 




u tan. 0.39675 n cosec. 0.03240 n 




y— r 40' 7".2 tan. 8.46437 




M ~— 68° 8' 40" y cos. 9.99982 




m 7.3668 




coscc.l" 5.3144 




c = 14".0 c 1.1454 




c + y— r40'21".2 COS.; 9.75599 -. 




tan.O 9.63742 




„ _ „ - — 13= 53' 38' tan. 9.39333 .. 




0,^ — 54'' 15' 3" sin. 9.90933" 




COS. «, 9.76659 sec. ^ 0.02457 




c 1.1454 1.1454 




S — d 0.9120 i^ — a 1.0793» 




1 — d 8".2 ^ — a — 12".0 




J 19° 5' 24".7 « 127" 6' 5".0 




d 19' 5' 16".5 a 127" 6' 17".0 
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Similar compufations for the other dates give 

Gr. a d ". c + r 

0' I37''6'17".0 19'5'16".5 —54" 15' 2" 100' 31".2 

1 127 8 39 .5 19 4 42 .8 —41 15 5 71 19 .2 

2 127 11 1 .8 19 4 9 .0 —14 31 4 50 11 .8 

3 127 13 24 .0 19 3 35 .1 +26 40 36 48 43 .6 

4 127 15 46 .3 19 3 1 .3 +55 41 10 68 13 .5 

5 127 18 8 .5 19 2 27 .6 +69 50 6 96 46 .4 

■2. In the solar eclipse of July 28, 1851, to find the path of the 
(centre of the moon's shadow upon the plane which passes through the 
earth's centre perpendicular to the line which joins the centres of 



W.c hare for O^hy (818. 


-821) 










c 




1.1454 






sin.-" 




9.90933^ 






tan. S 




9.53919 


_c/_ 


— 3".9 


0,- 


«' 


0.6939 - 


«' — _ 


54° 14' 58" 


cosoc 


.^ 


1.75447 




si. 


■i-Cc + r; 


) 8.46520 








e 


0.21967 






cos 


«/ 


9.90933 r 
9.76661 


IC= — 


1.34586 






0.12900" 


'J — 


.96890 






9.98628 


computati 


ion for the other dates 


gi' 


.es 


1. s. t. 


r 






y 


^ 


— 1.34586 






0.96990 




— 0.77694 






0,88585 




— 0.20786 






0.80260 




+ 0.36121 






0.71897 


I 


0.93018 






0.63487 




1.49895 






0.55046 
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3. In the solar eclipse of July, 28, 1831, to find the umbral and 
[loniirabral radii upon Iho plane of reference of the preceding ex- 
ample. 



Solution. Equations (822-838) give for 0" 








m 




7.3668 




COS. (. 


+ y) 


9,99982 


mcos.{c + r) 


= .00232B 




7.3666 


1 — m COS. (c + y}=. 997674 




9.99899 




r 




0.00657 
0,00556 


log. (si. 


1. H—Ksm. ^i) 




7.66669 


log. (sin.H+Jfsin. ") 




7.66880 


for shadow 


sin./zz 


Inn./ 


7.66113 


for penumbra 


sin./:z. 


tan./ 


7.66324 




GC. ^ 




1.75447 


cos. {c 


+ 7) 




9.99982 
1.75429 


for shadow 


s tan./ :^ .26027 




9.41542 


for penumbra 


3 tan./ ^ .26154 




9.41753 


K 


=:iKscc.f= .27227 






for shadow 


e' — .01200 






for penumbra 


e' — .53381 






Similar compulati 


ons give for the other dates 






Gr. m. 8. t. 


e' for shadow. i 


.' for p. 


anumbra. 


0* 


0.O120O 


o..--.; 


1381 


1 


0.01203 


0,53378 


2 


0.01207 


0.53373 


3 


0.012J4 


0.53366 


4 


0.01325 


0.53356 


5 


0.01237 


0.53343 


F does uc 


it perceptibly change lis values. 
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4, To find the elements for determining the beginning or end of 
the solar eclipse of July 28, 1851, for any place. 

Solution. The value of x is already determined. The values of 
B, C, E, F, G and H are computed for 0' from equations {841- 





For shadow. 




For penumbra. 


y 


0.96890 
— 0.01200 






0.96890 
0.53381 


B 


0.95670 






]. 50271 


C 


0.98090 






0.43509 


d+f 


ig'^si' i".8 




19 


21' 6".4 


d-f 


18°49'31".2 




18 


49' 2G".6 


sec./ 


0.00000 






O.OOOOO 


log.^ 


9.97612 






9.97613 


log.f 


9.97475 






9.97475 


log. G 


9.50878 






9.50874 


log. iT 


9.52028 






9.52031 


ascension 


of Greenwich meridian 


0'- 


= 8'22"13'.27 






= 




125''33'19".0 




a 


- 




127 6 17 .0 




." 


= 


_ 


1 32 58 .0 



inged i 



ues may be computed in the same way for other dates, 
terpolated by differences for every five minutes, may be 
a table as follows- 



13 C 9.97 9.97 9.S0 9 5 

1.50371 .43509 BIS 475 874 2031 



—1.20845 1. 
—1.35104 1, 



.49580 .42818 13 

.43137 13 

.48197 .41436 13 76 869 2036 

,47505 .40744 14 76 867 2024 

1.46813 .40052 14 76 866 2033 

1.46121 .39360 34 70 801 2031 

29* 



75 873 S029 17 57 .6 
75 871 3037 + 67 3 .8 



3 27 3 .7 

4 43 4 .1 
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ASTH 


OBOMY. 




[OH. Z. 


'■ 






1, 






lOE.G 


log.// 






x 


B 


C 9.97 


9.97 


9.50 


9.5 


f 




—1.01399 


1.45439 . 


,38668 614 


476 


803 


2019 


7" 12' 5". 


,0 


—0,96658 


1.44737 


.37976 


15 


76 


801 


2017 


8 37 5 


,5 


—0.91917 


1,44044 


.37384 


15 


77 


859 


2016 


9 43 5 


.9 


—0.87176 


1.43351 


.36592 


15 


77 


857 


2014 


10 37 6 


.4 


—0.83435 


1.42658 


.35900 


16 


77 


855 


2012 


19 19 6 


.8 


-0.77694 


1.41965 


.35307 


16 


77 


853 


2011 


13 27 7 


.3 


—0.72933 


1.41372 


.34514 


16 


77 


851 


3009 


14 43 7 


.8 


—0.08210 


1.40578 


.33821 


16 


77 


850 


2007 


15 57 8 


.2 


— 0.6346S 


1.39884 


.33138 


17 


78 


818 


2006 


17 12 8 


.7 


—0.58736 


1.39190 


.33435 


17 


78 


846 


2004 


18 37 9 


.2 


—0.53983 


1.38496 


.31742 


17 


78 


845 


2003 


19 43 9 


.6 


—0.49241 


1.37802 


.31049 


17 


78 


843 


2001 


20 57 10 


.1 


—0.44499 


1.37108 


.30350 


17 


78 


843 


1999 


22 12 10 


.5 


—0.39756 


1.36413 


.29663 


17 


78 


840 


1997 


23 27 11 


.0 


—0.35014 


1.36718 


.28969 


18 


79 


838 


1996 


34 43 11 


.5 


—0.30373 


1.35023 


.28375 


13 


79 


837 


1994 


25 57 19 


.0 


—0.25529 


1,34328 


.27581 


18 


79 


835 


1992 


27 13 12 


.4 


—0.30786 


1.33633 


.26887 


18 


79 


833 


1990 


28 37 13 


.9 


—0.16043 


1.33937 


.36193 


13 


79 


831 


1988 


20 43 13 


.4 


—0.11300 


1.32241 


.25497 


18 


79 


830 


1987 


30 57 13 


.8 


—0.06558 


1. 3 1545 


.24803 


19 


80 


838 


1985 


33 13 J4 


.3 


—0.01816 


1.30848 


.24106 


19 


80 


826 


1983 


33 27 14 


.8 


+ 0.02937 


1.301S1 


.33410 


19 


SO 


825 


1983 


34 42 15 


.3 


0.076B9 


1.29454 


.23714 


19 


80 


833 


1980 


35 57 15 


.7 


0.12411 


1.28757 


.22018 


19 


81 


831 


1978 


37 13 16 


.2 


0.17153 


1.38059 


.21333 


10 


81 


820 


1977 


38^27 16 


.6 


0.31895 


1.37361 


.20624 


20 


81 


818 


1975 


39 42 17 


.1 


0,26637 


1.26663 


.19937 


20 


81 


816 


1973 


40 57 17 


.6 


0.31379 


1.25965 


.19229 


20 


82 


814 


1973 


43 12 18 


.0 


0.36131 


1.35367 


.18531 


20 


82 


813 


1970 


43 27 18 


.5 


0.40863 


1.24568 


.17832 


20 


S3 


810 


1908 


44 43 19 


.0 


0.45695 


1.23868 


.17133 


20 


83 


809 


1967 


45 57 19 


.4 


0.50347 


1.23169 


.16434 


21 


83 


807 


1965 


47 13 19 


.9 


0.55088 


1.33467 


.15734 


631 


483 


805 


1963 


48 37 20 


.3 
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9.S7 9.97 9.50 



0.59830 


1.21764 


.15034 


621 


483 


804 


1962 


49M3'20" 


.8 


0.64571 


1.21061 


.14334 


21 


83 


802 


Jfl60 


50 57 21 


,3 


0.69312 


1.20353 


.13634 


31 


84 


800 


1958 


52 13 21 


.7 


O.liOH 


1.19655 


.13934 


21 


84 


799 


1957 


53 37 22 


.9 


0.79795 


1.18952 


.12934 


23 


84 


707 


1955 


54 43 23 


.6 


0.83536 


1.18249 


.11533 


22 


84 


795 


1953 


55 57 23 


.1 


0.88277 


1.17546 


.10833 


22 


85 


793 


1952 


57 19 23 


.6 


0.93018 


1.16843 


.10131 


23 


85 


791 


1950 


58 27 34 


.0 


0.97758 


1.16140 


.09430 


23 


85 


789 


1948 


59 42 24 


.5 


1.02498 


1.15436 


.08739 


23 


85 


787 


1947 


60 57 34 


.9 


1.07338 


1.14733 


.08027 


33 


85 


786 


1945 


63 IS 25 


.4 


1.U978 


1.14028 


.07325 


23 


86 


784 


1943 


63 27 35 


.8 


1.16713 


1.13334 


.06633 


23 


86 


782 


1942 


64 42 36 


.3 


1.31458 


1.12630 


.05921 


33 


86 


780 


1940 


65 57 26 


.7 


1.26198 


1.11916 


.05319 


24 


86 


779 


1933 


07 13 37 


.2 


1.30937 


1.11311 


.04517 


31 


86 


777 


1937 


68 27 27 


.6 


1.35637 


1.10506 


,03814 


34 


87 


775 


1935 


69 43 38 


.1 


1.40416 


1.09801 


.03111 


34 


87 


774 


1933 


70 57 38 


,5 


1.45156 


1.09096 


.03408 


35 


87 


772 


1933 


72 19 39 


.0 


1.49895 


1.08391 


.01705 


625 


487 


770 


1930 


73 27 99 


.4 




x" = 


0.0001580 










y^- 


-0.00002^ 


12 








m. s. t. 




For shaJo 


w. 














B 








C 




I'-Zb" 




.S3914 






.86322 




30 




.83220 






.85629 




85 




.82526 






.84936 




40 




.81832 






.84243 




45 




.81138 






.83549 




50 




.80443 






.82855 




55 




.79743 








321.-.1 




2 




.79053 








-iM67 




5 




.78358 








SO- 72 
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.76269 


.78686 


.75572 


.77990 


.74874 


.77294 


.74176 


.76598 


.73477 


.75901 


.72778 


.75204 


.72079 


.74507 


.71379 


.73809 


.70679 


.73111 


.69979 


.72413 


.69279 


.71715 


.68579 


.71016 


.67879 


.70317 


.67178 


.09618 


.66477 


.68919 


.63776 


.68219 


.65075 


.67519 


.64374 


.66819 



45 

X and ," are given, in the penumbral table, and log. E and log. F are 
sensibly the same for shadow and penumbra, while log. G and 
log. H for shadow aro obtained from the corresponding values for 
penumbra by increasing log. G by 0.00003, and decreasing log. H by 
this same quantity. 

5. To compute the phases of the eclipse of July 28, 1851, for 
Danlzic. 

Solution. For Dantzic 

the latitude = 54° 20' 18" 
the longitude =^ 1* H" 4]'.5 
— 18° 40'22".5 
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EeJ. of latitude 




10' 


53" 




S' 


54= 


9' 


'25" 


.en by (750) 




sin. 3 lat. 

Ilk 




9.8196 

7.5229 


iR 


= 0.0022O1 






7.3425 


R 


= .997799 






9.99904 


sin. 6' 








9.90883 


COS. S' 








9.76758 


R sin. e' = 


I A 






9.90786 


R COS. fl' = 


: A' 






9.76642 


I. For the beginning, computing n' 


ow for 2'' 


15" 


by the equati< 


530-859) we 


have 












„ 3-r 


12' 


14".3 






y- 18= 


40' 22".5 






,.' 50° 


52' 


36".8 


h 


9.90786 






9.90786 


E 


9.97619 


F 




9.97480 


hE 


9.88405 


kF 




9.88266 


h' 


9.76662 






9.76663 


G 


9,50828 


H 




9.51985 


cos, „' 


9.800O2 






9.80OO3 


h' G COS. f' 


9.07492 


kin 


;os. 


J.' 9.08649 


B 


1..S1545 


— c 




— .24802 


— hE 


— .76568 


kF 




.76323 


A'Gcos./ 


.11883 


—A'H 


COS. 


,fi' —.12204 


B' 


.66860 


C 
C 
B' 
B'C 




.39317 
9.59458 
9.82517 
9.41975 


H' = 


— .51271 






9.70987. 
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H' — —.51271 

x' ^ .45327 

X — —.06558 

A' — —.51885 

H'—A'= .00614 

h' COS. ,J Bin. 15" = .0000268 
X" .0001580 

A" .0001312 

y" — .0000233 

K'sin.tZsin. 15" .0000108 

y"— a:' sin. isin. 15"— .0000340 
Jif' — — 37° 28' 58" 
ij- — — 74" 57' 56" 
H"— .0000091 

A" — II" .0001403 

H = A' 

t — 43".8 

Gr. lime of beg, — 2'' 15' 43".8 
long. 1 14 41 .5 

Danf. lime of beg. 17:3 30 35 .3 

II. For the end, computing at 4" 17'' 



9.90786 
9.97633 



G 

/I'Gc 



9.76662 
9.50785 
9.17575 
8.45022 



[oh. SII. 

9.76662 
9.88974 



9.5666 

5.8617 

5.4283 

9.6564 

5.8617 

9.5142 

5.0323 

5.5315™ 

9.88471 « 

9.4291 

4.9606 » 

6.1471 



62' 42' 25" .6 
18 40 22 .5 
81 22 48 .1 

9.90786 
F 9.97485 

h F 9.88271 

9.76662 
H 9.51944 

9.17575 
k'Hcos.-i' 8.46181 
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B 1.14450 — C —.07746 

~hE —.76575 hF .76332 

h' G COS. ...' .02820 — ft' JJcos. ,..' - .02696 

B' .40695 C .65690 

C 9.81750 

iJ 9.60955 

B'O 9.42705 

JSP= .51704 9,71352 

/,' 9.76662 

sill, f' 9.99507 

af = .57769 9.76169 

X =: 1.09134 

it'= .51365 ft' COS. ^.' 8.9424 

H'~A'=i .00339 const. 5.8617 

h' COS. ^' sin. I.'")" .0000064 4.8041 

m" .0001580 X' 9.7617 
.4" .0001516 ain.lii' ain. d 5.3759 

a;" sin. d siti. IS'-' .0000137 5.1376 
.V" —.0000332 

;/" — s* sin. d sin. 15" — .0000369 5.5670« 

3<f'=i 51° 47' 40" tan.|-4' 0.10396 

i}^ = 103 35 20 —cot. 4' 9.3833 

H' = —.0000089 4.9503 n 

^" — J?' ~ .0001605 6.2054 

1-1' — A' 7.5303 

t ^ 21".l 1.3348 
(;reenw. time of end. 4' 17" 21' .1 
long. 1 14 41 .5 
Bantzic time of end. 5 32 2 .6 
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II!. For beginning of total phase, computing ut 3'' 17". 

^ ■ 47°42'20".l 
1' 18 40 22 .5 

J.' 66 22 42 .6 



h 


9.907S6 




9.90786 


E 


9.97621 


F 


9.97483 


hE 


9.8&i07 


kF 


9.88269 


h' 


9.76662 




9.76662 


a 


9.50809 


H 


9.51961 


COS. /i' 


9.60281 




9.60281 


Gh'cos., 


8.87752 


Hk'cos.fe 


8.88904 


B 


.68299 


~c 


— .70736 


— hE 


— .76572 


hF 


.76328 


G h' COS. 1 


.' .07542 


— k'Hcos.^' 


— .07745 


B' 


— .00731 


C 


— .02153 






a 


8.33304. 






B' 


7.86392 . 






B'C 


6.19696 


H< - 


— .01255 




8.09848. 






k' 


9.76663 


■X = 


.5224a 


sin. .' 


9.96199 


w - 


.53531 




9.72861 


A- — 


— .01288 


/('cos./.' 


9.3694 


H'-A' 


— MQXi 


con.l. 


5.8617 


IV COS. tl' s. 


in. 15" .0000170 




5.2311 


a-' 


.OO0I5SO 


const, mn. , 


i 5.3759 


A" 


.00014 ]0 


X' 


9.7286 


X' sin. d si 

y" 


n. 15" .0000127 
— .000ffi^32 




5.1045 
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PEI 


iS. 






y"—x's\a.dBm.: 


[5" — .0000359 








5.5551 » 


h^ 


59° 46' 14" 




tan. 




0.23456 


* 


119' 32' 28" 




— cot. ^ 




9.7534 


H" 


— .0000203 








5.3085" 


A" — H" 


.0001613 








6.2076 








JT' — 


A' 


6.5185 




( 




2'.0 




0.3109 


Greenwicli 


time of beg. 


3' 


17" 2'.0 






long. 




1 


14 41 .5 






Dantzic timi 


5 of bog. 


4 


31 43.5 







IV. For end of total phase, computing at 3' 20". 









18 40 22 .5 






»' 


67 7 42 .8 


h 


9.90786 




9.90786 


E 


9.97621 


F 


9.97483 


hE 


9.88407 


hF 


9.88269 


h' 


9.76662 




9,76662 


G 


9.50808 


H 


9.51960 


COS. ...' 


9.58958 




9.58956 


Gh'cos. 


..' 8.86428 


B h' CO! 


;. ,■' 8.87580 


B 


.67879 


_ C 


— .70317 


— hE 


— .76572 


hF 


.76328 


G h' COS. 


1'' .07316 


— H h' cos 


..■•' — .07513 


B' 


— .01377 


C 


— .01502 






C 


8.17667. 






B' 


8.13893^ 






B'C 


6.31560 


IF = 


.01438 




8.15780 
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9.76662 
0.96443 
9.73105 



A' 


.01255 


A'« 


IS..'-' 


9.3563 


H'-A' 


.00183 


const. 


5.86)7 


ll' COS. ,..' Sil 


1. IS''' .0000338 






5.2179 


ar" 


.0001560 


con. 


A. sm 


. d 5.3759 


A" 


.0001242 


%■ 




9.7311 


a' sill, d sin 


. 15" .0000128 






5.1070 


y 


—.0000232 








■ — ji'siQ.rfsin. 


.15"— .0000360 






5.5563'. 


i^ 


133° 45' 21" 


tan. 




0.01887' 


^ 


267 30 42 


— cot. 




8.6381" 


H" 


.00000016 . 






4.1944 


A" - H" 


.0001226 






6.0885 






H'- 


-A' 


7.2625 




( 


14" 


.9 


1.1760 


Greenwich ti 


me of ending 


3^20' 14" 


.9 




long.. 




1 14 41 


.5 




Dantzic time 


of ending 


4 34 56 


.4. 





6. To compute tlie places for which the solar eclipse of July 2H, 
1851, is visible in the horizon at 2'' 0'", Greenwich mean solar tirac. 



y formulas (861-866) w 


e find for lat. (45°) 


R = 


.99833 (ar. co.) 0.00073 


V'- 


.53373 log. i 9.39794 


■j- 


.82910 (ar. co.) 0.08139 


^<^^-S^R- 


.70296 9.84693 


i-' + C, _ R :^ 


.36450 9.56170 


siE,5 A \ 


8.68869 


16° 9' 9 


sin. 9.44434 


32 18 18 




14 31 4 
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3£ 


ITil'U" 


COS. 9,97873 


cot 0.49374 




COS. 9.97548 


aln. 9.51411 


64 9 


sin. 9.96421 




135 31 




cot. 0.00785' 



V— — 46 49 22 


COS. 9.83522 


cot. 9.97235. 


d 


COS. 9.97S48 


sin. 9.51411 


$'z= 40 18 


sio. 9.81070 




f'= 252 58 




9,48646 


,. = 28 27 






i'= 224 31 






< = 40 29. 







7. Problem,. To find a place upon the southern limits of the 
eclipse of July 28, 1851, at an angular height of iQ° from the 
plane of reference. 

Solution. By equations ( 



I — 8° 21' 

at 3''"' —14 31 
^' -)- i _32 52 
F .7638 

e' ,5337 



.877)- we find 




5.3656. 
6.1987 


tan. 




9.1668. 
9.9166 
9.9644 
9.8830 


K for 45- 


9.9993 


•in. 


40- 


9.8081 


tan 


■/ 


7.6632 
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a tan./ 


.0030 
.2331 






7.4706 
9.3676 


d 


19" 


4'. 






R(ar.co.) 0.0007 


<P 


40 








sec. 0.1157 




72 
80 


15 

36 






COS. 9,4840 


iV 


40 


18 


cot. 


0.0716 


0.0716 


i{^ + ^) 


29 


33 


sec 


0.0604 


cosec. 0.3072 


i{^-^) 


10 


28 


sin. 


9.2593 


COS. 9.9927 


HB-,'} 


13 


50 


tan. 


9.3913 




iiB + >.') 


66 


58 






tan. 0.3715 


f' 


53 


8 






cosec. 0.0969 












COS. 9.8843 
sin. 9.9941 


6' 


19' 


6' 






cos. 9.9753 


Rcos. fsin.V 




.754S 




9.8777 












K' — Stan./ 9.7249 



(e'— 2 tan./) sin.,' .0771 8.9869 

s: .6775 

whence ." 52° 36' 
^ 32 

Wlience a second approximation may be made witli greater accu- 
racy for 3'' 30'". 

R 9.9999 

cos. 6' 9.9753 

COS. p' 9.7781 

sin. 15" 5.8617 

A COS. ,(' sin. 15" .0000412 5.6150 

X" .0001580 s: 

A" .0001 168 3 



B" 



R 9.9999 

COS. 6' 9.9753 
sin. ^' 9.7031 
siQ. 15" 5.8617 
sin. d 9.5141 
in.d .00000113 5.6541 
—.00000232 
—.00000345 5.5378« 
6.0674 
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I —16° 27' tan. 9.4700« 

43 39 e &-9710 

lu' -|_ s 27 12 cos, 9.9491 

P .8320 9.9201 



« tan./ 


.0030 










P' 


.3014 








9.4791 








(R, 


zos.'py 


' 0.1158 


? + ')' 


66" 50' 
83 17 






COS. 


9.5949 


i'/ 


41 3S 


cot. 0.0512 






0.0513 


iif+d) 




sec. 0.0604 




cosec. 


0.3073 


iCP-d) 




sin. 9.2593 




COS. 


9.9927 


i (S~.'") 


13° 13' 


tan. 9.3709 








^(B+/) 


65 59 






tan. 


0.3511 



s' 17° 8' c( 

a 17 14 

R COS. -p sin. V .7607 9.8812 

e' — % tan./ 9.7248 
sin. I 9.4521 

(e'™«tan./}sin.4 .1503 9.1769 

ic .6104 

50° 1' 

A' 2 45 



8. To fiad the instant and amount of greatest ob,' 
total eclipse of July 28, 1851, for Danlzic. 
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Solution. From the computation for 3" 17'" by {879- 
have 









B" 




5.5551" 










A" 




6.1045 




s 


_ 


■ 15° 46' 






9.4506" 




•i- 




119 32 










*+( 




103 46 


sin. 




9.9873 


COS. 9.3765 


a 










8.0965 


8.0985 


COS. 1 










9.9833 




A" (ar. CO.) 










3.8955 




t 




92'.2 




1.9G46 




Gr. t. of gr. 


obs. 


3' 18" 32 


.2 








long. 




1 14 41 


.5 








Dantzic t. 




4 33 13 


.7 












e' for pi 


;niimhra 


. .5337 








e' for shadow 


.0121 








M 






.5216 


9.7173 






P 






.0030 


7.4750 






N 






.5307 


9.7248 






12 








1.0792 



digits eclipsed = 12.2 



1.0 



9. To compute the longitude of the Cambridge Observatory from 
the solar eclipse of July 2S, 1851, the beginning of whicb was ob- 
served at 19* 49" 35-,3. 

Solution. The longitude of Cambridge being about 4* 44" 30% the 



Greenwich t 
computation 



s not far from 0* 34", for which time the following 

The latitude = 42° 22' 49" 

assumed longitude ;= — 71 7 30 

reduction of lal. 11 25 

6' 42 11 34 

sin. iat. 9.6574 

^3 7.B229 

iR= .001515 7.1803 
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R 

sin. fl' 

A 
A' 


.9984S5 




9.99933 
9.82711 

9.86977 

9.82644 

9.869 10 

6° 5r 5".0 

— 71 7 30 








— 64 10 25 


h 


9.82644 




9.82644 


E 


9.97614 


F 


9.97476 


hB 


9.8025S 


liF 


9.80120 


hi 


9.86910 




9,86910 


G 


9.50863 


H 


9.52019 


COS. ,c' 


9.63913 




9.63913 


h' G COS. ^' 


9.01686 


A' //cos 


:. f' 9.02842 


B 


1.45567 


—C 


— .38806 


— hE 


— .63471 


hF' 


.63270 


h' G COS. ^' 


.10396 


— A'iTco 


■s. ,<' — .10676 


B' 


.92492 


C 


.13788 






C 


9.13950 






B' 


9.96610 






B'C 


9.10560 


H> 


— .35711 




9.55280n 






h' 


9.86910 


X 


— 1.02347 


sin. ."' 


9.95430 » 


%' 


— .66589 




9.S2340B 


A! 


— .35758 






It — A' 


.00047 




6.6721 


^^^ 


— 21° 6M2" 


tan. 


9.58670" 


'I' 


-42 13 24 


—cot. 


.0422 


X" 


.0001580 


y" 


5.3655« 


^y" cot. ^ 


— .0000256 




5.4077" 


a;" _ y" cot. 


^ .0001324 




6.1219 
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assumed lime — 4' 40' 30 

computed —4 40 '33.6 

10, To compalG the effuct of changes in the moon's relative longi- 
tude and latitude, semidiameter and horizontal parallax, upon the time 
of the beginning of the eclipse of July 28, 1851, for Dantzic. 



Solution. By equations {;^93-897) 



57'.9 00. 


=o. 0.0151. 




6.1471 


COS0C.4- 


3.8680. 




1.7544 



1.1" 



A" — H" 

u—'-'— — 13°55'.6 

xf,_|_u_-oi:^— 88 53.3 sin. 9.9999'^ 

_i^^-2'.033 0.3079 ~ 

A" — H" 

„' — — 4° 48' .7 ( 9.8946 

;J/ _ „' — _ 70 9 .2 COS. 9.5308 

gCos.(^ — ".') = .y663 9.4254 

e' — .5337 

g'_jcos.(4'.»')=-2674 



Hence the ehanges of the timo of beginning for a change of j ;, and 
I S expressed In seconds of arc in the moon's dilative longitude and 
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latitude, a change 3 s in the moon's semidiameler, and a change of a 
fractional part d w in the moon's horizontal parallax are respectively 

— -s'.oas s I 

(y.039 i p 
—7378' Ss 
— 1973' J 3-. 

n. Compute the end of the- solar eclipse of July 98, 1852, for 
Washington, Paris, Giittingen, Rome and Konigsberg. 



The latitudes and longitudes of these places ar 


e as follows. 






Latitude. 


Longitude. 


Washington 




38" 53' 34" 


IS-^ 51"' 48* 


Paris 




48 50 13 


9 21 .5 


Gottingen 




51 31 48 


39 46.5 


Rome 




41 53 52 


49 54 .7 


Konigsberg 




54 42 50 


1 22 0.5 


Ans. Tlie times of be 


rginning and end of tho general eclipse 1 


s follows. 












Beginning. 


End. 


Washington 




19* 21" ]6'.5 


20^50"24'.7 


Paris 




2 31 0.4 


4 30 5a .4 


Gottingen 




2 53 42 .3 


5 14.4 


Rome 




3 34 27.3 


3 24 32.7 


Konigsberg 




3 38 20.1 


5 38 48.3 


For the total phas 


e we 


have 








Beginning. 


End. 


Kiinigsberg 




4* 39" lO'.S 


4' 42"' 0'.8. 
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TABLE T. 



[CH. XII. 



Log.n 





2.360 


Corr. 
40 


^11 
3.600 


Corr. 
97 


Log. n 


Corr, 
199 


Log,™ 


Corr. 

"asT 


0.00 


3.960 


3.260 


0.10 





3.370 


50 


2.070 


99 


2.970 


197 


3.370 


394 


0.20 





3.380 


51 


2.680 


101 


3.030 


303 


3.260 


403 


0.30 





2.300 


52 


2.600 


103 


3.990 


207 


3.390 


4)3 


0.40 





2.400 


53 


2.700 


103 


3,000 


311 


3.300 


423 


0.50 


1 


2.410 


51 


3.710 


108 


3.010 


316 


3.310 


433 


0.60 


i 


2.420 


55 


2.730 


111 


3.020 


231 


3.320 


443 


0.70 


1 


2.430 


56 


2.730 


113 


3.030 


237 


3.330 


453 


0.80 


1 


3.440 


53 


2.740 


116 


3.040 


233 


3.340 


464 


0.90 


2 


2.450 


59 


2.750 


119 


3.050 


338 


3.350 


475 


I.OO 


2 


2.460 


61 


2,760 


13S 


3.060 


243 


3.360 


486 


1.10 


2 


2.470 


63 


2.770 


134 


3.070 


349 


3.370 


497 


1.20 


3 


3.480 


64 


3.780 


137 


3.080 


255 


3.380 


508 


1.30 


4 


3.490 


65 


2.700 


130 


3.090 


261 


3.390 


520 


1.40 


6 


3.500 


67 


3.800 


133 


3.100 


367 


3.400 


533 


1.50 


7 


2.510 


69 


2.810 


136 


3.110 


273 


1 3.410 


545 


1.60 


S 


2.530 


70 


3.820 


130 


3.130 


379 


3.420 


553 


1.70 


11 


2.530 


72 


2.830 


143 


3.130 


286 


3.430 


571 


1.80 


14 


2.610 


73 


2.840 


146 


3,140 


392 


3,440 


584 


1.00 


17 


3.550 


75 


3.850 


150 


3.150 


399 


3.450 


598 


2.00 


21 


2.560 


77 


2.860 


153 


3.160 


306 


3.460 


613 


2.10 


26 


2.570 


78 


3.870 


157 


3.170 


313 


3.470 


636 


3,20 


33 


3.530 


80 


3.880 


160 


3.180 


330 


3.480 


641 


2.30 
3.30n 


43 
42 


2.590 
2.600 


83 
84 


3.830 
2,900 


164 
.67 


3.190 

3.300 


335 


3.490 
3.500 


657 
673 


2,310 


43 


2,610 


86 


3.910 


171 


3.210 


343 


3.510 


683 


2.320 


44 


2.620 


8B 


2.920 


175 


3.220 


351 


3.530 


704 


2.330 


45 


3.630 


90 


2,930 


179 


3.230 


360 


3.530 


790 


3,340 


47 


3.640 93 


2.940 


131 


3.240 


363 


3,540 


737 


3.350 


48 


3.630 94 


a. 950 


139 


3.350 


376 


i 3,550 


754 
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la lU 116 18 ,20 22 ,24 



1.7 3.3 
t 1.8 '3.3 



I 3.G 

r |2.a 3.7 

7 |3.3 2.8 
8 [a.3 g.9 

8 I3.4 3.0 

9 3.5 3.1 



.2 11.4 
.3!,.6 


.0! 


1.5 1.8 3.2 


1.7 '3.0 3.4 


1.8,3.3|2.0 


3.0 ;3.4 3.8 


3.1 3.5 3.0 


2.3 2.8 3.3 


2.4 iS.O 3.5 


2..!3.l 


3.7 


2.7 3.3 


3.9 


2,8 .3.4 


4.1 


3.0'3.fi 


4.3 


3.13.8 


4.5 


3.e!39 


4.7 


3.4 4.1 


4.8 


3.514.2 


5.0 


3.G 4.4 


5.3 


37'4.5 


5.4 


3 8 4.6 


5.5 



ShoxSV 


Lc«. , Se=. 1 


0.0 


0.00000 


I.O 


0.00000 


2.0 


00000 


3.0 


0.00000 


3.1 


0,00001 


3.3 


O.OOOOI 


3,3 


0,00003 


3.4 


0.00003 


3.5 


0.00005 


3,6 


0.00008 


3.7 


0,00013 


3,8 


0.00020 
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